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Abstract—A closed form solution to a differential equation used 
as the deterministic AC electric arc model exists only for some 
arc parameter values. The paper shows that periodic solutions 
for the other parameter values can be found by combining the 
harmonic balance method (HBM) and a continuation method. In 
order to avoid problems occurring when a large number of 
harmonics is required or the system contains strong 
nonlinearities, a transformation of the original equation has been 
proposed. Nonlinearities present in the equation have been 
transformed into purely polynomial quadratic terms. It facilitates 
application of the classical HBM and allows to follow periodic 
solutions of the arc equation when its parameters are varied. It 
also enables better understanding of the phenomena described by 
the equation and makes easier the extension of the arc model in 
order to cover the time-varying character of the arc waveforms. 
Theoretical considerations have been illustrated by a simulation 
experiment. 
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I.  INTRODUCTION 

Understanding properties of solutions to differential 
equations describing physical phenomena is fundamental for 
modern engineering. A differential equation describing the AC 
electric arc is just one of the examples. Electric arc furnaces are 
commonly used for melting metals in steel industry. 
Unfortunately, nonlinear characteristic of the arc furnace and 
its stochastic behavior are the cause of voltage flicker and 
waveform distortions in power systems [1], [2]. 

The stochastic nature of processes which take place in the 
furnace makes the development of a realistic arc model a 
challenging task. However, a reliable model is required to 
estimate the degradation of the power quality caused by the arc 
furnace and to take some actions which enable to overcome the 
mentioned above negative effects. 

During melting the arc extinguishes and starts again in a 
random way. In spite of the arc stochastic nature, its analysis 
usually starts using deterministic characteristic and the time-
varying nature is taken into account in the second step. It is 
made with the aid of chaotic, stochastic or modulated 
components which are added to the deterministic solution [2], 
[3], [4].  

This paper is a continuation of works [5] and [6] in which a 
closed form solution to one of the most popular deterministic 
nonlinear differential equations used for the arc modeling [7] 
has been developed for some arc parameters. It seems that a 
closed form solution for the other arc parameters does not 
exists [8]. However, in this case periodic solutions can be 
found by combining the harmonic balance method (HBM) and 
a continuation method [9]. A transformation of the 
nonlinearities present in the equation into purely polynomial 
quadratic terms has been proposed in the paper. It makes the 
determination of periodic solutions easier. 

The final task consists in considering some parameters of 
the arc as stochastic variables to obtain a realistic arc model. 
This task will be for sure easier to accomplish if the closed 
form solutions or periodic solutions are analyzed instead of 
using the numerical approach. 

II. ARC FURNACE MODEL 

Deterministic and stochastic components can be observed 
in voltage-current (V-I) arc characteristics. The share of both  
components depends on the phase of the melting process [2].  

Modeling of the deterministic V-I characteristic can be 
made with the help of nonlinear differential equation [2], [3], 
[7], piece-wise linear approximation [4], mixed approximation 
using exponential and linear functions [4], approximation using 
shifted and amplified step function [10]. The paper follows the 
first mentioned above approach. The following nonlinear 
differential equation describing a single-phase electric arc can 
be derived from the power balance equation [7]: 
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where: 

 r(t) – the arc radius,  

i(t) – the arc current, 

kj – the proportionality constants, j = 1, 2, 3, 

n, m – the arc parameters, n = 0, 1, 2, m = 0, 1, 2. 
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The current waveform i(t) is treated as an input data when 
analyzing the arc phenomenon. Equation (1) can be also used 
to get the characteristic of a three-phase electric arc [2]. 

The general arc equation (1) is a first-order nonlinear 
differential equation. Unfortunately, there are no general 
analytical methods which allow to solve any nonlinear 
differential equation, even of the first-order. In that case the 
general arc equation (1) is nor separable neither exact, so there 
is no simple way to find its solution in a closed form [8].  

III.  PERIODIC SOLUTION TO THE ARC EQUATION 

Using a substitution given in [6] allows to convert (1) into 
the following first-order differential equation: 
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For n = 2 and m = 0, 1 or 2 the coefficient k is equal 1 and 
the linear first-order differential equation is obtained. A closed 
form solution to such equation is well known [8]. On the base 
of this solution the arc radius r(t) and subsequently the arc 
voltage v(t) can be determined [7] without need for numerical 
solution to the nonlinear differential equation (1).  

For n = 0 and m = 0, 1, 2 the coefficient k is equal to 1/2, 
3/5 and 2/3. For n = 1 and m = 0, 1 or 2 the coefficient k is 
equal to 3/4, 4/5 and 5/6. In both cases, the HBM, which 
consists in decomposing the y(t) into a truncated Fourier series 
and substitution of the series into the right hand side of (2), 
may be applied. The resultant system of algebraic equations 
enables to determine the amplitudes of all the harmonics and 
thus the periodic solution y(t). The application of the HBM 
becomes straightforward if the nonlinear equation is 
transformed to a new quadratic form [9]: 
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where: 

m(⋅), l(⋅) – linear vector operators, 

q(⋅,⋅) – a quadratic vector operator, 

c(t) – a forcing and constant term vector. 

The system of equations (4) can contain both differential 
(the dot stands for the derivative with respect to time) and 
algebraic equations. The vector z contains the original 
unknown variable y and some additional variables introduced 
to obtain the quadratic form. 

The quadratic polynomial form of (2) for all mentioned 
above values of the coefficient k has been given in the paper. 
For example, if k = 5/6, then: 
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The results of application of the HBM to (4) obtained for 
the nonlinear differential equations describing the arc 
phenomena have been presented in the paper. The theoretical 
results have been illustrated by examples. 

IV.  CONCLUSIONS 

The nonlinear differential equation used to model the 
electric arc furnace has been transformed to the quadratic 
polynomial form. Since the nonlinearities are quadratic, the 
HBM can be easily applied to the transformed equation, even 
with a large number of harmonics. In order to follow periodic 
solutions of the arc equation when its parameters are varied a 
continuation method can be applied in the next step. The 
computational results obtained so far agree with existing 
numerical solutions and measurements. 
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