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Abstract
The purpose of this study is to analyze the steady laminar blood ﬂow through a complete idealized three
dimensional bypass model with regard to the bypass hemodynamics and to compare the obtained results with
the ones from the two dimensional model. The type of ﬂow restriction in the native artery is represented by
either an occlusion or a 75% symmetric stenosis. In both cases, the blood is considered to be an incompressible
Newtonian ﬂuid. The walls are assumed to be impermeable and rigid. In order to solve the non linear system of
incompressible Navier Stokes equations, the pseudo compressibility method and the ﬁnite volume formulation of
the central explicit fourth order Runge Kutta scheme are applied using own computational software developed for
unstructured hexahedral grids.
c 2007 University of West Bohemia. All rights reserved.
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1. Introduction
The application of bypass grafts in medicine is connected with the atherosclerosis of the
cardiovascular system. Although the creation of a detour around the damaged artery segment
can ensure the needed blood ﬂow, the further bypass patency is strongly dependent on the graft
material and the used surgery technique. The failure rates of venous and synthetic bypass grafts
are mentioned between 40 to 50% ten years after the implantation.
One of the most common reasons for the late bypass failure is the reduction of inner dia
meter at the distal anastomosis between the native artery and the bypass graft. The thickening of
tunica intima is caused by the development of intimal hyperplasia (IH), a response of the vessel
to wall injury. Several studies have proven that the development of IH in bypasses is a con
sequence of physiological response to abnormal conditions of local hemodynamics. In order
to determine the effect of non uniform ﬂow on the blood cells and the vessel wall, numerous
studies were devoted to numerical simulations of the steady and unsteady blood ﬂow in ideali
zed and realistic models with end to side bypass graft. For example, [8] investigated the steady
blood ﬂow through an occluded bypass model in dependance on various inlet Reynolds num
bers and junction angles. Similar problem with the exception of unsteady blood ﬂow in a distal
anastomosis was introduced in [5], whereas some of the results were compared with experimen
tal data. In [2], the importance of so called distance of grafting is illustrated on a distal bypass
section with stenosed native artery. Some studies even dealt with the less common grafting
techniques such as the side to side connection in [3], which is usually used by sequential by
passes. Although numerical simulations may predict changes in ﬂow distributions and patterns
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and enable the surgeons an insight into the bypass hemodynamics, comparisons against expe
riments are still needed as it is shown in [1] and [7]. Both studies present the in vitro results
obtained from conﬁgurations, which either represent the distal anastomosis or even a complete
bypass including the proximal part of the native artery.
The aim of this study is to model a steady laminar blood ﬂow through an idealized three
dimensional bypass model, whose native artery is either occluded or stenosed. Next, the results
obtained from the 3D numerical simulations are compared with the already published results of
blood ﬂow in 2D bypass models of similar geometry, [10]. Compared to the above mentioned
studies, [2] and [5], the model included both the proximal and distal bypass sections in order to
analyze the ﬂow development in the entire bypass. The basic geometry of an occluded bypass
was taken from [8] with the exception that we extended our computation with the case, when
the native artery is still narrowed and a residual ﬂow through the stenosis may inﬂuence the ﬂow
ﬁeld in the distal anastomosis. Even though vessel narrowings do not have an unique shape, it is
a common practice to describe the stenosis by a cosine function. In our case, we have chosen the
Gaussian function, which enabled us to model a more natural reduction of the artery diameter.
Another improvement, compared to [8], is the use of more realistic computational parameters,
which correspond to a real coronary artery, i.e. Dartery = 3.3 mm and Reinlet = 230. All
numerical simulations were implemented by the application of own computational algorithm,
which was developed for unstructured hexahedral grids using the ﬁnite volume method (FVM).
2. Problem formulation
In this study, an idealized three dimensional bypass model was considered. The shape of
the model corresponds to the in medicine applied coronaro coronary bypass with the junction
angle 45◦ . The diameter of the connected end to side bypass graft was set equal to the coronary
artery (D = 3.3 mm), whose length was L = 50 mm. The ﬂow restriction in the middle of the
native artery had either the form of a symmetric 75% stenosis or of an occlusion, see ﬁg. 1.
The shape of the artery narrowing was described by the Gaussian function. Compared to this,
the vessel occlusion did not require a special shape, and therefore, it was modelled as a wall,

Fig. 1. Computational grids occluded bypass with the marked artery obstruction (above) and stenosed
bypass (bellow); computational grid in the native artery cross section (left).
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which divided the straight tube into the proximal and distal artery segments. Since the most
common used grafts are veins and synthetic protheses, both with negligible elastic properties,
we assumed the walls to be impermeable and rigid. The blood ﬂow was supposed to be an
isothermal laminar ﬂow of incompressible Newtonian ﬂuid with the density ρ = 1050 kg m−3
and the molecular viscosity η = 0.0042 Pa s. We considered the ﬂow to be steady, since the
purpose of this study was only to analyze the geometry inﬂuence on the ﬂow uniformity inside
the bypass model.
Compared to the two dimensional case, whose grid generation is relatively simple, both
three dimensional bypass models required more detailed grid preparation with regards to the
needed reﬁnement in the wall vicinity and the problematic connection of both tubes. One of
possible solutions is the generation of an unstructured hexahedral grid, which in our case could
be achieved using the software package Altair Hypermesh. The computational grid in the native
artery cross section is visible in ﬁg. 1. Although the use of unstructured hexahedral grid partly
facilitated the meshing process, the development of own computational software based on the
cell centred FVM had to be adapted not only to the unstructured grid, but also to the data
output from the commercial software package Altair Hypermesh. The node coordinates and the
elements with corresponding node numbers served as the source data for further processing.
The principle of this process consisted in the organization of the computational grid, i.e. it was
necessary to determine the neighbouring ﬁnite volumes and to prescribe boundary conditions
at corresponding faces. In this sense, a relatively universal computational software could be
achieved, whose algorithm may be easily modiﬁed in the future in order to perform numerical
simulations in more complex geometries using tetrahedral cells.
3. Mathematical model and numerical method
Let us consider a computational domain Ω ⊂ R3 with the boundary ∂Ω and a time interval
(0, T ) with T > 0. The non linear conservative system of the incompressible Navier Stokes
(NS) equations for a three dimensional steady laminar ﬂow after the application of the pseudo
compressibility method, proposed by Chorin [4], is expressed in the compact ﬂux vector form
as
∂
∂
∂w
HjV (w) = 0
(1)
+ j Hj (w) −
j
∂y
∂y
∂t

for j = 1, 2, 3 in the space time cylinder ΩT = Ω × (0, T ). The vector w of conservative
variables and the tensors of inviscid and viscous ﬂuxes H(w) = (H1 (w), H2 (w), H3 (w)) and
HV (w) = (H1V (w), H2V (w), H3V (w)), respectively, are deﬁned as
T

w = P, v 1 , v 2 , v 3 ,
T

Hj (w) = β 2 v j , v j v 1 +P δ 1j , v j v 2 +P δ 2j , v j v 3 +P δ 3j ,
T

∂v 1 ∂v 2 ∂v 3
j
,
,
,
HV (w) = ν 0,
∂y j ∂y j ∂y j

where y = [y 1 , y 2 , y 3 ]T is the vector of space coordinates, v = [v 1 , v 2 , v 3 ]T is the velocity
vector, δ ij is the Kronecker delta, P = p/ρ, p is the static pressure and ν = η/ρ is the kinematic
viscosity.
To solve the system of the incompressible NS equations in pseudo transient form (1), the
cell centred ﬁnite volume formulation of the central explicit fourth order Runge Kutta (RK)
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scheme was used on an unstructured grid. The applied grid consisted of non overlapping hexa
hedral ﬁnite volumes Ωj , j ∈ J, where J = {1, 2, . . . , N } was the index set. Two ﬁnite
volumes Ωi , Ωj , i, j ∈ J were called neighbours, if Γij = ∂Ωi ∩ ∂Ωj = Γji , where Γij was the
quadrilateral face of Ωi . According to this notation, the algorithm of the RK scheme may be
written as
(1)

= wnj ,

wj

(r+1)

(2)
(r)

= wnj − αr ∆t Rwj + Dwnj
for r = 1, 2, 3 ,
(3)


∆t
(4)
(1)
(2)
(3)
(4)
Rwj + 2Rwj + 2Rwj + Rwj + Dwnj ,
wn+1
= wnj −
j
6
where α1 = 0.5, α2 = 0.5, α3 = 1 and wnj is the approximation of the vector w over the ﬁnite
volume Ωj , j ∈ J at the time level n. The stationary residuum is deﬁned as
wj

(r)
Rwj

6
6
1 X
1 X
m
(r)
HV m (w(r) ) Sm
Hm (w ) Sj −
=
j ,
|Ωj | m=1
|Ωj | m=1

where |Ωj | denotes the volume of the hexahedral cell Ωj and Sm
j is one of the six outer vectors
y
1
x
z T
normal to ∂Ωj , e.g. Sj = Sjk = (Sjk , Sjk , Sjk ) is normal to ∂Ωj on the face Γjk . Consequently,
the inviscid numerical ﬂux Hs1 (w(r) ), s = 1, 2, 3 through the face Γjk is evaluated as

1  s (r)
(r)
s
s
(r)
H (wj ) + H (wk ) ,
H1 (w ) =
2
(r)

(r)

where wj and wk are the approximate solutions on the ﬁnite volumes Ωj and Ωk , respec
tively. The remaining inviscid numerical ﬂuxes are computed similarly using the indices of
neighbouring ﬁnite volumes at corresponding faces. Analogous to the two dimensional case,
the determination of viscous numerical ﬂuxes Hsm (w(r) ), s = 1, 2, 3 is based on the application
of dual cells, which in the space have the form of octahedrons, ﬁg. 2. For more details see [9].

Fig. 2. Finite volume Ωj with its neighbours Ωi and Ωk and corresponding dual cells.

In order to stabilize the numerical solution, an artiﬁcial viscosity was added to the compu
tation at each stage of the RK scheme, whereas the dissipative term was calculated only once at
the time level n, for details see [6]. For our numerical simulations, we have chosen the Jame
son’s artiﬁcial dissipation, which written in the sense of the ﬁnite difference method for the
one dimensional case takes the following form
(5)
Dwi = ε2 (wni−1 − 2wni + wni+1 ) + ε4 (wni−2 − 4wni−1 + 6wni − 4wni+1 + wni+2 ) ,
where ε2 , ε4 ∈ R are small constants. A corresponding adaptation of this higher order artiﬁcial
viscosity was implemented for the applied unstructured three dimensional grids.
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4. Numerical results
The blood ﬂow through an idealized three dimensional bypass model was numerically simu
lated for both considered artery restrictions (occlusion and stenosis). The number of hexahedral
cells was equal for the two bypass types (N3D = 195840). In all computations presented here,
the inlet Reynolds number was set Re = Ū Dρ/η = 230, which corresponds to the mean
Reynolds number in a coronary artery (Ū ≃ 0.279 m s−1 ). The boundary conditions were iden
−1
−1
tical for both considered three
dimensional
p models. Inlet: u = 0 m s , v = 0 m s and
2
w(r) = 2 Ū 1 − (2 r/D) , where r = x2 + y 2 ; outlet: a constant pressure p2 = 11550 Pa;
rigid walls: the non slip boundary conditions.
The resulting velocity proﬁles in the longitudinal section together with the iso velocity con
tours at selected cross sections of the occluded 3D bypass are shown in ﬁg. 3. For comparison,
similar velocity proﬁles in the two dimensional model are enclosed, ﬁg. 4. The blood ﬂow
through the idealized bypass model has a particular pattern, which is characterized by the pre
sence of recirculation zones and secondary ﬂows in certain regions. Looking at the iso velocity
contours, it is possible to describe the ﬂow development corresponding to the bypass geome
try. At the inlet (A1), the fully developed velocity proﬁle is gradually redirected from the native
artery into the graft inlet (A2), whereas a part of the ﬂuid splits and continues towards the occlu
sion (A3) forming a well developed recirculation zone. Inside the bypass graft at the beginning,
the velocity proﬁle becomes strongly skewed to the lower wall and the contours take a typical
’M’ shape (B1), which was also observed in [8]. As the ﬂuid progresses through the bypass
graft, the velocity peak shifts towards the tube center (B2) and later on towards the upper wall
(B3). Finally, the maximal velocity magnitude is reached at the anastomosis (C1) between the
bypass graft and the native artery. Downstream from this region, the ﬂow demonstrates a strong
downwash towards the bed of the native artery, which results in a small recirculation zone at the
upper wall (C2). Along the distal artery, the ﬂow is gradually stabilized, which is evident from
the developing velocity proﬁle at the outlet.
The distribution of recirculation and low velocity zones along the 3D bypass model are
shown in ﬁg. 5. The dark grey color represents the areas, where the ﬂow is either stagnant or the
values of velocity magnitude are very low (|v| < 0.01 Ū ). The overall ﬂow ﬁeld in both 2D and
3D models contains four regions, where the ﬂuid recirculates or is almost motionless. Two of
the recirculation zones are located in the native artery up and downstream from the occlusion,
whereas their size and velocity depends on the occlusion position between the proximal and
distal anastomoses (distance of grafting). The third one can be found not so far from the graft
inlet at the upper wall, where it partly extends into the tube along the main stream. The last
recirculation zone is situated in the distal artery next to the so called toe (see C2), a part of the
anastomosis, where the main stream is accelerated when leaving the bypass graft.
So far the results between the two and three dimensional cases are relatively similar. How
ever, taking the effect of the spatial ﬂow into account, the size and the average velocity of this
zones differ considerably between both models. For example, the large recirculation region
before the occlusion, which is in the three dimensional model represented by the cross section
marked as A3 or is evident in ﬁg. 5, could not be entirely registered in the two dimensional
case. The average velocity of this structure varies from 0.16 Ū to 0.20 Ū , which compared to
the remaining recirculation zones (|v| < 0.10 Ū ) is quite high. This effect is partly caused by
the situation at the upper wall, where the main stream enters the bypass graft and a portion of
the ﬂuid is split and ﬂows toward the occlusion with relatively high velocity magnitude around
0.45 Ū . On the contrary, the region downstream from the occlusion consists mostly of motion
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Fig. 3. Velocity proﬁles in the longitudinal section and iso velocity contours at selected cross sections
in the occluded 3D bypass.

Fig. 4. Velocity proﬁles at selected cross sections in the occluded 2D bypass.

less ﬂuid, which near the main stream is disturbed by small recirculation zones near the lower
and upper wall of the distal artery.
When investigating the inﬂuence of local hemodynamics on the occurrence of intimal hy
perplasia at the distal anastomosis, it is important to consider several factors that are associ
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Fig. 5. Distribution of recirculation and low velocity zones in the occluded 3D bypass.

ated with the non uniform blood ﬂow. Beside the occurrence of recirculation and low velocity
zones, it is usually necessary to include the distribution of wall shear stress (WSS) into the re
sult analysis. In this study, the graphs of WSS for the occluded artery and the bypass graft in
the three dimensional model are shown in ﬁg. 6. The angle ϑ in the second graph denotes the
position along the bypass graft. It is measured form the center of the tube curvature as is shown
in ﬁg. 3, whereas in the ﬁrst half of the bypass graft, the angle values are negative.
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Fig. 6. Graphs of WSS in the occluded 3D bypass native artery (left), bypass graft (right).

Considering the graphs for the native artery and the bypass graft, the shear stress distribu
tion at selected walls demonstrates the ﬂow development in response to the bypass geometry.
In the vicinity of the inlet, when the ﬂow is still a fully developed velocity proﬁle, the WSS
distribution is relatively uniform. The changes at all walls begin before the bifurcation, when
the main stream is gradually redirected into the bypass graft. The upper artery wall experiences
elevated shear stress and reaches a peak value at the corner of the branch. At the opposite cor
ner of the proximal anastomosis, the WSS decreases from a maximum to almost non existent
values. At the lower wall, the shear stress decreases relatively fast to a zero value indicating
the position of a stagnation point (around z = −0.01 m). Right from this point, the presence of
a recirculation zone near the lower wall causes a mild value increase. Compared to the changes
at the lower wall, the shear stress at the side wall in the branching region has a similar develop
ment. In the distal artery, the presence of a stagnant ﬂuid next to the occlusion is the cause of
extremely low WSS values on all three considered bypass walls. Similar to the situation in the
proximal artery, a stagnation point at the lower wall divides the tube into two regions. The ﬁrst
one is occupied by a low velocity recirculation zone and the second is represented by the strong
ﬂow impact on the artery bed, which is ﬁrstly visible on the side wall. The WSS distribution
around the toe at the upper wall, which is characterized by the proximity of high and low WSS
regions, indicates the presence of a small recirculation zone.
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Fig. 7. Velocity proﬁles in the longitudinal section and iso velocity contours at selected cross sections
in the stenosed 3D bypass.

Fig. 8. Velocity proﬁles at selected cross sections in the stenosed 2D bypass.

The second bypass type, which was considered in our computations, is the bypass with
stenosed artery. It represents the post operative state, when the residual ﬂow through the steno
sis is still present. The resulting velocity distributions in the three dimensional model are shown
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in ﬁg. 7. Similar to the previous bypass type, the velocity proﬁles in the two dimensional model
are enclosed, ﬁg. 8. At the ﬁrst sight, the ﬂow pattern of the main stream along the bypass is al
most identical to the previous bypass type. The differences in the artery middle and at the distal
anastomosis, are caused by the ﬂow through the 75% stenosis. The region upstream from the
artery narrowing is characterized by a strong ﬂow near the upper wall and a large recirculation
zone in the vicinity of the lower wall (A3). For a more detailed view, see ﬁg. 9, where the low
velocity zones are represented by dark grey color. Another consequence of the stenosis ﬂow is
the weaker ﬂow through the bypass graft, which results in less outstanding velocity distribution
compared to the occluded bypass.

Fig. 9. Distribution of recirculation and low velocity zones in the stenosed 3D bypass.

The graphs of WSS for the stenosed artery and the bypass graft in the three dimensional
model are shown in ﬁg. 10. By analyzing the graphs, it can be noted that the outstanding peak
in the middle of the native artery corresponds to the jet ﬂow through the artery narrowing. Its
shape depends on the stenosis degree and on the ﬂow portion, which splits at the bifurcation.
Particularly, the region of the proximal anastomosis before the stenosis shows differences in the
shear stress distribution at the lower and side walls compared to the occluded bypass. The very
low values are mainly caused by the presence of a weak recirculation zone before the artery
restriction. In the distal anastomosis, the situation shows similar pattern with the exception of
a relatively suppressed recirculation zone next to the toe. On the other hand, the main stream
inﬂuenced by the residual ﬂow through the stenosis, presents a more ﬂuent process of ﬂow sta
bilization considering the almost identical shear stress values at the lower and side walls, where
the ﬂow gradually adjusts to a fully developed velocity proﬁle.
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Fig. 10. WSS in the stenosed 3D bypass native artery (left), bypass graft (right).

5. Conclusion
The analysis of ﬂow ﬁelds in an idealized bypass model with either occluded or stenosed
native artery, conﬁrmed the importance to differ between both bypass types. Although the dis
tribution of velocity and WSS are mostly similar, the presence of the residual ﬂow through the
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75% artery narrowing may strongly inﬂuence not only the ﬂow in the distal artery, but also the
ﬂuid motion through the bypass graft. The application of the Gaussian function for the stenosis
shape, resulted in a more natural ﬂow before and after the stenosis in comparison to the usually
considered cosine function. The differences are especially evident by high stenosis degrees.
All obtained results are comparable with the ones presented in another studies, e.g. in [8] or
[2] for occluded or stenosed bypass, respectively. Considering the signiﬁcance of the three
dimensional geometry in comparison with the two dimensional one regardless of the bypass
type, the differences in the ﬂow pattern along both models are especially evident in the distri
bution of recirculation and low velocity zones, whose size and shape could be mainly noted in
the three dimensional case. Nevertheless, the simpliﬁed two dimensional bypass models repre
sented the ﬁrst step in understanding of bypass hemodynamics, [10].
The main contribution of this study consists not only in the three dimensional extension of
both occluded and stenosed bypass models and in generation of a relatively suitable grid, but
also in the development of a more universal computational software, which enables us to work
with unstructured grids. In comparison to similar CFD solvers such as the software package Flu
ent, the computations demonstrated a better convergence history and all obtained results were
less dissipative due to the application of higher order artiﬁcial viscosity of Jameson’s type, [6].
One of our future aims regarding the numerical simulations in bypass models, is to develop an
unsteady solver that is based on the present algorithm, eventually to include the non Newtonian
behavior of human blood in our computations.
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