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Školitel: Doc. Ing. Marek Brandner, Ph.D.
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Abstract

The subject of this work is computational modeling of neutron trans-
port relevant to economical and safe operation of nuclear facilities.
The general mathematical model of neutron transport is provided by
the linear Boltzmann’s transport equation and the thesis begins with
its precise mathematical formulation and presentation of known con-
ditions for its well-posedness.

In the following part, we study approximation methods for the trans-
port equation, starting with the classical discretization of energetic
dependence and followed by the review of two most widely used meth-
ods for approximating directional dependence (the SN and PN meth-
ods). While these methods are usually presented independently of
each other, we show that they can be put into a single framework
of Hilbert space projection techniques. This fact is then used in con-
junction with the results of the first part to rigorously prove rotational
invariance of the PN equations and to analyze convergence of the ba-
sic iterative scheme for solving the SN equations. This part of the
thesis is concluded by the description of a finite element method for
the final discretization of spatial dependence and a discussion of the
solution of the resulting system of algebraic equations.

The main new results are contained in the following two chapters
focusing on the simplified PN approximation, which is a computa-
tionally more convenient albeit not as mathematically well-founded
variant of the PN approximation. We prove well-posedness of the
weak form of the SP3−7 equations and present a new way of deriv-
ing the equations from an alternative set to the PN equations, ob-
tained from special linear combination of spherical harmonics – the
so-called Maxwell-Cartesian spherical harmonics, hence the abbrevia-
tion MCPN approximation. We explicitly show how the MCP3 equa-
tions may be transformed to the SP3 equations.

The final part of the thesis contains numerical examples of the SN
and hp-adaptive SPN calculations using a neutronics framework that
has been implemented by the author to the hp-adaptive finite element



library Hermes2D. The SP1 (or diffusion) model also serves as a basis
of a real-world reactor calculation suite co-developed by the author
for the purposes of “Project TA01020352 – Increasing utilization of
nuclear fuel through optimization of an inner fuel cycle and calcula-
tion of neutron-physics characteristics of nuclear reactor cores”. An
example benchmark used to test the code concludes the thesis.

Keywords:

Neutron transport, Boltzmann equation, reactor criticality, multi-
group approximation, PN approximation, simplified PN approxima-
tion, discrete ordinates, ray effects, source iteration, angular quadra-
ture, projection, diffusion, spherical harmonics, well-posedness, weak
formulation, Maxwell-Cartesian spherical harmonics, tensor, MCPN
approximation, finite elements, discontinuous Galerkin method, hp-
adaptivity, algebraic multigrid, Hermes2D, Dolfin.



Abstrakt

Práce se zabývá matematickým a numerickým modelováńım trans-
portu neutron̊u, se zaměřeńım na výpočty neutronových charakteris-
tik jaderných reaktor̊u. Obecný matematický model transportu ne-
utron̊u je reprezentován lineárńı Boltzmannovou transportńı rovnićı.
Práce zač́ıná jej́ı přesnou matematickou formulaci a přehledem
výsledk̊u týkaj́ıćıch se jej́ı řešitelnosti ve druhé kapitole. Následuj́ıćı
kapitoly jsou zaměřeny na přibližné metody řešeńı této rovnice.

Po stručném popisu klasické diskretizace energetické závislosti je hlavńı
část třet́ı kapitoly věnována aproximaci směrové závislosti pomoćı
dvou stěžejńıch metod – metody diskrétńıch ordinát (SN) a metody
sférických harmonických funkćı (PN). Zat́ımco obvykle jsou tyto me-
tody formulovány nezávisle, v práci je ukázáno, jak je lze obě popsat
pomoćı jednotného rámce jako projekci na podprostor Hilbertova pro-
storu funkćı definovaných na sféře. Této skutečnosti je posléze využito
při d̊ukazu rotačńı invariantnosti PN rovnic a při konvergenčńı analýze
základńı iteračńı metody pro řešeńı SN soustavy. Třet́ı kapitola je za-
končena popisem aplikace metody konečných prvk̊u na finálńı diskre-
tizaci prostorové závislosti.

Hlavńı nové výsledky této práce se týkaj́ı metody zjednodušených
sférických harmonických funkćı (SPN), jež představuje výpočetně efek-
tivńı aproximaci metody PN . Ve čtvrté kapitole je standardńım
zp̊usobem odvozena slabá formulace SPN rovnic a dokázána jej́ı ko-
rektnost pro N = 3, 5, 7. V páté kapitole je pak odvozena nová sou-
stava parciálńıch diferenciálńıch rovnic odpov́ıdaj́ıćı PN aproximaci
(MCPN aproximace). Na př́ıkladu MCP3 aproximace je ukázáno, jak
lze využ́ıt tenzorovou strukturu těchto rovnic k transformaci na sou-
stavu ekvivalentńı s SP3 aproximaćı.

V šesté kapitole je popsána implementace SN a SPN aproximaćı do
knihovny Hermes2D a na několika př́ıkladech ukázány základńı vlast-
nosti těchto aproximaćı. Speciálńı pozornost je věnována implemen-
taci nespojité Galerkinovy metody (pro SN aproximaci)a modifikaci
standardńıho indikátoru chyby pro hp-adaptivitu v Hermes2D pro



SPN aproximaci. Práce je ukončena ukázkou řešeńı standardńıho 3D
benchmarku pomoćı mnohagrupového difúzńıho kódu, který autor na
základě zkušenost́ı s vývojem neutronických modul̊u v knihovně Her-
mes2D vyvinul pro účely projektu “TA01020352 – Zvýšeńı využit́ı
jaderného paliva pomoćı optimalizace vnitřńıho palivového cyklu a
výpočtu neutronově-fyzikálńıch charakt. aktivńıch zón jaderných re-
aktor̊u”.

Kĺıčová slova:

Transport neutron̊u, Boltzmannova rovnice, kritičnost reaktoru,
v́ıcegrupová aproximace, PN aproximace, zjednodušená PN aproxi-
mace, metoda diskrétńıch směr̊u, iterace zdroje, ray efekt, směrová
kvadratura, projekce, difúze, sférické harmonické funkce, korektnost,
slabá formulace, Maxwellovy kartézské sférické harmonické funkce,
tenzor, MCPN aproximace, konečné prvky, nespojitá Galerkinova me-
toda, hp-adaptivita, algebraická metoda v́ıce śıt́ı, Hermes2D, Dolfin.
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Introduction

Computer simulation of radiative transfer of energy is an important task in many

engineering and research areas, as diverse as biomedicine, astrophysics, optics or

nuclear engineering. In nuclear engineering, the area of primary interest in this

work, there are two main goals of computer modeling of radiative transfer. The

first is to simulate short-term transient behavior of nuclear devices under given

initial conditions such as geometry and material configuration. The second is

to determine under which conditions such devices (in this case typically nuclear

reactor cores) will be capable of long-term, stable operation satisfying certain

safety, technical and economical limitations, with only a minimal human inter-

vention. Repeated calculations of the second type form the basis for designing

new nuclear reactors or optimizing fuel reloading of existing ones. Optimization

of fuel reloading schemes for nuclear reactors is the topic of a major research

and development project investigated at author’s department1. Author’s par-

ticipation in this project during the course of his doctoral studies involved the

development of a neutron-physical calculation module that could be employed by

the overall optimization suite to evaluate fitness of its candidate configurations.

This fact largely influenced the choice of mathematical models and numerical

methods studied in this thesis.

1Project TA01020352 – Increasing utilization of nuclear fuel through optimization of an in-

ner fuel cycle and calculation of neutron-physics characteristics of nuclear reactor cores. Prin-

cipal investigators: R. Čada (University of West Bohemia) and J. Rataj (Czech Technical

University).

1



1. INTRODUCTION

The most accurate mathematical model of the physical laws governing ra-

diative transfer mediated by mutually non-interacting particles is acknowledged

to be the linear Boltzmann transport equation. In nuclear reactors, the effects

of neutron-induced reactions dominate those caused by other types of particles

and we will therefore consider the transport equation for neutrons in this thesis,

even though it has the same form for other types of non-charged particles, such

as photons. While the short-term transient simulations require accurate solution

methods for the time-dependent transport equation, a quasi-steady state solution

(a sequence of steady state calculations) is generally sufficient to capture slow

changes in core configuration and material characteristics during its long-term

stable operation. Author’s work focus on the latter application domain further

narrows scope of this thesis to the steady state neutron transport equation, shortly

NTE. It is worth recalling, however, that many common numerical methods for

solving transport problems involve repeated execution of methods designed for

steady-state problems.

Mathematical modelling of neutron transport

We will introduce the steady state NTE in Chap. 2 as an integro-differential

equation with 6 independent variables (three characterizing position of neutrons,

two their streaming direction and one their energy) and review its theoretical

properties. The high dimensionality of the equation requires either a direct par-

ticle simulation and use of statistical methods for obtaining the required physical

quantities (the Monte Carlo approach) or a deterministic approach involving mul-

tiple discretizations. As the second approach is still preferable in terms of overall

efficiency, we choose it as a basis for our research and study classical discretization

methods for the NTE in Chap. 3.

We will focus on two widely used methods of this category – the method

of spherical harmonics, abbreviated PN and the method of discrete ordinates,

abbreviated SN . Both these methods can be viewed as projections of the NTE

onto a particular Hilbert subspace of L2(S2) – the space of square integrable

functions of the directional variables. This is the way how the PN method is

usually presented, but it is not immediately obvious in the SN case (this will be

addressed in Sec. 3.4.2). This fact will be used to study numerical behavior of the

2



methods by translating properties of the continuous NTE. As a first application,

we will give a proof of rotational invariance property of the PN approximation.

This is a well known fact preventing the undesirable “ray effects” (Sec. 3.4.1.1) of

the rotationally non-invariant SN approximation, of which we however couldn’t

find a formal proof in available literature. As a second application, we will analyze

convergence of a classical iterative method for the SN approximation (Sec. 3.4.3)

by direct application of a Banach fixed-point argument proved for the continuous

NTE in [43].

The MCPN approximation and its relation to the SPN approximation

In Chap. 5, we will derive a new set of equations equivalent to the original PN

set. The derivation starts by choosing an alternative approximation basis, com-

posed of special linear combinations of the original basis used in the PN ap-

proximation. These new basis functions (the Maxwell-Cartesian surface spherical

harmonics introduced in [7]) have a clear tensorial structure formally resembling

that of Legendre polynomials and lead to a set of equations resembling the 1D PN

equations. We call this set the MCPN approximation (“Maxwell-Cartesian PN”

approximation) and use its structure to uncover its connection to another tra-

ditional approximation of neutron transport – the simplified spherical harmonic

method, or SPN , in the second part of Chap. 5.

The SPN method (particularly the SP3) already simplifies the NTE to the

extent that it is applicable to day-by-day whole-core calculations on usual work-

stations with a few computational cores or small-scale parallel machines with

tens to a few hundred cores, which are the typical machines available to nuclear

engineering companies2. As is well known and will be recalled in Chap. 4, when

the SP3 method is applied to the typical reactor core calculations, its solution

captures most of the features of the true solution of the NTE. Combined with its

efficiency that allows this method to be used “off the desk” (without the need

of submitting the job to some supercomputing center, waiting for it to come

2from personal experience of the author coming out of the long-term collaboration with

the Czech nuclear engineering company Škoda JS led by author’s colleague R. Kužel; more

generally, see the discussion in [102, Sec. 2.4]
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1. INTRODUCTION

to the front of an execution queue and gathering the results) makes it attrac-

tive for physicists to quickly test their empirical approximations used throughout

their production code, which is usually based on the most restricting transport

approximation – the diffusion approximation.

Finite element framework for 2D neutron diffusion/transport

The neutron diffusion approximation, whereby the NTE is reduced to a second-

order elliptic PDE (or, when energy dependence is taken into account implicitly,

a weakly coupled non-symmetric system of second-order PDEs with positive-

definite symmetric part – the so-called multigroup neutron diffusion approxima-

tion), also forms the basis of the neutronics module to be used in the above

mentioned core loading optimization code. However, to obtain the final discrete

algebraic system of equations, it uses the finite element method. This distin-

guishes it from the majority of other codes used for similar purposes, which are

usually based on the so-called nodal method3.

Generally speaking, a nodal method is a coarse mesh finite volume method

iteratively combined with fine-level correction steps, specially tailored to the neu-

tron diffusion (or recently SPN) model and reactor core domain (i.e., typically,

coarse level cells correspond to real fuel assemblies and the correction consists of

analytic solution of the diffusion equation in a geometrically simple homogeneous

region). Its advantage is the speed and overall efficiency, but it is greatly limited

in geometrical flexibility. Because of the way the standard nodal equations are

derived, it also requires the homogenization procedure to represent each coarse

cell by a single set of material coefficients (or in more modern nodal methods by

coefficients with a pre-specified polynomial variation) and the corresponding de-

homogenization procedure to reconstruct the fine structure of the solution needed

for further computations (where the latter, in particular, is difficult to formulate

in general cases). Moreover, the convergence and stability of the method is, to

the knowledge of the author, not very well understood ([123]).

This motivated the study of the feasibility of solving whole-core neutronics

problems by the finite element method, which does not suffer from these issues.

3See e.g. [34, 60, 76] for the specific application area of core reloading optimization; some

other nodal codes widely employed in various whole-core calculations are tabulated in [69].
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The basic principle underlying the nodal method, i.e. comparing two solutions

with different accuracy to provide a more accurate one, has led the author to

the open-source finite element C++ library Hermes2D [44] , which uses the same

principle to drive its advanced hp-adaptivity procedure [89]. Combined with its

unique way of assembling coupled systems of PDEs [92], the Hermes2D library

has proved to be well-suited for serving as a basis for testing the neutronic ap-

proximations described in the first part of the thesis.

The author has also participated in the development of the core library; the

main contributions to the Hermes project involved:

• development of an interface for various existing sparse, direct and iterative

algebraic solvers (which also required reworking the CMake build system of

Hermes),

• development of a multigroup neutron diffusion framework, simplifying and

unifying the formulation of multiregion, multigroup neutron diffusion prob-

lems within Hermes2D,

• development of the discontinuous Galerkin framework (together with L.

Korous, the main developer of Hermes at present time) and

• extension of the h-adaptivity capabilities by the standard a-posteriori error

estimation for elliptic problems (which involves solution jumps over element

interfaces and thus uses elements of the discontinuous Galerkin framework).

More details about the neutronics modules for Hermes2D will be given in Chap. 6,

based on the abstract weak formulation of the multigroup diffusion approximation

from Chap. 4. An extension for the SPN approximation will also be discussed,

including a modification of the standard error indicator used in Hermes2D to

guide the hp-adaptivity process. While well-posedness of the weak form of the

multigroup diffusion approximation has been proved in [29, Chap. VII] or [13], we

could not find a formal proof for the SPN case and hence provide one in Sec. 4.3.

To assess the benefits of using the SPN model over the simpler diffusion model,

the author also implemented (still on top of the neutronics framework) a discon-

tinuous Galerkin discretization of the discrete ordinates approximation of the

5



1. INTRODUCTION

transport equation (the SN method, studied in Section 3.4). Unlike the SPN ap-

proximation, this approximation, theoretically as N →∞, converges to the true

solution of the NTE in general multidimensional, multiregion domains. Com-

bined with the automatic, problem independent spatial adaptivity capabilities

provided by Hermes and its multimesh assembling strategy, the author expects

that this implementation can serve in future as a first step for exploring adaptive

solutions to more difficult transport problems not covered by the SPN model.

3D coupled neutron-physical finite element code based on the multi-

group diffusion approximation

For the purposes of the research project “Project TA01020352 – Increasing uti-

lization of nuclear fuel through optimization of an inner fuel cycle and calculation

of neutron-physics characteristics of nuclear reactor cores” (cf. the footnote on

pg. 1), a 3D neutron diffusion solver was needed. Using the experience with

the Hermes2D library, the author also developed a multigroup neutron diffusion

solver within the FEniCS/Dolfin framework ([77, 78]). It features distributed

(MPI) assembly of the multigroup neutron diffusion problem and solution of

the obtained algebraic problem using the well-established PETSc/SLEPc solvers

([10, 57]) wrapped by FEniCS. This can be repeated in a feedback loop, in which

the computed neutron flux directly influences thermal/hydraulic properties of the

core, the change of which in turn leads to a change of coefficients in the diffusion

equations. On top of that loop, another loop representing fuel burnup can be

executed. At this point, the author would like to acknowledge the work of his

colleagues – R. Kužel (the coordinator of the whole effort and also the author of

a GPU eigensolver module), J. Egermaier and H. Kopincová (who implemented

the thermal/hydraulics module) and Z. Vastl (who generated the meshes for the

benchmarks on which the module has been tested).

Thorough description of the coupled code system is beyond the scope of this

thesis. To give at least the glimpse of the scale of the problems that are solvable

by the code, results of a selected benchmark conclude Chap. 6.
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2

Mathematical model of neutron

transport

The steady state neutron transport equation is a mathematical representation

of balance between neutron gains and losses within a given macroscopic domain

D ⊂ R3. Let us consider the equation in its integro-differential form with given

neutron source function q:

[
Ω · ∇+ σt(r,Ω, E)

]
ψ(r,Ω, E) =

=

∫ Emax

Emin

∫

S2
κ(r,Ω � Ω′, E � E ′)ψ(r,Ω′, E ′, t) dΩ′ dE ′ + q(r,Ω, E).

(2.1)

Function σt groups all reactions that result in a loss of neutron, while κ repre-

sents reactions that introduce neutrons into direction Ω and energy E by, e.g.,

scattering from direction Ω′, slowing down (or accelerating) from higher (lower)

energies E ′ or releasing new neutrons from fissioned nuclei. They are given by

material composition of the domain and we will return to their more detailed

description, as well as to boundary conditions for (2.1), in Section 2.2.

Solution of eq. (2.1), the angular neutron flux density ψ – is a function of the

following independent variables, which define the neutron phase space:

• r = (x, y, z) represents the spatial distribution of neutrons,

• Ω represents the angular distribution of neutrons on a unit sphere S2, i.e.

their streaming direction (Ω ∈ R3, ‖Ω‖ = 1);
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

• E ∈ [Emin, Emax] is the kinetic energy of neutrons.

Remark 1. The phase space could be also defined in terms of the velocity vector

v and speed v = ‖v‖ =
√

2E/m (m being neutron mass) instead of Ω and

E. This form appears to be preferred in analytical works, while our choice is

more often used in practical numerical calculations. Corresponding changes in

the formulation of the NTE are explicitly given e.g. in [30, Chap. XXI, eqns.

(1.1) and (1.2)]. For further use, we will just note that we can write Ω = v/v

with v ∈ R3.

Remark 2. In this macroscopic description, we should always consider beams

of neutrons with the same average properties in differential elements around r,

Ω, E. For simplicity, we will refer to them as to single neutrons with particular

position, energy or direction (and occasionally call them (r,Ω, E)-neutrons) and

we also omit the “density” nomenclature of repeatedly used quantities – e.g., we

will henceforth call ψ just angular neutron flux.

Remark 3. We keep in mind that eq. (2.1) is a consequence of applying Gauss

divergence theorem to the fundamental integral neutron balance over an arbitrary

bounded subdomain of the phase space (which assumes differentiable angular

neutron flux).

2.1 Neutron phase space

Let us assume that D is a domain bounded by a piecewise smooth boundary ∂D,

which is oriented at almost every point r ∈ ∂D (a.e. in ∂D) by its unit outward

normal field n(r). Then we may formally define the neutron phase space

X := {(r,Ω, E) : r ∈ D ⊂ R3,Ω ∈ S2, E ∈ [Emin, Emax]}

together with its outflow and inflow boundary subsets, respectively:

∂X± :=
{

(r,Ω, E) ∈ ∂D × S2 × [Emin, Emax], s.t. Ω · n(r) ≷ 0
}
.

The whole boundary ∂X can be written as

∂X = ∂X+ ∪ ∂X− ∪ ∂X0

8



2.1 Neutron phase space

x

y

z
ex

ey

ez

r

v(E)
Ω

|dΩ|

ϕ

ϑ

Figure 2.1: Phase space of neutrons

where ∂X0 (boundary subset tangential to the flow), so that X = X ∪ ∂X . The

product Lebesgue measure

dx = dµ(X) = dµ(V × S2 × [Emin, Emax]) = dr dΩ dE (2.2)

is used when integrating over X, while the boundary measure

dξ = |Ω · n| dS dΩ dE , (2.3)

is used when integrating over ∂X±, where S = µ(∂D). Note that because

of the assumed regularity of the boundary, ∂X0 is a closed subset of ∂X of

dξ -measure zero ([30, Chap. XXI, Sec. 2.2]). This will allow us to decompose

spaces of measurable functions defined on ∂X into a direct sum of subspaces of

measurable functions defined on ∂X+ and ∂X−, respectively. When referring to

physical units, we will consider the length scale of D in centimeters.

Since the direction vectors are confined to the sphere, we can express the

three Cartesian components of Ω by only two spherical coordinates ϑ ∈ [0, π] and

ϕ ∈ [0, 2π):el

Ω =




Ωx

Ωy

Ωz


 =




sinϑ cosϕ
sinϑ sinϕ

cosϑ
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

(see Fig. 2.2). To transform integrals with respect to dΩ into double integrals

x

y

z

Ω

dΩ

Ωx

Ωy

Ωz

ϕ

ϑ

Figure 2.2: Cartesian coordinate system

with respect to ϑ and ϕ, note that the solid angle dΩ subtended at the center of

S2 by the spherical differential element |dΩ | can be written as:

dΩ =
|dΩ |
r2

=
r2 sinϑdϑ dϕ

r2
= sinϑdϑ dϕ

(see Fig. 2.3). We will also need to integrate functions that depend on the cosine

of the angle between two directions Ω and Ω′. We shall denote this angle and

its cosine by ϑ0 and µ0, respectively (see Fig. A.1 in appendix for geometrical

interpretation). Then

µ0 ≡ cosϑ0 = Ω ·Ω′

and

∫

S2
f(Ω ·Ω′) dΩ′ =

∫ 2π

0

∫ π

0

f(cosϑ0) sinϑ0dϑ0 = 2π

∫ 1

−1

f(µ0)dµ0

=

∫

S2
f(Ω′ ·Ω) dΩ

(2.4)

Notice that the result depends on neither Ω nor Ω′.

10



2.2 Steady state neutron transport in isotropic bounded domain

x

y

z

R
=
r sinϑ

R
dϕ

r

ϑ
dϑ

Ω

|dΩ|

Figure 2.3: Schematic view of the solid angle of directions

2.2 Steady state neutron transport in isotropic

bounded domain

In most practical cases, we can assume that the medium in which we study

neutron transport is isotropic. The first consequence of this assumption is that

σt(r,Ω, E)ψ(r,Ω, E) ≡ σt(r, E)ψ(r,Ω, E)

for all r, Ω, E. The second is that reactions that change the direction of neutrons

from Ω′ to Ω are invariant under rotation of the coordinate system and are thus

completely determined by the cosine of the two vectors:

κ(·,Ω � Ω′, ·) ≡ κ(·,Ω ·Ω′, ·). (2.5)

The steady state NTE (2.1) in this regime reads

Ω · ∇ψ(r,Ω, E) + σt(r, E)ψ(r,Ω, E) =

=

∫ Emax

Emin

∫

S2
κ(r,Ω ·Ω′, E � E ′)ψ(r,Ω′, E ′) dΩ′ dE ′ + q(r,Ω, E)

(2.6)

in X, complemented by specified angular flux distribution at ∂X−. The two

prototypical inflow boundary conditions are:

11



2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

• incoming angular neutron flux

ψ|∂X− = ψin (2.7)

(ψin ≡ 0 corresponds to vacuum in R3 \ V , which is a common assumption

in nuclear reactor modeling),

• albedo boundary reflection

ψ(r,Ω, E) = β(r)ψ(r,ΩR, E), (r,Ω, E) ∈ ∂X−, ΩR = Ω− 2n(Ω · n)

(2.8)

where Ω is the reflection of ΩR about the boundary plane. For β ≡ 1, this

corresponds to complete specular reflection and is used to model planes of

symmetry, while for β ≡ 0, we recover the vacuum condition from above.

Intermediate values mean that a fraction of neutrons leaving the domain in

direction ΩR are returned back in direction Ω, which is commonly used to

model reactor reflectors. We thus assume 0 ≤ β ≤ 1.

Remark 4. The albedo coefficient β may in general vary with the reflector prop-

erties and should also capture redistribution of the reflected neutrons within the

phase space due to their diffusion through the reflector. A general treatment

of albedo condition is given in [100] (see also [101]), where an integral albedo

operator Bβ is introduced, such that

ψ(x)
∣∣
∂X−

= (Bβψ)(x) =

∫

∂X+

dξ ′β(x � x′)ψ(x′), (2.9)

where x = (r,Ω, E) and x′ = (r′,Ω′, E ′).

For formal description of other types of boundary conditions, we refer to [100] or

[4, Sec. 1.3].

A physically plausible solution of the NTE should be moreover non-negative

throughout D and continuous along any direction Ω, i.e. ψ(r + sΩ,Ω, E) is a

continuous function of s for any r, Ω, E. Note that ψ(r + sΩ′,Ω, E) may be

discontinuous as a function of position when Ω′ 6= Ω.
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x

y

z

Ω

Ωx

Ωy

Ωz

s

s+ ds

x+ dx

z + dz

y + dy

Figure 2.4: Characteristic direction in the Cartesian coordinate system

2.2.1 Advection term

In Cartesian coordinate system (that we will exclusively consider in this thesis),

Ω · ∇ψ = Ωx
∂ψ

∂x
+ Ωy

∂ψ

∂y
+ Ωz

∂ψ

∂z
=
dx

ds

∂ψ

∂x
+
dy

ds

∂ψ

∂y
+
dz

ds

∂ψ

∂z
=
dψ

ds
,

where s ∈ I ⊂ R parametrizes the path traveled by the neutron along the direc-

tion Ω (the characteristic, see Fig. 2.4). Assuming now for simplicity that the

integral term on the right of (2.6) is absorbed in the source term q, we may invert

the differential operator on the left of (2.6) by integration along these character-

istics and obtain an integral formulation of the neutron transport equation:

ψ(r,Ω) = ψ(r0,Ω)e−τ(r,r0) +

∫ s0

0

q(r′,Ω)e−τ(r,r′) ds′ (2.10)

where

r′ = r− s′Ω, r0 = r− s0Ω

τ(r, r′) = τ(r, r− s′Ω) =

∫ s′

0

σt(r− s′′Ω) ds′′ (2.11)

In reference to Fig. 2.5 we can interpret the first term on the right of (2.10) as the

number of neutrons moving in the direction Ω that entered the given volume at

13



2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

r
r′

r0

D

Ω

s0
s′

`(r,Ω)

Figure 2.5: Illustration for the solution on a characteristic

r0 and reached point r without collision, whereas the second term as the number

of neutrons introduced into the characteristic direction by sources between r0

and r and reaching r without collision. The optical path length τ represents the

probability of collision between r′ and r. This integral form is of both theoretical

and practical value, as we will see later in sections 2.2.5 and 3.2.1.

2.2.2 Collision terms

The kernel of the integral operator on the right-hand side of (2.6) characterizes the

mean number of (Ω, E)-neutrons coming out of a collision of (Ω′, E ′)-neutrons

with nuclei at r (or more precisely in a differential element around r). Such

collisions can either just change the direction and energy of the inducing neutrons

(elastic scattering) or cause absorption of the neutrons followed by release of new

ones in the considered direction and energy range (fission), or both (inelastic

scattering). This categorization motivates the splitting

κ(r,Ω ·Ω′, E � E ′) = ησs(r,Ω ·Ω′, E � E ′) + νσf (r,Ω ·Ω′, E � E ′). (2.12)

where the two components are the so-called double-differential macroscopic cross-

section for scattering and fission, respectively. The scattering and fission yield
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2.2 Steady state neutron transport in isotropic bounded domain

η and ν, respectively, have the meaning of expected number of neutrons coming

out of the scattering event (= 1 in case of elastic scattering, might be > 1

when inelastic scattering takes place) and the fission event, respectively, per one

inducing neutron.

Ordinary macroscopic cross-sections σs(r, E), σf (r, E) are then introduced to

characterize the total probability that (Ω, E) neutrons undergo collisions of the

above type irrespective of the outgoing (primed) direction and energy1, i.e.

ησs(r, E) =

∫ Emax

Emin

∫

S2
ησs(r,Ω

′ ·Ω, E ′ � E) dΩ′ dE ′ ,

νσf (r, E) =

∫ Emax

Emin

∫

S2
νσf (r,Ω

′ ·Ω, E ′ � E) dΩ′ dE ′ .

(2.13)

The total macroscopic cross-section, σt, characterizing the probability that

neutron with energy E undergoes a collision of any type with nuclei at r, can

now be decomposed as

σt(r, E) = σc(r, E) + σf (r, E) + σs(r, E) ≡ σa(r, E) + σs(r, E) (2.14)

where

• σc(r, E) is the non-productive capture cross section (resulting in no new

neutrons being introduced into the system) and

• σa(r, E) = σc(r, E) + σf (r, E) is the absorption cross section.

For later use, note that fission is an isotropic process (which removes the

angular dependence of the double-differential fission cross-section altogether) and

the new energy distribution does not depend on energy of the inducing neutron

(as it corresponds to neutrons originally bound inside the nucleus; Fig. 2.6 shows

a typical shape of that function); using the second eq. (2.13), we can then write:

νσf (r,Ω ·Ω′, E � E ′) ≡ χ(E)νσf (r, E
′)

4π
,

∫ Emax

Emin

χ(E) dE = 1. (2.15)

1Recall that the direction Ω of the incoming neutrons is irrelevant for the result as a

consequence of the assumption of isotropic medium (and eq. (2.4)).
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

Figure 2.6: Energy spectrum of (prompt) neutrons released from fission of U235

A physically realistic assumption is that all the macroscopic cross-sections are

bounded measurable functions2, piecewise continuous in D. The unit of macro-

scopic cross-sections is cm−1.

2.2.3 Quantities of interest

From the solution of eq. (2.6), one can derive the following important integral

quantities

• scalar neutron flux (density) [cm−2·s−1]

φ(r, E) =

∫

S2
ψ(r,Ω, E) dΩ , (2.16)

2with respect to product measure of type (2.2) appropriate for their particular set of argu-

ments, or with respect to dµ(V ×S2
2×[Emin, Emax]2) in case of double-differential cross-section
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2.2 Steady state neutron transport in isotropic bounded domain

• net neutron current (density) [cm−2·s−1]

J(r, E) =

∫

S2
Ωψ(r,Ω, E) dΩ , (2.17)

so that integrating J(r, E) · n(r) over a given surface gives the total number of

neutrons with energy E crossing (per unit time) that surface in the direction of n

(and allows assessing neutron conservation within given volume, recall Remark 3).

The integral ∫ E2

E1

σx(r, E)φ(r, E) dE (2.18)

represents the reaction rate density (per unit time) of given type (x = t, a, f, s, c,

see (2.14)), induced by neutrons of energies in range [E1, E2]. As well as the scalar

flux itself, reaction rates may be experimentally measured by various detector

mechanisms, which is the reason why these quantities are more important in

practical calculations than the actual solution of the NTE (angular neutron flux

ψ). Of particular importance for reactor calculations is the power density

P (r) =

∫ Emax

Emin

eσf (r, E)φ(r, E) dE [W·cm−3] (2.19)

where e is the energy conversion factor converting fission rate to watts.

2.2.4 Solvability of neutron transport problems

In this section, we will formulate two basic problems of neutron transport in an

operator form. We will be interested in generalized solutions of these problems

(which we call just solutions), which satisfy the equation and boundary condi-

tions almost everywhere (a.e.) in X (or ∂X ), and understand by Ω · ∇ the

generalized directional derivative in the usual Sobolev sense. This is motivated

by the low regularity that can be expected from the exact solution of the NTE

– for example, even for piecewise smooth material data (cross-sections σx) and

sources q, the solution of the NTE is known to possibly exhibit singularities in

first partial derivatives (or be discontinuous as a function of Ω) at surfaces of

material discontinuities coinciding with characteristic curves of the left-hand side

of (2.6) (that is, straight lines; see [4, Chap. 1], [117, Sec. III]).
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

2.2.5 Neutron transport problem with fixed sources

Let us introduce the standard spaces of Lebesgue-integrable functions (w.r.t. the

product measure (2.2), resp. (2.3))

Lp(X) =

{
ψ | ‖ψ‖Lp(X) :=

(∫

X

|ψ(x)|p dx

)1/p

<∞
}
, 1 ≤ p <∞,

Lp(∂X±) =

{
ψ | ‖ψ‖Lp(∂X±) :=

(∫

∂X±
|ψ(x)|p dξ

)1/p

<∞
}
, 1 ≤ p <∞,

L∞(X) = {ψ | ‖ψ‖L∞(X) := ess supX |ψ(x)| <∞}
L∞(∂X±) = {ψ | ‖ψ‖L∞(∂X±) := ess sup ∂X± |(Ω · n)ψ(x)| <∞}

(2.20)

Note that for the total volumetric scalar flux to be finite (as is physically ex-

pected), the solution should belong to L1(X).

We formulate the fixed source problem using the following operators:

Aψ(r,Ω, E) = Ω · ∇ψ(r,Ω, E),

Σtψ(r,Ω, E) = σt(r, E)ψ(r,Ω, E),

Kψ(r,Ω, E) =

∫ Emax

Emin

∫

S2
κ(r,Ω ·Ω′, E � E ′)ψ(r,Ω′, E ′) dΩ′ dE ′ .

We shall call A, Σt, K and T = A+ Σt−K the advection, reaction, collision and

transport operator, respectively. All these operators are continuous; the reaction

operator Σt : Lp(X) → Lp(X) is a simple multiplication operator in Lp(X),

self-adjoint and bounded, while the operator K : Lp(X) → Lp(X) is bounded

under additional (physically justifiable) conditions (conditions (c) and/or (d) of

the following theorem, depending on p), but is self-adjoint if and only if the kernel

κ of K is symmetric in E and E ′. With the exception of the mono-energetic case,

this is generally not true (a fact to which we return again in Sec. 3.1). To further

simplify notation, let us also define

L := A+ Σt.

For piecewise smooth ∂D and 1 ≤ p < ∞, the traces Γ±ψ ≡ ψ|∂X± ∈ Lp(∂X±)

are well defined for functions ψ ∈ Ĥp(X), where

Ĥp(X) = {ψ | ψ ∈ Lp(X),Ω · ∇ψ ∈ Lp(X)}, 1 ≤ p ≤ ∞
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2.2 Steady state neutron transport in isotropic bounded domain

and a continuous lifting operator

G : ψ± ∈ Lp(∂X±) 7→ ψ̂ ∈ Ĥp(X)

such that ψ̂|∂X± = ψ± exists ([30, Thm. 1, Appendix of §2, Chap. XXI], [11] for

the case p =∞). The Sobolev space of functions with bounded boundary traces

is then defined as

Hp(X) :=
{
ψ ∈ Lp(X),Ω · ∇ψ ∈ Lp(X), ‖Γψ‖Lp(∂X ) <∞

}
. (2.21)

and A : Hp(X) → Lp(X), thus the complete transport operator

T : Hp(X)→ Lp(X). We note that H2(X) is a Hilbert space when equipped

with the inner product

(ψ, ϕ)H2(X) := (Ω · ∇ψ,Ω · ∇ϕ)L2(X) + (ψ, ϕ)L2(X) + (ψ, ϕ)L2(∂X )

where

(ψ, ϕ)L2(X) =

∫

X

ψϕ dx , (ψ, ϕ)L2(∂X ) =

∫

∂X

ψϕ dξ . (2.22)

The lifting operator allows us to pick a function ψ̂ = Gψin ∈ Hp(X) and

convert a problem Tψ = q with non-homogeneous boundary conditions (2.7) to

a problem

T (ψ − ψ̂) = q − T ψ̂ ≡ q̂

where trace of the new unknown function u = ψ − ψ̂ on ∂X− vanishes. Final

solution is then recovered as ψ = u+ q̂. Therefore, we can focus on the case with

homogeneous conditions and put Dom (T ) = Hp
0 (X) where

Hp
0 (X) := {ψ ∈ Hp(X), ψ|∂X− = 0}.

Similar treatment of reflective or more general boundary conditions requires spe-

cial trace theorems, see [30, Chap. XXI, Appendix of §2] or [4, Chap. 2].

The fixed source, steady state neutron transport problem with vacuum bound-

ary conditions that we are going to study in this section is posed as follows

Problem 1. For given q ∈ Lp(X) find ψ ∈ Hp
0 (X) ⊂ Lp(X) such that Tψ = q.

We will first consider the physically most natural L1(X) case.
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

2.2.5.1 L1(X) setting

Theorem 1. Assume that

(a) σt ∈ L∞(X), σt ≥ σt > 0 a.e. in D × [Emin, Emax],

(b) κ ≥ 0 a.e. in D × S2
2 × [Emin, Emax]

2,

(c) c ≤ c̄ < 1 a.e. in D × [Emin, Emax] where

c(r, E) :=
1

σt(r, E)

∫ Emax

Emin

∫

S2
κ(r,Ω′ ·Ω, E ′ � E) dE ′ dΩ′ . (2.23)

Then Problem 1 with p = 1 has a unique solution ψ ∈ H1
0 (X).

Proof. [30, Chap. XXI, §2, Proposition 5]

The value c in Thm. 1 has the physical meaning of the mean (net) number

of neutrons emitted (in all possible directions and energies) per a neutron with

energy E (coming from any direction) colliding with a nucleus at point r ∈ V .

Condition (c) thus expresses the requirement that the system be subcritical in

order for a steady solution in presence of external sources to be achieved (the no-

tion of criticality will be formally introduced in the following subsection). Notice

that (using (2.13))

c(r, E) =
ησs(r, E) + νσf (r, E)

σt(r, E)
(2.24)

and is usually called collision ratio (or scattering ratio in non-fissioning domains).

In [101], Sanchez uses the inversion of the transport operator along char-

acteristics (see 2.2.1 above) to prove existence and uniqueness of solution to the

fixed source neutron transport problem in the cross-section weighted space H1
σ(X)

for right hand sides in L1
σ(X) (and albedo boundary conditions of general type

(2.9)).This appears to be an alternative physically natural functional setting due

to the definition of reaction rate, eq. (2.18); moreover, assumption (a) may be

relaxed by allowing σt = 0 in arbitrarily large regions (the void regions). Note

that if we assume (a) of Thm. 1, the norms of L1 and L1
σ are equivalent and

the measure dτ = σt(x)dx associated with the space L1
σ represents a differential

optical path length (see eq. (2.11)).
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2.2 Steady state neutron transport in isotropic bounded domain

2.2.5.2 L∞(X) setting

In [30, Chap. XXI, §2, Proposition 6], Dautray and Lions also show the existence

of unique solution in L∞(X) for q ∈ L∞(X); the proof in this case is again

based on the inversion of the transport operator along characteristics and requires

instead of (c) the condition

(d) d ≤ d < 1 a.e. in D × [Emin, Emax]

where

d(r, E) :=
1

σt(r, E)

∫ Emax

Emin

∫

S2
κ(r,Ω ·Ω′, E � E ′) dE ′ dΩ′ (2.25)

can be interpreted as the average number of neutrons emitted with energy E from

collisions induced by all possible neutrons impinging on the nucleus at r (again,

this is a reasonable condition in the subcritical state). Notice that because angular

dependence of κ is only through the cosine of the collision angle (i.e., Ω · Ω′),
the outgoing direction is immaterial and assumptions (c) and (d) really represent

different assumptions about just the energy transfer in collisions.

2.2.5.3 L2(X) setting and second-order forms of NTE

In general Lp(X) spaces with 1 < p < ∞, Dautray and Lions outline the proof

based on the same ideas as those used in the L1(X) case (theory of monotone

operators), utilizing assumptions (a-d) of Thm. 1. The case p = 2 is particularly

important as the Hilbert space structure of L2(X) allows to use richer set of math-

ematical tools to formulate practical solution methods. In particular, it allows to

formulate variational principles for the NTE, which are of both theoretical and

practical importance.

Let us set V = H2
0 (X) and let V ′ denote the dual space, i.e. the space of

bounded linear functionals on V . For T : V → V ′, we may view the problem of

finding ψ ∈ V such that Tψ = q as a problem posed in V ′ and write it in the

variational (or weak) form: Find ψ ∈ V such that

〈Tψ, ϕ〉 = 〈q, ϕ〉 ∀ϕ ∈ V, (2.26)
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

where 〈·, ·〉 denotes the duality pairing between V ′ and V . As usual, we will refer

to the arbitrarily varying functions ϕ ∈ V in (2.26) as to test functions.

This formulation allows considering more general right hand sides

q ∈ V ′ ⊃ L2(X), but we will restrict our attention to the case represented by

Problem 1 with p = 2, i.e. T : V → L2(X) with q ∈ L2(X). Since for L2(X)

the duality pairing coincides with the ordinary L2(X) inner product (2.22) and

the Riesz representation theorem lets us identify L2(X) with its dual, we also

identify the linear functionals Tu, q ∈ [L2(X)]′ with their Riesz representants

Tu, q ∈ L2(X). If we now define the bilinear and linear form

a(u, v) = (Tu, v)L2(X), f(v) = (q, v)L2(X),

we can write the weak formulation (2.26) as

Problem 2. For given q ∈ L2(X) find ψ ∈ V such that

a(ψ, ϕ) = f(ϕ) ∀ϕ ∈ L2(X).

Moreover, for a sufficiently smooth boundary, the incoming boundary condi-

tions can be imposed weakly by incorporating them into the bilinear form a(u, v)

via Green’s theorem [4, Thm. 2.24]: for ψ, ϕ ∈ H2(X),

(Ω · ∇ψ, ϕ)L2(X) = (ψ, ϕ)L2(∂X ) − (ψ,Ω · ∇ϕ)L2(X),

in which case we look in Problem 2 for ψ ∈ H2(X) and consider test functions

also from H2(X).

Coercive weak formulations

Under the assumptions that κ is an even function of Ω ·Ω′ and q an even func-

tion of Ω, Vladimirov [117] has shown how to obtain the generalized solution of

Problem 1 from the solution of

ã(ψ̃, ϕ) = f̃(ϕ) ∀ϕ ∈ Hp(X) (2.27)

with bounded and coercive bilinear form ã corresponding to (bounded and co-

ercive) transport operator T̃ and source term q̃ of the even parity form of the
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2.2 Steady state neutron transport in isotropic bounded domain

NTE3. That is, there exist Cb > 0, α > 0 such that ∀u, v ∈ V :

ã(u, v) ≤ Cb‖u‖V ‖v‖V , ã(u, u) ≥ α‖u‖2
V

and the well-known Lax-Milgram lemma can be used to prove well-posedness of

(2.27) and consequently of Problem 1. For the sake of completeness and future

reference, we state the lemma below in its general form.

Lemma 1 (Lax-Milgram). Let V be a Hilbert space and a : V ×V → R a bounded

and coercive bilinear form with constants Cb and α, respectively. Then for any

f ∈ V ′, there exists a unique u ∈ V such that

a(u, v) = f(v) ∀v ∈ V, (2.28)

and

‖u‖V ≤
1

α
‖f‖V ′ .

Bourhrara presents in [12] three coercive weak formulations of the fixed source

problem (and one for the criticality problem investigated in the following section)

and shows that one of them actually represents the weak form of another well-

known second-order form of the transport equation – the self-adjoint angular flux

equation (obtained by expressing ψ from the σtψ term of (2.6) in terms of the

remaining terms and substituting back into the advection term). He also provides

a comparison with other formulations based on the least-squares approach (mini-

mizing the appropriately scaled residual ‖P(Tψ − q)‖2
L2(X) +$‖ψin − ψ‖2

L2(∂X−))

studied e.g. in [79] or [4].

Approximations of Problem 2 leading to practical numerical solution meth-

ods are naturally obtained by restricting the formulation to finite-dimensional

subspaces of H2(X). With bounded and coercive bilinear form a, approximation

error is then automatically assessed by the Céa’s lemma (e.g., [107, 2.1.2]). In the

angular domain, this has been done using the subspace of spherical harmonics of

finite degree in [14] of [79], which is also known as the PN method (the finite-

dimensional restriction can then be obtained for instance by using finite-element

3This well-known and widely utilized form of the transport equation is obtained by writing

eq. (2.6) for Ω and −Ω, adding and subtracting the two resulting equations and eliminating

the unknowns of odd parity; see e.g. [9, Chap. II], [109, Sec. 9.11] or [30, Chap. XX]).
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

discretization of the spatial dependence). The PN method will be the subject of

Sec. 3.3; as we will see in Sec. 3.4, the same principle also applies to the other

most widely employed angular approximation method, the SN method.

2.2.5.4 Subcriticality conditions

For future reference, we collect the assumptions of Theorem 1 into the following

definition.

Definition 1 (Subcriticality conditions). Let

(a) σt ∈ L∞(X), σt ≥ σt > 0 a.e. in D × [Emin, Emax],

(b) κ ≥ 0 a.e. in D × S2
2 × [Emin, Emax]2,

(c) c ≤ c̄ < 1 a.e. in D × [Emin, Emax] where

c(r, E) =
1

σt(r, E)

∫ Emax

Emin

∫

S2
κ(r,Ω′ ·Ω, E ′ � E) dE ′ dΩ′ ,

(d) d ≤ d < 1 a.e. in D × [Emin, Emax] where

d(r, E) =
1

σt(r, E)

∫ Emax

Emin

∫

S2
κ(r,Ω ·Ω′, E � E ′) dE ′ dΩ′ .

Then we call

• conditions (a,b,c) the subcriticality conditions in L1(X),

• conditions (a,b,d) the subcriticality conditions in L∞(X),

• conditions (a-d) the subcriticality conditions in Lp(X), 2 ≤ p <∞.
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2.2 Steady state neutron transport in isotropic bounded domain

2.2.6 Criticality problem

The other important problem in neutron transport (particularly in nuclear reactor

engineering) requires the determination of material composition (i.e. the values

of σx) for a given domain geometry (or vice versa) that would ensure a steady

neutron distribution (that means – steady power generation) with no additional

neutron sources besides fission. This is called a “criticality problem” – the system

is said to be subcritical, supercritical and critical, respectively, if without an

additional neutron source the number of neutrons in the core will, respectively,

continuously diminish, increase or be maintained through the balance between

actual out of core leakage, absorption and fission. This characterization motivates

the name of the conditions in Def. 1. In reactor core reloading optimization, we

assume the core geometry fixed and try to find such a material composition that

(besides other optimization criteria) would ensure the critical state.

Mathematically, we are looking for a non-trivial non-negative solution of the

homogeneous version of eq. (2.6) (i.e. with q ≡ 0 and boundary conditions

(2.8)), which means solving an eigenvalue problem. The resulting eigenvalue

then describes the departure from critical state with the current set of material

data and the associated eigenfunction represents the shape of neutron flux in such

a steady state.

In order to formulate the eigenvalue problem, we split the kernel of the collision

operator according to (2.12) into the scattering and fission part, thus

Kψ = Sψ + Fψ

where, using further eq. (2.15),

Fψ(r,Ω, E) =
χ(E)

4π

∫ Emax

Emin

νσf (r, E
′)

∫

S2
ψ(r,Ω, E ′) dΩ dE ′

Sψ(r,Ω, E) =

∫ Emax

Emin

∫

S2
ησs(r,Ω ·Ω′, E � E ′)ψ(r,Ω, E ′) dΩ′ dE ′

(2.29)

The criticality eigenvalue problem then reads:
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2. MATHEMATICAL MODEL OF NEUTRON TRANSPORT

Problem 3. Find nontrivial, non-negative ψ ∈ Dom (B) ⊂ Lp(X) and λ > 0,

such that 


Bψ ≡

[
A+ Σt − S]ψ =

1

λ
Fψ,

Dom (B) = {ψ ∈ Hp(X), ψ|∂X− = Bβψ},
(2.30)

where Bβψ is given by the right-hand side of (2.8) (or, more generally, Bβ is the

boundary operator of (2.9)).

Proving existence and uniqueness of solution of (2.30) can proceed in the

following sequence:

1. Prove that the transport operator B is invertible. This permits the tradi-

tional transcription of the eigenvalue equation (2.30):

B−1Fψ = λψ.

Results of the previous section can be used here if we consider the collision

kernel κ without the fission part, e.g. if instead of the average number of

all emitted neutrons in (2.23) we consider only the number emitted from

scattering collisions (the scattering ratio):

c̃(r, E) :=
1

σt(r, E)

∫ Emax

Emin

∫

S2
σs(r,Ω ·Ω′, E ′ � E) dE ′ dΩ′ . (2.31)

2. Prove that operator B−1F is (strongly) positive and compact. As such, it

has countably many eigenfunctions. Positivity can be deduced from physical

properties of the involved operators (although this may place much too

severe restrictions on the coefficients, see below). Compactness is harder to

establish and holds in general in Lp(X) spaces for 1 < p < ∞, but not for

p = 1 or p =∞ (we will comment on this case below).

3. Invoke the Krein-Rutmann theorem for positive linear compact operators

(e.g., [39, Thm. 5.4.33]) to prove that the spectral radius of B−1F is a

simple eigenvalue associated with the unique positive eigenfunction.

Remark 5 (Criticality). In nuclear engineering, spectral radius of B−1F is

often denoted keff and called effective multiplication factor. Physically,

keff ≡
neutron emission

neutron loss
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2.2 Steady state neutron transport in isotropic bounded domain

so that keff < 1, keff > 1 and keff = 1, respectively, correspond to subcritical,

supercritical and critical system. Notice that c < 1⇒ keff < 1, but not the other

way round because the possibility of neutron loss due to out of core leakage is

not accounted for in (2.23).

Because of the first step, we can expect similar assumptions as in Thm. 1 (or

in the discussion below the theorem) to be required. Depending on the chosen

functional setting, various additional assumptions need to be made in order to

carry out the other two steps. These mathematical assumptions restrict either the

boundary conditions, geometry or material composition of the solution domain,

or energetic dependence (or all) and may not always coincide with physical reality.

For instance, strong positivity of B−1F would require σf ≥ σf > 0 a.e. in X,

implying that fission occurs everywhere, which it generally does not (consider for

instance the area between fuel rods in nuclear reactors, filled with coolant water).

For only a non-strongly positive compact operator, one can still use the weak

form of the Krein-Rutmann theorem ([39, Prop. 5.4.32]). That theorem however

does not guarantee uniqueness of the eigensolution and a separate demonstration

is required. In L1(X) or L∞(X), compactness of B−1F can be replaced by power

compactness, i.e. (B−1F )2 ([101]).

In [101], the above scheme is carried out in the weighted L1
σ setting introduced

in previous section. The result is the following theorem:

Theorem 2. Let c̃ < 1 a.e. in X and either σf ≥ σ̃f > 0 a.e. in X, or at least

in a nonempty subset XF ⊂ X that is trajectory-connected with whole X (see

below). Further assume that S and F can be approximated by compact operators

Sn and Fn, respectively:

lim
n→∞

‖S − Sn‖L(L1
σ ,L

1) = lim
n→∞

‖F − Fn‖L(L1
σ ,L

1) = 0 (2.32)

Then the problem

Bψ =
1

λ
Fψ, Dom (B) = {ψ ∈ H1

σ(X), ψ|∂X− = Bβψ},

where Bβ : L1
σ(∂X+)→ L1

σ(∂X−) is the albedo operator of (2.9), has a countable

number of eigenvalues {λk} and associated (generalized) eigenfunctions which be-

long to H1
σ(X). There exists the eigenvalue λ = min{λk} = ρ(B−1F ) (the spectral
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radius of B−1F ), which is algebraically simple and its associated eigenfunction is

the only one that does not change sign in X.

Proof. See [101].

The condition c̃ < 1 may be violated if η is considerably larger than 1, i.e. in

case of high neutron yield from non-elastic scattering; this case is however reason-

ably excluded by physical reasons (at least in thermal reactor calculations). The

second condition is needed for uniqueness – the notion of trajectory connectivity

is so far rather heuristic and basically means that particles produced in XF may

reach any other point by direct streaming or through collisions. Essentially sim-

ilar conditions are often used to circumvent the unphysical restriction of almost

everywhere strictly positive fission cross-sections ([5, 87]). Assumption (2.32) is

needed for proving power compactness of B−1F and is physically non-restrictive

as it requires only uniform continuity of functions that characterize probability

of transfer from (Ω, E) � (Ω′, E ′) (for σf , this is actually the function χ(E) of

(2.15)) and not that of physical cross-sections σsn(r, E ′) and σfn(r, E ′) themselves

(see [101]).

2.2.7 Rotational invariance of the NTE

An important property of the neutron transport equation is its orthogonal in-

variance, which says that under certain circumstances, to obtain a solution of the

NTE with source term rotated (or reflected) around origin it is sufficient to apply

the same rotation (reflection) on the solution corresponding to the original source.

We will henceforth consider only rotations but any argument below applies also

for reflections.

Definition 2. We will say that an operator equation

Au = f (2.33)

is rotationally invariant, if Au = f implies ARu = Rf for any operator R
corresponding to a rotation R ∈ R3×3 of coordinate system around origin4:

R : f(r,Ω) 7→ f(RT r,RTΩ)

RTR = RRT = I, det R = 1.
(2.34)

4by I, we will henceforth denote the unit matrix of appropriate size obvious from the context
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Operator R is defined by its associated rotation matrix R, which is conven-

tionally characterized as an element of the special orthogonal group in R3, the

SO(3) 5. We will also consider the operator itself to be an element of that group,

i.e. R ∈ SO(3). The following lemma shows that equation (2.33) is rotationally

invariant if and only if its operator commutes with rotations.

Lemma 2. Au = f ⇒ ARu = Rf ∀R ∈ SO(3) if and only if AR = RA.

Proof. Sufficiency is obvious by operating with R on both sides of eq. (2.33).

We will show necessity indirectly, i.e. we suppose that there exists R ∈ SO(3)

such that AR 6= RA and show that then we can have Au = f but ARu 6= Rf .

Indeed, assuming Au = f and operating by R, we get

Rf = RAu 6= ARu.

Using definitions from previous subsections, let us write eq. (2.6) in the form

of (2.33):

Tψ ≡ (L−K)ψ = q, (2.35)

where we now suppose generally T : V → V for some suitable function space V

in which we have assured existence of unique solution of (2.35) for q ∈ V (see

Sec. 2.2.5 for examples) . Let us also consider R as an operator from V into itself.

Then the following claim (by Zweifel and Case, [20, Theorem 3]) is valid.

Theorem 3. If the coefficient functions σ and κ are invariant under the action

of R, then also

RT = TR. (2.36)

Proof. Because A is represented by a dot product of two vectors and Σt is ro-

tation invariant as a consequence of the assumptions, L is rotation invariant as

well. Commutativity of K and R follows again from rotational invariance of dot

product (i.e., RTΩ ·Ω′ = Ω ·RΩ′), substitution RΩ′ = Ω′′ in the angular inte-

gral and the fact that Jacobian determinant of this orthogonal transformation is

unity.

5or just the ordinary orthogonal group O(3) if reflections are taken into account
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Assumptions of the theorem will be satisfied for instance in an isotropic homo-

geneous region where σt(r, E) ≡ σt(E) and invariance of κ follows from (2.5). If

we also assume that sources (and boundary conditions) are rotationally invariant

(q = Rq), then the true solution of NTE is (by Lemma 2) necessarily spherically

symmetric or, in other words, the rotated solution satisfies the original equation:

Tψ = q ⇒ TRψ = q.

Numerical approximations should preserve this property in order to produce phys-

ically correct results. As we will see in the following chapter, however, this is not

the case for the widely used SN approximation and leads to undesirable numerical

side-effects.
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3

Neutron transport

approximations

As mentioned in the introductory chapter, we will focus on deterministic methods

for solving the NTE, requiring proper discretization of (2.6) and solution of the

resulting system of algebraic equations. In the following sections, we review some

of the most widely used semi-discretizations with respect to energy, angle and

spatial variables and put them into a unified Hilbert space projection framework.

We finish this chapter with a general discussion on solving the associated large

sparse systems of algebraic equations We will mostly concern ourselves with the

fixed-source problem; solving this problem is, however, a necessary part of practi-

cally all numerical methods for solving the generalized eigenvalue problem (2.30)

as well.

Notation conventions

Concerning fonts and subscripts/superscripts, we will generally use the following

conventions (wherever exception will be needed, it will be clearly stated):

• f . . . column vector with numerical values (f ∈ RN for some N ∈ N);

• fn or [f ]n . . . components of f ;

• A . . . matrix with numerical values (A ∈ RM×N , M,N ∈ N); also, A(r)

will denote matrix-valued function with elements being functions in D;
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• Aij or [A]ij . . . elements of A;

• upshape F (including Ψ, Φ) . . . vector-valued function D → RN , N ∈ N; as

an exception, n(r) denotes as before the vector-valued function representing

unit outward normal field of ∂D;

• fn or [F]n . . . components of F;

• A or calligraphic A . . . in the context of an operator acting on some vector

space V , usual letters will be used for transport operators introduced in

previous chapter, while calligraphic letters for general operators;

• s = {ck}Nk=1 ≡ {ck}N ;

• col s . . . column vector with entries c1, c2, . . . , cN ;

• diag s . . . diagonal matrix whose diagonal is given by elements of s;

• f(i) . . . i-th iterate in an iteration process.

So with this notation, we have, for instance, F = col {fn}N with each fn being a

function from some function space Vn(D).

To facilitate comparison of the results with literature, we also neglect inelastic

scattering (i.e., put η ≡ 1). The scattering component of the collision kernel (first

relation in (2.13)) then becomes

σs(r, E) =

∫ Emax

Emin

∫

S2
σs(r,Ω

′ ·Ω, E ′ � E) dΩ′ dE ′ . (3.1)

3.1 Approximation of energetic dependence

The continuous dependence on energy, ψ = ψ(·, ·, E), is typically resolved by

the so called multigroup approximation. In this approximation, the interval of

neutron energies is divided as follows:
[
Emin, Emax] =

[
EG − ∆EG

2
, EG + ∆EG

2

]
∪ . . .

. . . ∪
[
Eg − ∆Eg

2
, Eg + ∆Eg

2

]
∪ . . . ∪

[
E2 − ∆E2

2
, E2 + ∆E2

2

]
∪
[
E1 − ∆E1

2
, E1 + ∆E1

2

]
,
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3.1 Approximation of energetic dependence

where Eg+1 + ∆Eg+1

2
= Eg− ∆Eg

2
, and equations (2.6–2.8) are integrated over each

energy group range
[
Eg − ∆Eg

2
, Eg + ∆Eg

2

]
.

Remark 6. Note that the energy intervals (groups) are traditionally numbered

in a descending order, i.e. a group with larger index contains lower energies

than a group with lesser index; also, the group index is traditionally placed in

superscript.

The NTE (2.6) is thus transformed into a finite system of integro-differential

equations, each governing the flux of neutrons with energies within a particular

range (in this context called group):

ψg(r,Ω) =
1

∆Eg

∫

g

ψ(r,Ω, E), dE ≡ 1

∆Eg

∫ Eg+∆Eg/2

Eg−∆Eg/2

ψ(r,Ω, E), dE ,

g = 1, 2, . . . G.

(3.2)

This conventional procedure leads to the following set of G coupled neutron trans-

port equations
{
TG{ψg}G = {qg}G,
Dom (TG) =

{
{ψg}G ∈

[
Hp(X|E)

]G
, ψg|∂X−|E = 0, g = 1, . . . , G

}
,

(3.3)

where

X|E := {(r,Ω) : r ∈ D ⊂ R3,Ω ∈ S2}
is the 5-dimensional subspace of X (i.e., the norm in Hp(X|E) is defined as in

(2.21) but only using double integrals over D × S2) and analogously for ∂X±|E.

The multigroup transport operator has the following form:

TG{ψg}G =

{
(A+ Σg

r)ψ
g −

G∑

g′=1,g′ 6=g

Kgg′ψg
′

}

G

,

Σg
rψ

g(r,Ω) = σgt (r)ψg(r,Ω)−
∫

S2
κg�g(r,Ω ·Ω′)ψg(r,Ω′) dΩ′ ,

Kgg′ψg
′
(r,Ω) =

∫

S2
κg�g

′
(r,Ω ·Ω′)ψg′(r,Ω′) dΩ′

where the terms with superscript g or g′ represent quantities suitably averaged

over
[
Eg − ∆Eg

2
, Eg + ∆Eg

2

]
, e.g. kg�g

′
is (in theory) obtained as

κg�g
′
(r,Ω ·Ω′) =

∫
g

∫
g′
κ(r,Ω ·Ω′, E � E ′)ψ(r,Ω, E ′) dE ′ dE∫

g
ψ(r,Ω′, E) dE

. (3.4)
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3. NEUTRON TRANSPORT APPROXIMATIONS

It is customary to move the self-scattering (diagonal) part of the collision operator

to the reaction operator. Since the reactions in which energetic distribution of

both the incoming and outgoing neutrons lies within the same group are included

in both σt and κ (compare equations (2.13) and (2.14)), this transformation makes

Σg
rψ

g represent the actual rate of neutron removal from the group, while Kgg′ψg
′

the rate of neutron addition to that group. Results about unique solvability

presented in previous chapter carry over to the multigroup setting by considering

a counting measure on the set {EG, . . . , E1} instead of the continuous Lebesgue

measure dE [30, Chap. XXI §2].

3.1.1 Multigroup data

Although the multigroup system of neutron transport equations has a relatively

simple form, finding an optimal grouping of energies and determining the associ-

ated group-averaged coefficients is not an easy task in most practical applications

because of the highly complicated energetic dependence of nuclear processes, as

illustrated by the typical dependence of the (microscopic) fission cross-section of
235
92U in the so-called resonance range of energies and corresponding multigroup

approximation in Fig. 3.1. Suitable approximation of the unknown exact so-

lution in (3.4) is also highly non-trivial, albeit essential for the success of the

multigroup method. Even though an alternative to the finite-volume like approx-

imation (3.2) has been proposed recently in [37] – using Galerkin projection of

angular flux onto a space of functions supported over subregions of the energy

range (a finite-element like approach) – the multigroup approximation still re-

mains the most universally used approach to simplify the energetic dependence

(see, e.g., [18, Chap. 5] or [24]). However, we will not specifically address this issue

and always assume that the multigroup coefficients appearing in the equations

are given as input.

Remark 7. Fission spectrum In criticality problems, the set of multigroup

data must include both parts of the collision kernel κgg
′
, i.e. the cross-sections

σgg
′

s and σgg
′

f , as well as νg
′

and χg. Because of the rapid decay of χ(E) for low

energies (as neutrons are mostly emitted from fission with high energies) that are

nevertheless determining for the cross-sections (as most interactions are likely to
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3.1 Approximation of energetic dependence

Figure 3.1: Microscopic fission cross-section of U235.

occur due to slowly moving neutrons, at least in classical moderated reactors)1,

there will typically be χg = 0 for g = G,G−1, . . . , G−k with k < G. The group-

discretized operator F from (2.29) will therefore have a non-trivial null-space,

leading ultimately to a fully discrete partial generalized eigenproblem

Find (λmin,x) where λmin is minimal λ ∈ R+ such that Ax = λBx, x 6= o

(3.5)

with singular B (which may be solved by the classical shift-and-invert method

as described e.g. in [57] or by transformation to the classical eigenvalue problem

µx = A−1Bx for the dominant eigenvalue µ = 1/λmin = keff).

3.1.2 Group source iteration

A standard way of iterative solution of the multigroup system is the group source

iteration:

1cf. Fig. 3.1 and Fig. 2.6 and notice the different scaling on the horizontal axis

35



3. NEUTRON TRANSPORT APPROXIMATIONS

For a given initial approximation ψg(0), g = 1, . . . , G, solve

for i = 0,1,. . .

for g = 1,. . . ,G

(A+ Σg
r)ψ

g
(i+1) =

∑

g′≤g−1

Kgg′ψg
′

(i+1) +
∑

g′≥g+1

Kgg′ψg
′

(i) + qg. (3.6)

If we view the operator TG as a matrix operator acting on col {ψg}G, then we

can interpret this iteration as a Gauss-Seidel iteration for (3.3), where TG has

been split into its lower-triangular part A + Σg
r − Kgg′ (g′ ≤ g) and its upper

triangular part Kgg′ (g′ > g) and the lower triangular part is being inverted by

forward substitution. Convergence of this scheme can become slow when the

upper triangular part (representing neutron up-scattering from lower energies to

higher energies) is dominating. Therefore, when preparing the multigroup data,

it is advantageous to put an effort into finding such an energy grouping that

minimizes the up-scattering (which is often done in practice, as in e.g. [69]).

Remark 8. Here we assume that the mono-energetic problem can be solved

exactly. Approximations of angular dependence discussed in the following section

(like SN) may employ another iteration level to resolve angular coupling of the

within-group fluxes induced by collisions. This iteration is usually called just

source iteration and can also become slow if scattering of neutrons with given

energy dominates their absorption (we will return to this issue later in Sec. 3.4.3).

Note that by employing the group source iteration, only a mono-energetic

transport problem in group g has to be solved in each iteration, and if the differ-

ential part A can be represented by a symmetric operator Ã (as can be done for

some of the second-order forms described in Sec. 2.2.5.3 or when suitable angular

approximations like diffusion are being used – see Sec. 3.3.5), the problem would

become symmetric with implications for efficient numerical solution. In the re-

mainder of this chapter, we will focus on the approximation of neutron flux in

a single group (index of which will be omitted), described by the corresponding

within-group equation in which contributions from other groups are encapsulated

in the source term q (i.e., we will study the NTE on X|E). In order to simplify

notation, we will use just X instead of X|E when referring to the solution domain.
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3.2 Approximation of angular dependence

3.2 Approximation of angular dependence

Considerably larger number of methods have been proposed for approximating

the angular dependence of neutron flux. Many of them are still being used and

actively developed today as their characteristics make them more suitable for one

application area than other methods, which are preferred in different areas.

3.2.1 Methods based on the integral form of NTE

As a first example, we consider the class of methods originally derived from the

equivalent integral form of the NTE (see Sec. 2.2.1). Typical representatives of

this class are the method of collision probabilities or the method of character-

istics (see e.g. [23, 62, 104, 122]; the computer code DRAGON [80] used as a

reference transport solver in Sec. 6.3 is also based on these two methods). As

the integral form of the NTE represents global neutron balance over the domain,

the corresponding algebraic systems (obtained after spatial discretization) are

full and their solution demanding on computer resources. On the other hand,

these methods quite naturally handle complex geometries and are well suited

for smaller-scale, high-fidelity calculations2 indispensable for generating appro-

priately averaged coefficients for the larger scale (whole-core) calculations. This

spatial homogenization and energy group condensation, as these averaging proce-

dures are traditionally called in nuclear engineering field, are employed by many

existing whole-core simulators (see e.g. [97, Chap. 17] or the review in first two

sections of [102]). To simulate long-term nuclear reactor operation, it is further-

more necessary to perform these procedures under varying physical conditions of

the core and generate many sets of averaged coefficients corresponding to these

conditions.

2called lattice calculations as they are typically performed on a single representative sub-

domain of the core (one or several neighboring assemblies of fuel elements (pins), or the fuel

element itself) with reflective boundary conditions, simulating an infinite lattice of such subdo-

mains
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3. NEUTRON TRANSPORT APPROXIMATIONS

3.2.2 Methods based on the integro-differential NTE

More suitable for whole-core calculations are methods derived from the integro-

differential version of the NTE, eq. (2.6), that lead to sparse algebraic systems.

The best-established are the method of discrete ordinates (SN) and the method

of spherical harmonics (PN). Both arise from applying in the angular domain a

classical well known approach for constructing finite numerical approximations of

PDEs. In the following sections, we will briefly introduce the main ideas behind

the SN and PN methods and expose their most important properties. These

properties are generally known, but their origin in mathematical structure of the

approximate forms is often overlooked in literature (a few exceptions will be cited

below and in the corresponding appendices).

We will also interpret both methods as restrictions of the same continuous

NTE onto appropriate closed semi-finite dimensional subspaces of H2(X). This

is automatic in the case of the PN approximation (which is basically a Galerkin

method in angular domain with globally supported continuous basis functions),

but has (as far as the author knows) not been explicitly done for the SN approxi-

mation. This will be the subject of Sec. 3.4.2 for the practically important case of

isotropic scattering, i.e. σs(r,Ω ·Ω′) = σs(r)
4π

.3 Apart from showing both methods

in the same light, this approach also allows to use properties of the continuous

transport operators to analyze the behavior of the approximate methods, as will

be illustrated in Sec. 3.4.3.

3.3 The PN method

The system of PN equations has been originally derived using the weighted resid-

uals method in the angular domain. That is, the angular flux is expanded into

infinite series of functions of Ω that span a complete basis on the unit sphere,

the continuous neutron transport equation (2.6) is multiplied by each member

of the basis in turn and integrated over the sphere. The properties of the basis

functions are then used to derive equations for the expansion coefficients.

3The question whether the SN approximation with general scattering could be rigorously

cast as a restriction of the NTE to a subspace of Hp(X) is left open for future investigation.
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3.3 The PN method

Only a finite number of expansion terms is considered to allow practical com-

putation. Usually, the expansion is truncated to a finite length of K = K(N)

terms4 by setting all expansion coefficients with higher index to 0 (although there

exist alternative closure methods that may have favorable properties in certain

situations, see e.g. [47]). Then we speak of the PN approximation:

ψ(r,Ω) ≈
K∑

k=1

φk(r)ϕk(Ω). (3.7)

A natural function space to support this procedure is the Hilbert space of square-

integrable functions on the sphere L2(S2), equipped with the inner product

(u, v)L2(S2) =

∫

S2
u(Ω)v(Ω) dΩ . (3.8)

We will therefore assume ψ(r, ·) ∈ L2(S2) (as is the case, e.g., when ψ ∈ H2(X)).

The system of spherical basis functions {ϕk}K that were used in the orig-

inal PN method is the system of spherical harmonic functions (shortly spher-

ical harmonics , App. A). We will consider here the real system (whose ele-

ments are sometimes called tesseral spherical harmonics) as it is more conve-

nient for practical purposes than the equivalent complex system (which is more

widespread in nuclear engineering literature, e.g. [109, Sec. 9.7], [97, Sec. 14.4]),

[110, Chap. V]).

In one dimension, spherical harmonics reduce to Legendre polynomials (A.3)

and K(N) = N . For general three-dimensional problems, there are 2n+1 linearly

independent spherical harmonics for each degree n and

K(N) =
N∑

n=0

2n+ 1 = (N + 1)2.

The approximation (3.7) is usually rewritten as a double sum

ψ(r,Ω) ≈
K∑

k=1

φk(r)Yk(Ω) ≡
N∑

n=0

n∑

m=−n

φmn (r)Y m
n (Ω) (3.9)

4The length of the expansion K should not be confused with the operator K introduced in

the previous section; it will be always clear from context which meaning the letter K currently

has.
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3. NEUTRON TRANSPORT APPROXIMATIONS

where Y m
n (Ω) is the spherical harmonic function of degree n and order m and in

the first term on right, we consider the single index k (1 ≤ k ≤ K) that covers

all the combinations of n and m (0 ≤ n ≤ N , −n ≤ m ≤ n) appearing in the

second term.

Spherical harmonics form a complete orthonormal system on L2(S2) with re-

spect to the inner product (3.8) (or its Hermitian variant when complex spherical

harmonics are used) and simplify the algebraic manipulations needed to arrive

at the relations determining the coefficients φk (called angular moments). These

relations comprise a system of K partial differential equations in spatial domain

of the following form5:

Ax
PN

∂Φ(r)

∂x
+Ay

PN

∂Φ(r)

∂y
+Az

PN

∂Φ(r)

∂z
+
[
σt(r)I−KPN (r)

]
Φ(r) = QPN (r), (3.10)

where

Φ(r) = col {φk(r)}K and QPN (r) = col {qk(r)}K (3.11)

are, respectively, the vector functions of angular flux moments and angular source

moments. The Galerkin procedure results in their special form

φk(r) =

∫

S2
ψ(r,Ω)Yk(Ω) dΩ , qk(r) =

∫

S2
q(r,Ω)Yk(Ω) dΩ , (3.12)

Remark 9 (Suppression of spatial dependence).

In order to simplify the notation we shall, until Sec. 3.3.4 and when not explicitly

stated otherwise, consider all functions and operators with spatial dependence at

an arbitrary fixed point r ∈ D. This allows us to write e.g. ψ ∈ L2(S2), KPN

becomes an ordinary matrix in RK×K , expressions (3.12) could be rewritten as

φk =
(
ψ, Yk

)
L2(S2)

and qk =
(
q, Yk

)
L2(S2)

, respectively, etc.

Using again the double index (k = m
n ) and the form of spherical harmonics

with n = 0, 1, we obtain direct correspondence of the first four moments and the

physically important quantities defined in Sec. 2.2.3:

φ =
√

4πφ0
0, J =

√
4π

3




φ1
1

φ−1
1

φ0
1


 .

5Differentiation and integration of vector functions (such as the term
∂Φ(r)
∂x in eq. (3.10))

is conventionally understood component-wise.
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3.3 The PN method

In view of (3.9) and the completeness and orthogonality properties of spherical

harmonics, (3.12) also shows that the angular flux (as a function of Ω) in the

PN method is actually approximated by its orthogonal projection onto the finite-

dimensional subspace L2
K(S2) ⊂ L2(S2):

ψ ≈ ΠPNψ,
(
ΠPNψ

)
(Ω) :=

K∑

k=1

(
ψ, Yk

)
L2(S2)

Yk(Ω). (3.13)

3.3.1 Operator form

Putting the PN system (3.10) into a form involving the continuous transport

operators from eq. (2.35) is now particularly simple. Using (3.13), let us define

two mappings that take a vector F = col {fk}K to a function u ∈ L2
K(S2) and

vice versa:

(
IPNF

)
(Ω) :=

K∑

k=1

fkYk(Ω), ÎPNu = col
{(
u, Yk

)
L2(S2)

}
K
, (3.14)

so that, using (3.11) and (3.12),

IPNΦ = IPN ÎPNψ = ΠPNψ.

The sought form of the PN system is then

ÎPN (L−K)IPNΦ = QPN = ÎPN q (3.15)

or, in the angularly continuous domain,

ΠPN (L−K)ΠPNψ = ΠPN q. (3.16)

Viewing equation (3.16) as an operator equation in the dual space of L2(S2)

(coinciding with L2(S2) by the Riesz representation theorem) and using symmetry

of ΠPN , the corresponding weak formulation reads (including again the full spatial

dependence)
(
(L−K)ΠPNψ,ΠPNϕ

)
L2(X)

=
(
q,ΠPNϕ

)
L2(X)

, ∀ϕ ∈ L2(X). (3.17)

We have thus obtained the PN approximate problem as a restriction of Problem 2

to the (closed) subspace Range ΠPN . Note that this is still an infinite-dimensional

problem, as

dim Range ΠPN = dim Span {Yk}K × dimL2(D).
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3. NEUTRON TRANSPORT APPROXIMATIONS

3.3.2 Structure of the PN system

3.3.2.1 Advection part

Each of the advection matrices:

[
As
PN

]
k,l

=

∫

S2
ΩsYk(Ω)Yl(Ω) dΩ , s ∈ {x, y, z}, 1 ≤ k, l ≤ K (3.18)

is symmetric and hence for any n = [nx, ny, nz]
T ,

An
PN

= nxA
x
PN

+ nyA
y
PN

+ nzA
z
PN

is symmetric and diagonalizable with real eigenvalues. The PN system is thus

(strongly) hyperbolic in the sense of [75, Def. 18.1]. The eigenvalues depend

on the vector n only through its length ‖n‖ (see Sec. B for an example when

N = 3), which shows that the PN system describes radiation propagation at the

same speed6 in any direction. This hints that rotational invariance of the NTE

is preserved by the PN system, as we will directly show in Sec. 3.3.3.

3.3.2.2 Boundary conditions

The eigenstructure of the advection matrices also provides a clue on how many

boundary conditions should be prescribed for the PN system, which is not im-

mediately clear because of the plane wave coupling. Matrix An
PN

for given N

has

• N(N + 1)/2 positive eigenvalues,

• N(N + 1)/2 negative eigenvalues and

• K(N)−N(N + 1) = N + 1 zero eigenvalues,

irrespective of n. If we take n to be the unit outward normal to ∂D, these

eigenvalues correspond, respectively, to outgoing, incoming and tangential neu-

tron radiation waves. In order for the hyperbolic system to be well-posed, we are

6Here we consider the PN system as a steady-state limit of the time-dependent equation,

as explained in Sec. B.
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3.3 The PN method

allowed to prescribe only the incoming waves, hence we are allowed to specify

N(N + 1)/2 boundary conditions at any point of the boundary.

It is more difficult to determine what the conditions actually look like as the

waves generally contain components of all moments φmn . On the grounds of phys-

ical reasoning (e.g. [99]), variational analysis (e.g. [31]) or most recently ([103])

the equivalence between hyperbolic and elliptic forms of the PN equations (arising

from the second-order forms of the NTE introduced in 2.2.5.3), the agreed upon

form of PN boundary conditions consistent with the present Galerkin framework

is obtained (e.g. for the incoming condition (2.7) and again with general spatial

dependence):

(
ψin − ΠPNψ|∂X− , Y m

p

)
L2(∂X−)

= 0,

p =

{
0, 2, 4, . . . , N−1 for N odd

1, 3, 5, . . . , N−1 for N even

}
, −p ≤ m ≤ p;

(3.19)

that is, as (oblique) projection of the specified incoming angular flux onto L2
K(∂X−),

orthogonal to the subspace of L2(∂X−) spanned by spherical harmonics with

even/odd degrees, with respect to the inner product

(u, v)L2(∂X−) =

∫

∂D

∫

Ω·n<0

|Ω · n|u(r,Ω)v(r,Ω) dS dΩ .

We will call boundary conditions of this form (as in [31]) Marshak boundary

conditions7.

3.3.2.3 Collision part

As we have seen in previous paragraphs, the PN system (3.10) couples the ad-

vected angular moments in the sum involving the advection matrices (although

we note that no more than 7 moments are coupled; see B for an example for

N = 3 or [103, App. A] for general treatment). On the other hand, the collision

matrix KPN is diagonal as a consequence of the following lemma.

7We only make a remark that there is another form of approximate boundary conditions

known as the Mark conditions. The relative merit of one over the other is not completely

resolved so both are used in practice. We prefer the former as they are consistent with the

Galerkin interpretation of the PN equations.
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3. NEUTRON TRANSPORT APPROXIMATIONS

Lemma 3. The spherical harmonic functions Y m
n diagonalize the collision oper-

ator K and

KY m
n = κnY

m
n , n = 0, 1, . . . , −n ≤ m ≤ n,

where

κn = 2π

∫ 1

−1

κ(µ0)Pn(µ0)dµ0 , µ0 = Ω ·Ω′,

is the n-th Legendre moment of the collision kernel κ.8

Proof. As we assume the collision kernel to be a square integrable function of the

collision cosine µ0 ≡ cosϑ0 = Ω ·Ω′ (see Fig. A.1) and the Legendre polynomi-

als (A.3) form a complete orthogonal system on L2([−1, 1]), we can express the

collision kernel as a sum of Fourier series

κ(µ0) =
∞∑

n=0

2n+ 1

4π
κnPn(µ0), κn = 2π

∫ 1

−1

κ(µ0)Pn(µ0)dµ0 . (3.20)

Then for any n = 0, 1, . . . , −n ≤ m ≤ n,

(
KY m

n

)
(Ω) =

∫

S2
κ(Ω ·Ω′)Y m

n (Ω′) dΩ′

=

∫

S2

∞∑

p=0

2p+ 1

4π
κpPp(Ω ·Ω′)Y m

n (Ω′) dΩ′

=
∞∑

p=0

κp

p∑

q=−p

Y q
p (Ω)

∫

S2
Y q
p (Ω′)Y m

n (Ω′) dΩ′

= κnY
m
n (Ω).

(3.21)

where the addition theorem (A.5) has been used on third line and orthogonality

relation (A.4) on the fourth, completing the proof.

Corollary 1. Matrix KPN = ÎPNKIPN is diagonal, with entries given by the

(repeated) Legendre moments κn.

Proof. The j-th column of KPN is given by

KPNej = ÎPNKIPNej,

8we keep in mind that spatial dependence of κ and κn is not explicitly shown
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3.3 The PN method

where ej is the j-th canonical basis vector in RK . By definition, each index

j = 0, 1, . . . K corresponds to a unique double index m
n (n = 0, 1, . . . N ,

−n ≤ m ≤ n), so that Yj ≡ Y m
n . We can therefore write

(
IPNej

)
(Ω) = Yj(Ω) = Y m

n (Ω).

Using Lemma 3, we have

KIPNej = κnY
m
n

so, when associating the index i to a double index s
r and using the orthogonality

relation (A.4),

[KPN ]ij =
[
ÎPNKIPNej

]
i

= (κnY
m
n , Y

s
r )L2(S2) = κnδ

r
nδ

s
m = κnδij.

Note that there is a single value κn for all 2n+ 1 functions Y m
n , so KPN consists

of N + 1 diagonal blocks with elements κ0, 3 times κ1, 5 times κ3, etc.

Corollary 2. The complete “capture” matrix

CPN = ÎPNCIPN ≡ ÎPN (Σt −K)IPN
(corresponding to the capture cross-section σc in (2.14) and characterizing net

neutron loss due to all types of neutron-nuclei interactions) is diagonal.

3.3.2.4 Legendre scattering moments

For any arbitrary incoming direction Ω ∈ S2, the 0-th Legendre moment of the

scattering component of the collision kernel κ (eq. (3.1)) is

σs0 = 2π

∫ 1

−1

σs(µ0)P0(µ0)dµ0

=

∫ 2π

0

∫ π

0

σs(cosϑ0) sinϑ0dϑ0 =

∫

S2
σs(Ω

′ ·Ω)dΩ′ .

(where the rule (2.4) has been used). Comparing with def. (3.1),

σs0 = σs,

i.e., the 0-th Legendre moment of scattering is just the ordinary scattering cross-

section. It can be also shown that

σs1 = µ̄0σs,
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3. NEUTRON TRANSPORT APPROXIMATIONS

where µ̄0 is the mean scattering cosine. σs and µ̄0 (or directly σs1) are usually

the pieces that comprise scattering data in input libraries for reactor calculations,

while higher order Legendre moments need to be provided for specialized problems

where more anisotropic scattering is expected.

If we define KNs by truncating the expansion (3.20) of its kernel at n = Ns,

it follows from (3.21) and orthogonality of spherical harmonics that

KNsψ = KΠPNψ (3.22)

provided that Ns ≤ N . In other words, if physics of the scattering process allow

it to be represented by an Ns-term expansion (3.21) where the degree of scattering

anisotropy Ns ≤ N , the PN approximation will not introduce any additional error

to the scattering source.

3.3.3 Rotational invariance of PN equations

To expose rotational invariance of the PN equations in the sense of Def. 2 (pg. 28),

we will need some generally known facts about spherical harmonics that will also

be of use later in Chap. 5.

Orthogonal decomposition of L2(S2)

The 2n + 1 mutually orthogonal spherical harmonics of given degree n are the

eigenfunctions of the Laplace operator on S2 corresponding to λn = −n(n+ 1):

∇2
S2Y

m
n (Ω) = −n(n+ 1)Y m

n (Ω) ∀ − n ≤ m ≤ n

and generate the eigenspace

Λn = Span
{
Y m
n ;−n ≤ m ≤ n

}
. (3.23)

For n = 0, 1, . . ., these finite-dimensional eigenspaces are closed, mutually or-

thogonal subspaces of L2(S2) and ∪∞n=0Λn is dense in L2(S2) ([49]), so that we

have

L2(S2) =
∞⊕

n=0

Λn. (3.24)
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3.3 The PN method

Restricting to a finite direct sum, we can hence write the PN projection (3.13) as

ΠPNψ =
N∑

n=0

ΠΛnψ, (3.25)

where ΠΛn : L2(S2)→ Λn, defined by

(
ΠΛnψ

)
(Ω) =

n∑

m=−n

(
ψ, Y m

n

)
L2(S2)

Y m
n (Ω),

is the orthogonal projection onto Λn.

Each Λn is a Hilbert space with the following reproducing kernel property :

Lemma 4. For every f ∈ Λn, n = 0, 1, . . .,

f(Ω) =
2n+ 1

4π

∫

S2
f(Ω′)Pn(Ω ·Ω′) dΩ′ .

Proof. Follows from the addition theorem (A.5) and orthogonality of spherical

harmonics. If f ∈ Λn,

2n+ 1

4π

∫

S2
f(Ω′)Pn(Ω ·Ω′) dΩ =

∫

S2
f(Ω′)

n∑

j=−n

Y j
n (Ω)Y j

n (Ω′) dΩ

=
n∑

j=−n

(∫

S2
f(Ω′)Y j

n (Ω′) dΩ

)
Y j
n (Ω) = ΠΛnf(Ω) = f(Ω).

Using the decomposition (3.25), we immediately obtain the following

Corollary 3. For every f ∈ L2
K(S2),

f(Ω) =
N∑

n=0

2n+ 1

4π

∫

S2
f(Ω′)Pn(Ω ·Ω′) dΩ′ . (3.26)

Now we are ready to show that the PN equations are rotationally invariant in

cases when the original NTE is. We note that even though the rotation operator

R acts on both the spatial and angular variables, the PN projection operator

acts only on the latter. Therefore, we can still consider ψ as a function of only

the angular variable in the proof of the following theorem. It should be also

mentioned that even though rotational invariance of PN equations is generally

known, we could not find a formal proof of the fact in available literature, which

served as a motivation for the theorem.
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3. NEUTRON TRANSPORT APPROXIMATIONS

Theorem 4. Let T be the transport operator defined in Sec. 2.2.5 such that the

assumptions of Theorem 3 are satisfied. Then the corresponding PN operator

ΠPNTΠPN

satisfies

RΠPNTΠPN = ΠSNTΠSNR ∀R ∈ SO(3).

Proof. Because of the commutativity of T and R, it suffices to show that ΠPN

commutes with R, that is

RΠPNψ = ΠPNRψ ∀ψ ∈ L2(S2). (3.27)

Noticing that ΠPNψ ∈ L2
K(S2) and using Corollary 3, we have

RΠPNψ =
N∑

n=0

2n+ 1

4π

∫

S2
ψ(Ω′)Pn(RTΩ ·Ω′) dΩ′

=
N∑

n=0

2n+ 1

4π

∫

S2
ψ(Ω′)Pn(Ω ·RΩ′) dΩ′ .

Under substitution Ω′′ = RΩ′ with unit Jacobian determinant (since R is an

orthogonal matrix), the expression becomes

RΠPNψ =
N∑

n=0

2n+ 1

4π

∫

S2
ψ(RTΩ′′)Pn(Ω ·Ω′′) dΩ′′ .

After changing double primes back to single primes, this expression is equal to

ΠPNRψ =
N∑

n=0

2n+ 1

4π

∫

S2
ψ(RTΩ′)Pn(Ω ·Ω′) dΩ′ .

3.3.4 Drawbacks of the PN approximation

Using the results of the preceding subsection and well-known results from the

theory of Hilbert spaces, we can see that the sum (3.25) (or (3.9)) converges

in the L2(S2) norm to the true solution of eq. (2.6) as N → ∞ ([49, Thm.
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3.3 The PN method

3.54]). However, the convergence may be very slow if the true solution to the

NTE is not sufficiently regular in angle. In particular, pointwise convergence is

hindered in the neighborhood of phase space points where the exact solution has

jump discontinuity in Ω (which may occur for example when a narrow beam of

neutrons is freely streaming through a non-interacting medium, but, as we already

mentioned at the beginning of Sec. 2.2.4, also in a more typical case of domains

with multiple regions with different materials, bounded by piecewise polygonal

boundary) and spurious oscillations are introduced to the approximate solution

at these points. These oscillations spread over the whole angular domain and

slow down the norm-wise convergence. This is a well-known property of Fourier

series known as Gibbs phenomenon. Moreover, these oscillations do not vanish as

more terms in the series are retained.

There are several ways of circumventing the Gibbs phenomenon. For example,

when considering (3.9) as a means of deriving the PN system, we may note that

using a finite expansion obtained by truncating (3.9) at n = N is not the only

way of obtaining a closed system of equations – different closures are possible

as we have already mentioned before. This fact has been utilized in [84] where

the expansion has been adjusted to mitigate the oscillations by controlling an-

gular gradients9. For other similar approaches in the context of general spectral

methods, see e.g. [111].

As shown in [85], there is also another issue connected with time-dependent

PN approximation that must be kept in mind particularly when solving coupled

problems. This issue is inherent in the structure of the PN system and cannot be

completely removed without losing some of its attractive properties. Namely, the

authors proved that without sources and reactions, the linear hyperbolic character

of eq. (3.10) (with an additional time derivative term as in (B.1)) together with

rotational invariance allows negative solutions for positive, isotropic data in more

than one dimension. To prevent negative solutions, one could either give-up

linearity (e.g. by using a non-linear closure in a similar way as described above),

rotational invariance (thus possibly introducing a different source of spurious

oscillations plaguing the SN method – the ray-effects discussed in Sec. 3.4.1.1) or

9Although (3.25) represents the best L2(S2) approximation of ψ by spherical polynomials

up to given degree, absence of angular gradients in L2(S2) norm permits arbitrary oscillations.
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3. NEUTRON TRANSPORT APPROXIMATIONS

hyperbolicity (thus changing the speed at which radiation propagates throughout

the domain) – none of which is a generally satisfactory remedy. The authors also

demonstrated that negative solutions can appear even in heterogeneous domains

containing regions with reactions or sources.

3.3.5 Diffusion approximation

The set of monoenergetic steady state P1 equations, obtained by assuming only

linear angular variation of neutron flux:

ψ(r,Ω) ≈ φ0
0(r)Y 0

0 (Ω) + φ−1
1 (r)Y −1

1 (Ω) + φ0
1(r)Y 0

1 (Ω) + φ1
1(r)Y −1

1 (Ω)

=
√

1
4π
φ(r) + Ω · J(r)

can be under an additional assumption of vanishing anisotropic moments of

sources (i.e. qk = 0, k = 1, 2, . . .) and nonzero total cross-section (i.e., outside

void regions) recast into a single elliptic equation10:

−∇ ·D(r)∇φ(r) +
[
σt(r)− σs0(r)− νσf (r)

]
φ(r) = q0(r),

D(r) :=
1

3 [σt(r)− σs1(r)]

(3.28)

with (cf. Sec. 3.3.2.4)

σsn(r) = 2π

∫ 1

−1

σs(r, µ0)Pn(µ0)dµ0 , µ0 ≡ Ω ·Ω′, (3.29)

and appropriate form of the Marshak boundary conditions. Being mostly used

for reactor criticality calculations, it is usually associated with the homogeneous

boundary conditions of type (2.8) (including the vanishing ψin for β = 0), which

in the Marshak approximation read

n(r) ·D(r)∇φ(r) + γ(r)φ(r) = 0, γ(r) =
1− β(r)

2(1 + β(r))
, r ∈ ∂D. (3.30)

10We tacitly assume here that D∇φ is differentiable in D. This unrealistic regularity as-

sumption is relaxed in practice when we look for a weak solution of (3.28); we postpone the

weak formulation of (3.28–3.30) to Sec. 3.5.3, but note that it could be also derived directly

from the weak form of the P1 equations (3.17),(3.19) with q1 ≡ 0.
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3.3 The PN method

Note that neutron current is given in this approximation by:

J(r) = −D(r)∇φ(r)

and eq. (3.28) can be also derived from physical conservation principles by em-

ploying the Fick’s law of diffusion ([109]).

Equations (3.28–3.30) comprise the familiar neutron diffusion approximation.

Thanks to its simplicity and also the efficiency of numerical solution techniques

available for this approximation, it has always served as a “workhorse compu-

tational method of nuclear reactor physics” [109, p. 43]. The model is indeed

sufficiently accurate for whole core calculations of contemporary reactors, assum-

ing that the significant finer-scale neutron transport processes have been resolved

by higher-fidelity NTE solvers applied in previous solution stages (as discussed

in Sec. 3.2.1). The self-adjoint diffusion equation can then be solved using e.g.

the finite element method in conjunction with both powerful and theoretically

well-established conjugate gradient method with symmetric preconditioners like

the algebraic multigrid ([16, 55]). Solution efficiency may be improved even fur-

ther by using adaptive mesh refinement based on highly developed a posteriori

error estimates for elliptic problems ([35, 54, 108]). Note that the self-adjoint

property of the diffusion model can only be spoiled by the multigroup energy dis-

cretization, where energy transfers in neutron collisions result in non-symmetric

coupling of the multigroup system – as we have seen before (Sec. 3.1), this can be

prevented by moving the non-symmetric parts to the right-hand side and solving

the resulting system iteratively.

Although methods based on diffusion approximation have been experimentally

proven to be widely applicable for nuclear reactor analyses, there are situations

where this approximation is just too coarse and, as some recent reports indicate

[24, 40], these cases are likely to grow soon with the advent of new reactor and fuel

designs. This approximation, of course, can also be hardly expected to produce

acceptable results for more general problems with strong transport effects, where

its basic assumptions are violated. One possibility then is to treat the diffusion

solves not as a means of obtaining the final solution, but as preconditioning of an

iteration involving a rigorous transport solution. Particularly popular became
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3. NEUTRON TRANSPORT APPROXIMATIONS

such coupling between the diffusion calculation and discrete ordinates source

iteration, which we return to in Sec. 3.4.3.

As another approach, we may try to generalize the procedure used to ob-

tain the diffusion equation from the zeroth and first moment equations of the

P1 set to higher order PN systems. Although this leads to an attractive system

of weakly coupled diffusion-reaction equations in 1D, a complicated system of

strongly coupled equations with mixed second-order partial derivatives results in

more dimensions ([19]). To circumvent the problem, the simplified PN approxi-

mation (SPN) has been constructed by E. Gelbard [51, 52]) in the 1960’s. This

approximation will be the subject of Chapter 4.

3.4 The SN method

Let us now turn our attention to the SN approximation. The standard derivation

uses the collocation approach in which a set of directions (ordinates) ω = {Ωm}Mm=1

is chosen and the solution is approximated as:

ψ(r,Ω) ≈
{
ψ(r,Ωm) if Ω = Ωm with Ωm ∈ ω,
0 if Ω 6∈ ω.

(3.31)

Equation (2.6) as well as the boundary conditions (2.7) or (2.8) are then evalu-

ated at these M = M(N) isolated directions. Notice that reflective (or albedo)

boundary conditions place restrictions on the set of ordinates as it should opti-

mally contain both directions of each reflected pair (otherwise an interpolation is

needed). For the traditional direction sets, we have M = N(N + 2) if the given

problem does not have any symmetries; the method of discrete ordinates using

such a number of directions is traditionally referred to as the method of discrete

ordinates of order N , shortly SN .

In order to evaluate the integral term on the right hand side of the NTE, the set

of directions is accompanied by a corresponding set of weights W = {wm}Mm=1,

together defining a quadrature of the sphere S2. The requirement of accurate

evaluation of the integral term as well as accurate integration of angular flux over

the sphere (to obtain the scalar flux) provides the main guideline for the choice of

directions and weights. We will return to this matter later in Sec. 3.4.4; for now
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3.4 The SN method

it suffices to say that for three-dimensional problems without any symmetries,

M = |{Ωm, wm}| = O(N2) (with the value of M for typically used quadrature

sets stated above).

To write the final result of the SN approximation, let us first recall that for

a sequence s = {ck}N , col s denotes the column vector with entries c1, c2, . . . , cN

and diag s the diagonal matrix defined by the elements of s. We define the vector

functions representing SN solution and sources, respectively, as

Ψ(r) := col {ψm(r)}M , QSN (r) := col {qm(r)}M , 11 (3.32)

the components of which are the fluxes and sources in ordinate directions

ψm(r) ≡ ψ(r,Ωm), qm(r) ≡ q(r,Ωm), m = 1, . . . ,M. (3.33)

The SN approximation consists of the following set of M spatial PDEs:

Ax
SN

∂Ψ(r)

∂x
+Ay

SN

∂Ψ(r)

∂y
+Az

SN

∂Ψ(r)

∂z
+
[
σt(r)I−KSN (r)

]
Ψ(r) = QSN (r), (3.34)

where r ∈ D, I is the M ×M identity matrix,

Ax
SN

= diag {Ωmx}M , Ay
SN

= diag {Ωmy}M , Az
SN

= diag {Ωmz}M .

and

[KSN (r)]m,n = wnκ(r,Ωm ·Ωn), Ωn,Ωm ∈ ω, wn ∈ W , 1 ≤ m,n ≤M. (3.35)

After solution vector Ψ(r) has been computed, the important physical quantities

(scalar flux, neutron current) can be obtained directly from their definition (2.16)

(2.17) using the quadrature formula, e.g.

φ(r) =

∫

S2
ψ(r,Ω) dΩ

=
M∑

m=1

wmψ(r,Ωm) =
M∑

m=1

wmψm(r), r ∈ D, Ωm ∈ ω, wm ∈ W .

(3.36)

11Using the same letter for both the SN sources and the PN source moments should not

cause confusion, as the two will not show up at the same place.
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3.4.1 Structure of the SN approximation

3.4.1.1 Advection

Equation (3.34) represents a system of advection-reaction equations, each with

constant advection field given by the matrices Ax
SN
,Ay

SN
,Az

SN
. We can see that

unlike the PN case, it has the form of a decoupled hyperbolic system, having

M unique plane-wave solutions propagating in directions {Ωm}M . A plane-wave

propagating in direction RTΩm, where R is the matrix representation of rotation

R ∈ SO(3), will be a solution to the SN equations only if RTΩm ∈ ω. We can

therefore see that the fundamental property of rotational invariance (in case of

rotationally invariant input data, see Sec. 2.2.7) is lost when approximating the

continuous NTE by a finite SN system.

In practice, this undesirable property manifests itself in the form of so-called

ray effects . As a consequence of radiation propagating in a finite set of distinct

directions, there will remain under-treated regions of the phase space, while other

regions will receive more radiation in order to satisfy the global balance. This

leads to spurious spatial oscillations of scalar flux, which become more pronounced

as the spatial discretization is refined. This issue is somewhat ameliorated when

strong scattering is present (as it increases the coupling of the equations, though it

also makes them more difficult to solve numerically – see Sec. 3.4.3.1), but its true

nature shows that the only systematic way of reducing ray effects in the framework

of the SN method is to increase the number of ordinates (especially when trying

to reduce spatial discretization errors by using finer mesh). Being arguably the

biggest issue of the SN approximation, various more practical remedies have been

proposed in literature (which, as expected, typically sacrifice some properties of

the SN approximation), see e.g. [59] and the references therein.

3.4.1.2 Boundary conditions

The decoupled hyperbolic character allows straightforward determination of in-

flow and outflow boundaries. Boundary conditions (2.7) are then easily taken

into account as long as the ordinates set ω contains directions in which ψin is

specified:

ψm(r) = ψin(r,Ωm) r ∈ ∂D, Ωm · n < 0, (3.37)
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3.4 The SN method

while (as already mentioned above), the conditions of type (2.8) require that for

each Ωm ∈ ω,

ΩmR ≡ Ωm − 2n(Ωm · n) ∈ ω.

This constraint is difficult to satisfy for generally oriented surfaces and some

sort of interpolation of angular fluxes in directions adjacent to ΩmR is typically

needed.

3.4.1.3 Collisions

Input data for the collision term usually include the isotropic fission cross-section

and Legendre scattering moments up to some finite degree of scattering anisotropy

Ns, as explained in Sec. 3.3.2.4. In order to incorporate this data to the SN

approximation, the expansion (3.20) truncated to length Ns is used in conjunction

with the addition theorem (A.5) to obtain elements of the collision matrix:

[KSN (r)]m,n = wn

Ns∑

p=0

κp(r)

p∑

q=−p

Y q
p (Ωm)Y q

p (Ωn), 1 ≤ m,n ≤M, r ∈ D.

(3.38)

3.4.1.4 Coupling of unknowns

In the PN system, at most 7 unknowns are coupled by the advection term, while

the collision term does not produce any coupling as a consequence of Lemma

3. On the contrary, the term KSNΨ induces full unknown coupling as can be

seen from (3.35) (while SN advection matrices are diagonal). In order to recover

sparsity (and also facilitate the use of efficient constant-advection solvers based on

explicit marching in the advection direction), the so-called source iteration (SI)

can be utilized, in which the system (3.34) is fully decoupled by moving KSN to

the right hand side of SN equations. Each equation is solved separately using any

method suitable for an advection-reaction PDE with constant advection vector,

using ψm from previous iteration to evaluate KSNΨ. Classical iteration methods

like Jacobi and Gauss-Seidel are typically used to update Ψ during the iteration
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process; e.g. the Jacobi scheme is given by the iteration

Ax
SN

∂Ψ(i+1)

∂x
+Ay

SN

∂Ψ(i+1)

∂y
+Az

SN

∂Ψ(i+1)

∂z
+σtIΨ(i+1) = KSNΨ(i)+QSN , i = 0, 1, . . .

(3.39)

for specified initial approximation Ψ(0).

In order to study convergence properties of this iteration in Sec. 3.4.3 by differ-

ent means than the standard Fourier analysis (as presented e.g. in [3, Chap. III]),

we will first represent the SN method as a restriction of the original continuous

NTE in an analogous way as in the case of PN approximation.

3.4.2 Operator form of the SN approximation

The aim of this subsection is to express the SN system (3.34) in terms of the

operators L and K from Chap. 2, function ψ ∈ V , and linear functional q ∈ V ′,
where V is a Hilbert space in which a unique solution of the NTE is ensured

(cf. Sec. 2.2.5). To avoid technicalities involving dual spaces, we will again as

in Sec. 2.2.5.3 consider V = H2
0 (X) and (L − K) : V → L2(X) and identify

q ∈ L2(X) ⊂ V ′ with its Riesz representant in L2(X). As noted in Sec. 3.2.2, we

further restrict our attention to the case of isotropic scattering, in which

σs(·,Ω ·Ω′) =
σs
4π

so that

Kψ ≡ K0ψ =
σs + νσf

4π

∫

S2
ψ(·,Ω′) dΩ′ =

σs + νσf
4π

φ.

Necessity of this restriction will be discussed in Sec. 3.4.2.1.

With this simplification in mind, let us consider an arbitrary SN approxima-

tion of Problem 1, specified by the given set of ordinates ω = {Ωm}M and a

corresponding set of quadrature weights W = {wm}M . For each Ωm ∈ ω, we

define a patch ∆Ωm on the sphere with (spherical) area wm (see Fig. 2.3 where

the patch would correspond to the shaded area and ∆Ωm = |dΩm |). Let ω define

a complete covering of S2, so that

M∑

m=1

wm = µ(S2) = 4π and wm > 0, 1 ≤ m ≤M. (3.40)

56



3.4 The SN method

This requirement is satisfied by most discrete ordinates quadrature sets in use.

Taking into account the definition of the SN unknowns by (3.32), let us define a

mapping that transforms a function u ∈ V to a spatial vector function F as:

F = ÎSNu = col {u(·,Ωm)}M .12 (3.41)

Corresponding to it is the mapping which returns a function in V from a vector

function F = col {fm}M :

ISN : F 7→ u ∈ VSN , u(r,Ω) =
M∑

m=1

fm(r)ım(Ω), u|∂X− = 0 (3.42)

where ım is the indicator function of the patch:

ım(Ω) =

{
1 if Ω ∈ ∆Ωm,

0 otherwise.
(3.43)

Here we introduced VSN ⊂ V ⊂ L2(X) as a subspace of a space of functions that

are (as functions of Ω) piecewise constant on S2 and satisfy the homogeneous

inflow boundary condition13. With these two mappings, we can now rewrite the

SN system (3.34) in terms of the transport operators from eq. (2.35):

ÎSN (L−K0)ISNΨ = QSN , (3.44)

or, incorporating the definition of the SN variables (3.32) by operator ÎSN , as

ISN ÎSN (L−K0)ISN ÎSNψ = ISN ÎSN q (3.45)

with ψ ∈ V , q ∈ L2(X). Finally, we can see from (3.41) and (3.42) that when ÎSN
is restricted to VSN , ISN ÎSN = ISN (identity on VSN ) and thus the linear operator

ΠSN := ISN ÎSN , (3.46)

is a projection L2(X)→ VSN . The SN system (3.34) can therefore be written as

ΠSN (L−K0)ΠSNψ = ΠSN q, (3.47)

that is, as a restriction of the original continuous NTE onto VSN .

12We implicitly include in this mapping the orthogonal projection onto a dense subspace of

V comprising functions that are (as functions of Ω) continuous at Ωm ∈ ω (this is a necessary

technical step circumventing the problem of pointwise evaluation of functions f(r, ·) ∈ Lp(S2)).
13Note that an analogous mapping could be defined for non-homogeneous boundary condi-

tions and used in a lifting argument as in Sec. 2.2.5 to convert a non-homogeneous boundary

value problem to the one analyzed here.
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3.4.2.1 Remarks

It is worth noticing that even though the systems (3.44) and (3.34) (with (3.32),

(3.33) and K ≡ K0) are equivalent (in the sense that the solution vector Ψ of

one system satisfies also the other provided the same source term q has been

used), the interpretation of the solution of (3.44) is different from the point-wise

approximation (3.31). The interpretation as a piecewise constant (w.r.t. to Ω)

function over the ordinate patches is more natural, however, as it for example

directly leads to the scalar flux definition (3.36).

It also deserves mentioning that ΠSN is not an orthogonal projection in

L2(X) as it is not symmetric on whole Dom (ΠSN ). Therefore, the standard

SN approximation does not necessarily produce the best possible approximation

of ψ by piecewise constant functions on S2 spanned by {ım}M . In order to obtain

an orthogonal projection, the mapping ÎSN would have to be changed to

̂̂ISNf = col

{
1

∆Ωm

∫

∆Ωm

f(·,Ω)ım(Ω) dΩ

}

M

.

System (3.44) with this operator instead of ÎSN could be put into same form as

the SN system (3.34), but it would not be equivalent. To see this, define

Π̂SN = ISN
̂̂ISN , ψn =

[̂̂ISNψ
]
n
,

split L = A+ Σt and notice that

Π̂SNAΠ̂SNψ(r,Ω) =
M∑

n=1

[
1

∆Ωn

∫

∆Ωn

Ω · ∇
M∑

m=1

ψm(r)ım(Ω)ın(Ω) dΩ

]
ın(Ω)

=
M∑

n=1

[
1

∆Ωn

∫

∆Ωn

Ω · ∇ψn(r)ın(Ω) dΩ

]
ın(Ω)

=
M∑

n=1

[̂̂ISNΩ
]
n
· ∇ψn(r)ın(Ω);

that is, the directional derivative has to be considered with respect to the average

ordinate vector Ωn =
[̂̂ISNΩ

]
n
. Nevertheless, such a construction corresponds

to another widely used numerical approximation translated to angular domain.
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Writing the weak form of (3.47) with ΠSN replaced by Π̂SN and using symmetry

of this modified projection operator, we get

(
(L−K)Π̂SNψ, Π̂SNϕ

)
L2(X)

=
(
q, Π̂SNϕ

)
L2(X)

∀ϕ ∈ L2(X). (3.48)

This is a system obtained by applying in angular domain the discontinuous

Galerkin (DG) method with piecewise constant shape functions generating

Range Π̂SN (= Range ΠSN = VSN ).

Problem analogous to that described in the previous paragraph also lies be-

hind the restriction to isotropic scattering, for otherwise (neglecting the isotropic

fission part of K)

(
KΠSN

)
(r,Ω) =

∫

S2
σs(r,Ω ·Ω′)

M∑

m=1

ψm(r)ım(Ω′) dΩ′

=
M∑

m=1

ψm(r)

∫

S2
σs(r,Ω ·Ω′)ım(Ω′) dΩ′

and σs(r,Ω ·Ω′) = σs(r) is a sufficient condition for the last integral to be equal

to wmσs(r,Ω · Ωm) (as needed for the equivalence with (3.35)). Note that this

condition would also be satisfied if ım was an appropriate Dirac delta distribution

in Ω, in which case, however, it would not belong to L2(S2).

3.4.3 Convergence of source iteration

Having established the connection between the fully continuous NTE on the

Hilbert space V = H2
0 (X) and its SN approximation on VSN ⊂ V in Sec. 3.4.2,

we can now use properties of operators L and K0 to investigate convergence of

source iteration in the discrete ordinates approximation. To this end, let us first

write (3.39) as an iteration on VSN :

ΠSNLΠSNψ(i+1) = ΠSNK0ΠSNψ(i) + ΠSN q, i = 0, 1, . . . (3.49)

(assuming given ψ(0) ∈ V ). Again, this is just a restriction to VSN of the following

iteration on L2(X):

Lψ(i+1) = K0ψ(i) + q i = 0, 1, . . . . (3.50)
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3. NEUTRON TRANSPORT APPROXIMATIONS

Egger and Schlottbom [43] used Banach fixed point theory and the iteration

(3.50) to show that the mapping

Tq : u 7→ L−1Ku+ L−1q, q ∈ Lp(X)

(with a general collision operator not restricted to isotropic scattering) is con-

tractive for all 1 ≤ p ≤ ∞ provided that conditions equivalent to subcriticality

conditions (Def. 1) hold. With this result, the authors showed well-posedness

of Problem 1. They also exhibited the contraction factor, which in our notation

with c and d given by (2.23) and (2.25), respectively, can be written as:

ρp = 1− e−Cp , Cp =
1

p
‖cσt`‖L∞(X) +

p− 1

p
‖dσt`‖L∞(X), 1 ≤ p ≤ ∞ (3.51)

where ` = `(r,Ω) is the length of the characteristic line segment passing through

r in the direction Ω. With the current assumptions on energy independence and

isotropic scattering,

c(r) = d(r) =
σs(r) + νσf (r)

σt(r)
, r ∈ D.

We also assume ` to be bounded a.e. in X and such that

∀Ω ∈ S2 ∃s0 : 0 < s0 < `(r,Ω) and r0 = r− s0Ω ∈ ∂X−

(see Fig. 2.5 in Sec. 2.2.1).

As the contraction property

∃ρ ∈ [0, 1) : ‖Tq u1 − Tq u2‖V ≤ ρ‖u1 − u2‖V ∀u1, u2 ∈ V

holds also for any u1, u2 in a subspace of V , we immediately get from the con-

traction principle (e.g., [39, Thm. 2.3.1]) the convergence result for the SN source

iteration (3.49) and hence also for (3.39).

Theorem 5. Let V = H2
0 (X) and VSN ⊂ V the SN approximation subspace and

let the subcriticality conditions in L2(X) hold. Then for any Ψ(0) (corresponding

to ψ(0) ∈ VSN via the mapping ÎSN ), the sequence of iterates {Ψ(i)}∞i=1 of iter-

ation (3.39) converges to the unique solution Ψ∗ of equation (3.44) (with QSN

corresponding to a q ∈ L2(X)). Moreover,

‖Ψ(i) −Ψ∗‖ ≤ ρi2
1− ρ2

‖Ψ(1) −Ψ(0)‖, ‖Ψ(i) −Ψ∗‖ ≤ ρ2

1− ρ2

‖Ψ(i) −Ψ(i−1)‖,
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3.4 The SN method

where

ρ2 = 1− e−‖cσt`‖L∞(X) . (3.52)

Remark 10 (Multigroup case). This approach may be extended to the energy-

dependent case once we recognize that the multigroup system (3.3) is again a

restriction of the continuous NTE to a subspace of piecewise constant functions

with respect to energy, using ΠG := IGÎG where

ÎGψ =

{
1

∆Eg

∫

g

ψ(·, ·, E) dE

}

G

, IG{ψg}G =
G∑

g=1

ψg(·, ·)ıg(E)

with obviously defined group indicator function ıg. The above results then apply

to the Jacobi version of iteration (3.6), while the Gauss-Seidel form could be

analyzed by splitting the continuous transport operator as

T = L+K↓ +K↑,

with

K↓ψ(r, E) =

∫

E≤E′

∫

S2
κ(r,Ω ·Ω′, E � E ′)ψ(r,Ω′, E ′) dΩ′ dE ′ ,

K↑ψ(r, E) =

∫

E>E′

∫

S2
κ(r,Ω ·Ω′, E � E ′)ψ(r,Ω′, E ′) dΩ′ dE ′ .

3.4.3.1 Source iteration under diffusive conditions

We can see from (3.52) that ρ2 gets closer to 1 and the convergence rate deterio-

rates as scattering becomes the dominating collision event and size of the domain

gets larger. This means that the escape probability of neutrons gets lower and

neutrons diffuse through the domain for a long time until they get absorbed (note

that if we assume non-fissioning domain with σf = 0 and neglect inelastic scatter-

ing, c → 1 with fixed σt implies σa → 0, cf. (2.24) and (2.14)). Such conditions

are referred to as diffusive conditions and the classical asymptotic analysis (see

e.g. [42] or the overview [2] and references therein) tells us that the solution of the

diffusion approximation tends to the solution of the NTE under these conditions.

More precisely, “diffusivity” of the medium is characterized by a small pa-

rameter ε � 1 such that ε → 0 reflects the properties described above. The
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3. NEUTRON TRANSPORT APPROXIMATIONS

parameter is also defined in such a way that when the terms of the NTE are

scaled by ε and ε → 0, the diffusion equation (3.28) is obtained up to terms

of order O(ε3). Hence, in cases when the source iteration converges slowly, it

makes sense to precondition it by the solution of the diffusion problem, which is

known as the diffusion synthetic acceleration of SI . For more details, we refer to

[9, Chap. 1] or [3, Sec. III] (where also convergence characteristics of the dis-

crete ordinates source iteration similar to Thm. 5 were obtained for homogeneous

infinite medium with isotropic scattering by means of Fourier analysis).

3.4.4 Selection of ordinates and weights

In this subsection, we return to the question of the selection of the angular quadra-

ture set {Ωm, wm}M . The first constraint that we encountered was connected

with the reflective boundary conditions. If these conditions are imposed for the

problem at hand, for each direction Ωm ∈ ω we should require

ΩmR ≡ Ωm − 2n(Ωm · n) ∈ ω, (3.53)

where n is the unit outward normal to the reflective boundary. As already men-

tioned in Sec. 3.4.1.2, this condition needs to be imposed approximately for gen-

erally oriented surfaces. The set ω in most widely adopted ordinate sets is con-

structed so as to preserve the symmetry of the eight octants of S2 with respect to

π/2 rotations (such sets are usually called level-symmetric). Constraint (3.53) is

then satisfied for boundaries parallel to Cartesian coordinate planes. Moreover,

ordinates and the corresponding weights need to be specified only in the princi-

pal octant of the sphere; the same direction cosines with only an appropriately

changed sign define corresponding points in the remaining octants (with the same

quadrature weights).

The choice of quadrature set is further guided by the requirement of exact in-

tegration of angular integrals appearing in the SN model. This can be represented

by the so-called moment conditions ([61]):

M∑

m=1

wm(Ωmx)
n =

M∑

m=1

wm(Ωmy)
n =

M∑

m=1

wm(Ωmz)
n =

{
0 n odd,,
4π
n+1

n even.
(3.54)

62



3.4 The SN method

Note that the odd moment conditions are automatically satisfied for

level-symmetric sets. For n = 0, we recover the condition (3.40). This is needed

for correct integration of isotropic terms (like the scalar flux). Satisfaction of the

conditions for n = 1 is required for correct determination of neutron current from

SN fluxes (cf. eq. (2.17)). Satisfaction of higher order moments has more subtle

physical significance, e.g. (3.54) for n = 2 is needed so that the SN solution obeys

the diffusion limit [72]; it is also important when higher anisotropy degrees are

present in the scattering integral, as we will explain next.

Consider the action of KSN on the SN representation of Y s
r (Ω) for some ad-

missible index pair r, s:

[
KSN ÎSNY s

r

]
m

=
M∑

n=1

wn

Ns∑

p=0

κp

p∑

q=−p

Y q
p (Ωm)Y q

p (Ωn)Y s
r (Ωn)

=
Ns∑

p=0

κp

p∑

q=−p

Y q
p (Ωm)

M∑

n=1

wnY
q
p (Ωn)Y s

r (Ωn).

If the quadrature set is constructed so that products of spherical harmonics up

to degree Ns are integrated exactly, the orthogonality property (A.4) is recovered

by the last sum and we obtain

KSN ÎSNY s
r = {κrY s

r (Ωm)}Mm=1 = ÎSNKY s
r

where the last equality follows from (3.21) and definition of ÎSN .

The requirement of exact integration of spherical harmonics up to degree Ns

is equivalent to exact integration of polynomials in Ωx, Ωy, Ωz of the same degree

(as both sets generate the same polynomial space on S2, cf. Tab. 5.1 and Sec. 5.2

for more details), i.e. conditions (3.54). That is, if conditions (3.54) are satisfied

through m = 2Ns, the product of spherical harmonics up to degree Ns and hence

their orthogonality relation will be integrated exactly.

To obtain an optimal quadrature rule capable of integrating exactly poly-

nomials of highest possible degree, we use the well-known property of Gauss

quadrature: if the N abscissas (nodes) of an N -point Gauss quadrature rule for

integrating functions over given interval with a particular weighting function are

chosen as the roots of the polynomial of degree N from a set of polynomials

63



3. NEUTRON TRANSPORT APPROXIMATIONS

orthogonal over the same interval with the same weighting function, then the

quadrature rule will be exact for all polynomials up to degree 2N − 1 (e.g., [96,

Chap. 4]). Realizing that with µ = cosϑ and y = cosϕ,

∫

S2
dΩ =

∫ π

0

sinϑdϑ

∫ 2π

0

dϕ = 2

∫ 1

−1

dµ

∫ 1

−1

1√
1− y2

dy .

we come to the conclusion that the quadrature rule optimal with respect to the

above conditions is the tensor product rule composed of the Nµ-point Gauss-

Legendre rule in the polar direction (as Legendre polynomials are orthogonal

over [−1, 1] with the unit weight function) and the Nϕ-point Gauss-Chebyshev

rule in the azimuthal direction (as Chebyshev polynomials are orthogonal over

[−1, 1] with the weight (1 − y2)−1/2) with Nµ = Nϕ = Ns + 1 points (so that

it is exact for polynomials of degree 2Ns + 1). As weight functions for both

rules are positive over [−1, 1], the weights are also positive for arbitrary Nµ, Nϕ

and consequently both 1D quadrature rules comprising the final product rule are

convergent ([96, Chap. 4]).

3.4.4.1 Legendre-Chebyshev quadrature in the first octant

Because of the symmetry constraints, we actually have for the SN quadrature

Nµ = N and Ny = N + 2, resulting in ordinates set ω with M = N(N + 2)

directions over the unit sphere. The directions are arranged in the principal octant

on N/2 levels of constant polar angle ϑl (and thus constant µl = Ωlz = cosϑl)

with l directions at the l-th level.

Polar components

For l = 1, 2, . . . N/2, µl are the nodes of the Gauss-Legendre rule, i.e. the N/2

positive roots of Legendre polynomial PN(µ). The weights are given as

wµl =
1

(1− µ2
l )
(
dPN (µ)
dµ

∣∣∣
µl

)2 .
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3.4 The SN method

Figure 3.2: Legendre-Chebyshev ordinates in first octant, N = 30.

Azimuthal components

The azimuthal angle of the i-th direction on the l-th polar level is the arc-cosine

of the i-th root of the Chebyshev polynomial of the first kind of degree l ([121,

p.402])14. That is, for given l = 1, 2, . . . , N ,

ϕl,i =
2l − 2i+ 1

2l
× π

2
, i = 1, 2, . . . , l.

All weights on given polar level l are equal to ([121, p.402])

wϕl,i =
π

l
, i = 1, 2, . . . , l.

Complete quadrature set

The Legendre-Chebyshev quadrature set

{Ωm, wm}M ≡ {Ωl,i, wl,i | l = 1, 2, . . . N, i = 1, 2, . . . l}

is defined by

Ωl,i =



√

1− µ2
l cosϕl,i√

1− µ2
l sinϕl,i
µl


 , wl,i = wµl w

ϕ
l,i (3.55)

and is used in the SN module for Hermes2D (Chap. 6). Mathematica script for

generating the quadrature points and weights is available from

https://raw.githubusercontent.com/mhanus/hermes/SN-adaptive/hermes2d/

examples/neutronics/ordinates.nb.

14With the ordering of roots as in [121], more precisely the arc-cosine of the l− i+1-st root.
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3. NEUTRON TRANSPORT APPROXIMATIONS

3.5 Approximation of spatial dependence

3.5.1 SN and PN methods

As we have seen in previous sections, both the SN and the PN approximation

leads to a system of linear hyperbolic PDE’s in spatial variables. The final ap-

proximation step typically consists of laying out a mesh over the spatial domain

and using finite difference (FD), finite volume (FV) or finite element (FE) meth-

ods to discretize the PDE’s. In view of the Galerkin formulation of the PN and

SN systems, it might be tempting to formulate the final restriction to a finite di-

mensional subspace of H2(X) in a consistent way, using as the projection target a

subspace of Range ΠSN or Range ΠPN spanned by finite number of basis functions

defined on D. This can be in general done by using the finite element method,

but it turns out that in current case, it is practical only if the PN or SN methods

were applied on the second-order forms of the NTE.

We will explain the reason for the simpler case of the SN approximation. We

will also assume that the SN equations were decoupled by the source iteration

technique and consider a single step of the process (3.39) with all terms on the

right grouped under the source term. Suppressing the iteration index, we may

write the final system with vacuum boundary conditions as

LSNΨ = QSN , where LSN := ÎSNLISN , QSN := ÎSN q (3.56)

or in the expanded form as:

Ωm · ∇ψm(r) + σt(r)ψm(r) = qm(r), r ∈ D, (3.57)

ψm(r) = 0, r ∈ ∂D−m (3.58)

for m = 1, 2, . . . ,M , where

∂D±m = {r ∈ ∂D : Ωm · n(r) ≷ 0}.

Let U = [u1, u2, . . . , uM ]T , V = [v1, v2, . . . , vM ]T and L2(D) =
[
L2(D)

]M
with

the inner product

(U,V)L2(D) =

∫

D
U · V dr =

M∑

m=1

∫

D
um(r)vm(r) dr =

M∑

m=1

(um, vm)L2(D).
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3.5 Approximation of spatial dependence

Further, let

V(D) =
M∏

m=1

Vm(D), Vm(D) = {v ∈ L2(D) : Ωm · ∇v + σtv ∈ L2(D)}.

The problem of finding a weak solution of (3.56) can now be formulated as a

problem of finding Ψ ∈ V(D) with ψm|∂D−m = 0 such that

a(Ψ,V) = f(V) ∀V ∈ L2(D), (3.59)

where

a(Ψ,V) = (LSNΨ,V)L2(D) , f(V) = (QSN ,V)L2(D).

Expanding this weak formulation and imposing the inflow boundary conditions

in the weak sense by using Green’s theorem, we rewrite (3.59) as





M∑

m=1

amm(ψm, vm) =
M∑

m=1

(qm, vm)L2(D) ∀V ∈ V(D),

Ψ ∈ V(D)

(3.60)

with

amm(u, v) =

∫

D
(−uΩm · ∇v + σtuv) dr +

∫

∂D+
m

uvΩm · ndS .

Provided that (3.53) hold, reflective or albedo boundary conditions (2.8) are

weakly imposed by adding to amm the following surface integral:

∫

∂D−m
ψmRvm Ωm · ndS , ∂D ∩ ∂Dreflective 6= ∅. (3.61)

For fixed m, arbitrary vm ∈ Vm(D) and V = [0, . . . , vm, . . . , 0]T , we obtain

from (3.60) the weak form of the m-th advection-reaction equation

{
amm(ψm, vm) = (qm, vm)L2(D) ∀vm ∈ Vm(D),

ψm ∈ Vm(D).
(3.62)

Let us further consider this single advection-reaction problem and suppress the

index m.
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3.5.2 Finite element method

We proceed by defining a (general unstructured, quasiuniform) mesh Th = {τ}
(τ being either a simplex or a hypercube) such that

D =
⋃

τ∈Th

τ

where h denotes the maximum diameter of τ ∈ Th. The (conforming) finite

element method restricts (3.62) to the finite-dimensional subspace of V

Vhp = Range Πhp u, (3.63)

where the projection operator may be expressed (like the SN or PN projections)

as Πhp = IhpÎhp, where

Îhp : u 7→ u ∈ RNhp , Ihp : u 7→ uhp =

Nhp∑

i=1

uisi(r).

Here for i = 1, . . . , Nhp, si ∈ C0(D) are the globally continuous shape functions

generating Vhp and the mapping Îhp is defined by the choice of finite elements

type (see [78, Chap. 3], [90]). The classical choice of shape functions are the

piecewise polynomial functions, giving rise to the approximation subspace

Vhp = {vhp ∈ C0(D) : vhp|τ ◦ r ∈ Pp(τ̂), τ ∈ Th} (3.64)

where τ̂ is the reference unit hypercube or simplex, r : τ → τ̂ is the standard

reference mapping and Pp(τ̂) is the space of polynomials of degree up to p (tensor

product polynomials in case of τ being a hypercube).

As a result of the restriction of (3.62) to Vhp, we obtain for u, v ∈ V

a(uhp, vhp) = a(Πhpu,Πhpv) = a(Ihpu, Ihpv) = (Au)Tv (3.65)

where

[A]ij = (Aei)
Tej = a(si, sj)

and analogously

(q,Πhpv) = bTv, [b]i = (q, si)L2(D);
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that is, the algebraic system

Au = b, A ∈ RNhp×Nhp , u,b ∈ RNhp .

Returning back to the general case with m = 1, . . . ,M , the matrix A would form

the mm block in the global SN matrix (restriction of eq. (3.59) to
∏

m Vhpm (D)).

By this construction, Vhp ⊂ V 15 and we may consider the above procedure

as another restriction of the NTE following its restriction to VSN . The finite

dimensional subspace in which we are looking for the solution has dimension

Nhp ×M ×G (if we also consider the multigroup discretization of energy).

Equations of type (3.62) have been studied extensively in the past (see e.g.

[56] and references therein) and it is well known that the bilinear form in (3.62) is

not coercive on Vm(D). Namely, there exists α > 0 such that for any v ∈ Vm(D),

amm(v, v) ≥ α‖v‖2
L2(D) +

1

2

∫

∂D
|Ωm · n| v2 dS , (3.66)

while the norm on Vm(D) is given by

‖v‖2
Vm(D) = ‖Ωm · ∇v‖2

L2(D) + ‖v‖2
L2(D) +

∫

∂D
|Ωm · n| v2 dS .

As coercivity is preserved by restricting to a subspace, this property may be

expected to be reflected by the discretization described above. Indeed, if the

exact solution is not sufficiently smooth (and it is generally not in practice)

unstable results with spurious oscillations arise because the directional derivative

is uncontrolled by the right-hand side of (3.66).

3.5.2.1 Discontinuous Galerkin method

To circumvent this issue, one approach is to give up conformity and define an

appropriate approximation space on which the restricted bilinear form can be

shown to be coercive. This leads to the discontinuous Galerkin method of order

15provided that (3.63) holds, which is often violated by the inability to precisely capture the

geometrical boundaries; for more details on this as well as other possible variational crimes,

we refer to [107, Sec. 4.1.2]
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p, shortly DG(p), where the shape functions are still polynomials of degree up to

p on each element, but are not required to be globally continuous:

Vdghp = {vhp ∈ L2(D) : vhp|τ ◦ r ∈ Pp(τ̂), τ ∈ Th}.

Because of the insufficient smoothness of functions from Vdghp , the Green’s theorem

used for obtaining the weak form must be applied element-wise, leading to the

formulation (for a particular direction Ω ∈ ω)

∑

τ∈Th

∫

τ

(−uhpΩ · ∇vhp + σtuhpvhp) dr +
∑

e 6⊂∂D−

∫

e

〈Ωuhp〉 · JvhpK dS =

∫

D
qvhp dr

where e denotes subsequently all faces of all elements τ ∈ Th (both interior and

those coinciding with segments of ∂D 16) and for each face

JvhpK =

{
vhpn

− + vhpn
+ for e 6⊂ ∂D,

vhpn for e ⊂ ∂D

with n± the outer normal of τ+ and τ−, respectively, where e = τ− ∩ τ+. There

are several ways of approximating Ωuhp by 〈Ωuhp〉 (called numerical flux ), the

simplest stable approximation being the upwind numerical flux :

〈Ωuhp〉 =





Ωu−hp, Ω · n− > 0,

Ωu+
hp, Ω · n− < 0,

Ω
u−hp+u+hp

2
, Ω · n− = 0

where u±hp denotes the trace uhp|e taken from τ+ and τ−, respectively. We refer

e.g. to [56] for further details.

Another approach leaves the approximation space conforming (continuous),

but modifies directly the bilinear form (typically by adding some artificial dif-

fusion). This leads to stabilized continuous Galerkin methods (in which the

bilinear form becomes dependent on mesh parameter h). We refer to [65] for

the application of a particular conforming stabilized method – the streamline-

upwind Petrov-Galerkin method – and further discussion about the discontinuous

Galerkin method.

16we assume here vacuum conditions on ∂D− for simplicity; using (3.61), reflective condi-

tions could be incorporated straightforwardly
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3.5.3 Diffusion approximation

Much simpler situation arises in the spatial discretization of the diffusion equation

(3.28) with boundary conditions (3.30). In this case, the original problem is posed

in the usual Sobolev space H1(D): Find u ∈ H1(D) such that

a(u, v) = f(v) ∀v ∈ H1(D) (3.67)

where

a(u, v) = (D∇u,∇v)L2(D) + (Σu, v)L2(D) + (γu, v)L2(∂D), f(v) = (q, v)L2(D).

(with Σ = σt(r) − σs0(r) − νσf (r), D defined in eq. (3.28) and γ in (3.30)).

Under the subcriticality conditions, the bilinear form a is bounded and coercive

on H1(D) (even in the multigroup case – see [29, Chap. VII]). By using the

finite element method as described above with the approximation space (3.64),

an algebraic system

Au = b (3.68)

with sparse, symmetric, positive definite (in the mono-energetic case) matrix A

is obtained, amenable to solution by standard numerical methods.

3.5.4 On the origin of errors in FE approximation

Let us finish this section by recalling a simple, yet very important connection

between the above described finite element discretization and solution of (3.68).

Even though the analysis is done here for the case of diffusion approximation with

symmetric and positive definite system (3.68), keeping in mind its conclusion is

equally important for finite-element discretizations of other models as well.

As before, after restricting to Vhp ⊂ H1(D) we get the approximate problem:

Find uhp ∈ Vhp such that

a(uhp, vhp) = f(vhp) ∀vhp ∈ Vhp

(where uhp = Πhpu, vhp = Πhpv). Subtracting from (3.67), we obtain the well-

known Galerkin orthogonality property:

a(u− uhp, vhp) = 0 ∀vhp ∈ Vhp,
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which characterizes the discretization error. In practice, it is impossible to solve

the system (3.68) exactly, so suppose that we have obtained after n steps of a

suitable iterative method the solution u(n), such that the algebraic error u−u(n)

is nontrivial. By applying Îhp to the algebraic error, we obtain the representation

of that error in Vhp:
uhp − u(n)

hp ∈ Vhp
(where we temporarily shifted the iteration index to improve readability). Hence,

by decomposing the total error as

u− u(n)
hp = (u− uhp) + (uhp − u(n)

hp )

and applying Galerkin orthogonality, we find that

a(u− u(n)
hp ) = a(u− uhp) + a(uhp − u(n)

hp ).

Also by noticing that

a(uhp − u(n)
hp ) =

(
u− u(n)

)T
A
(
u− u(n)

)
= ‖u− u(n)‖A

(see (3.65)) we get the fundamental representation of the energy norm of the total

error as a sum of the discretization error and algebraic error contributions:

a(u− u(n)
hp ) = a(u− uhp) + ‖u− u(n)‖A.

In theory, the first part could be controlled by a suitable hp-adaptivity process

(as e.g. in Sec. 6.2), while for the latter, using the methods that are based on

minimization of the A-norm of error (the CG method among the Krylov subspace

methods, or the smoothed aggregation multigrid method, as we demonstrate in

App. F). However, striking the balance between the two contributions and deter-

mining optimal stopping criteria for the algebraic solution methods accordingly

is an important area of active research (notably in the case when the latter is

further split to account for rounding errors of computers) and we refer to paper

[8] and its extensive list of references for further details.
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4

The simplified PN approximation

The simplified PN (SPN) approximation was proposed in the early 1960’s by

E. Gelbard [51, 52]) to circumvent the problem of increasing complexity of the

PN approximation in multiple dimensions. Its derivation was completely formal

at the beginning – amounting to a simple replacement of differential operators
d
dz

in the 1D PN system by their multidimensional counterparts ∇ and ∇· and

recasting those scalar unknowns operated upon by the latter as vector quantities.

Despite this mathematically weak derivation, the SPN solution has been found

to be equivalent to the solution of the multidimensional PN equations in the

case of a homogeneous medium and, comparing to either diffusion or PN models,

provided encouraging results both in terms of accuracy and efficiency even in

more realistic cases. This is a rather remarkable fact – as we will see below,

the SPN approximation for odd N consists of 2N − 1 coupled elliptic partial

differential equations (and reduces to the diffusion approximation for N = 1),

which is significantly lower than the (N+1)2 equations of the full PN model (and

also than the N(N + 1)/2 strongly coupled elliptic equations to which the full

PN model can be reduced). The method has thus become particularly attractive

as its implementation required only modification of existing multigroup diffusion

codes.

After some time, however, special transport problems for which the simple

diffusion approximation actually provided better results have been contrived (see,

e.g., [25, p. 247]). Validity of Gelbard’s formal derivation therefore became

questioned and the SPN equations have not been seriously considered as a robust
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4. THE SIMPLIFIED PN APPROXIMATION

enough improvement of the diffusion model for some time. This has changed in

the 1990’s with the extension of the asymptotic analysis originally performed for

the diffusion approximation. Larsen, Morel and McGhee [42] have shown that

under the scaling of the transport equation by a “diffusivity” parameter ε that

makes the diffusion equation agree with the transport equation up to terms of

order O(ε3) as ε → 0 (as already discussed in Sec. 3.4.3.1), the SP3 equations

are equivalent to the transport equation up to terms of order O(ε7) provided

that that the transport solution shows a nearly one-dimensional behaviour in

the vicinity of interfaces of different materials by having there sufficiently weak

tangential derivatives. The approach used by the authors was sufficiently general

to show that SPN equations of increasing order provide asymptotic corrections of

the NTE of increasing order, which has been confirmed at least experimentally

(e.g., [88] or [83]).

Brantley and Larsen [15] contributed to the theoretical justification of the

method by variational analysis through which they showed that the SP3 equations

are the approximate Euler-Lagrange equations whose solution makes stationary

a special physically reasonable functional characterizing arbitrary reaction rates.

By including boundary terms in the functional, the authors also arrived at nat-

ural boundary conditions for the method, missing in the asymptotic approach.

At internal interfaces, however, an assumption of one-dimensional behavior of

solution was again required as in the asymptotic derivation of Larsen et al.

Together with other asymptotic and variational analyses (e.g. [93]), the range

of validity of the approximation had been finally determined by the end of the

1990’s. Although it turned out that this range is not significantly larger than that

of the diffusion theory ([42]), the SPN approximation has recently been shown to

produce more accurate results than the diffusion model under these conditions

and regained attention [48, 68, 73, 83, 88, 94].

The SPN method is particularly suitable for solving reactor criticality prob-

lems, where the asymptotic conditions predominantly hold. Downar [38] com-

pared the S16, SP3 and diffusion approximations over several model problems,

with results that the SP3 method well agrees with the high-order transport so-

lution of the S16 method and provides more than 80% improvement in reactor

74



4.1 Derivation of the SPN equations

critical number and 50% to 30% improvement in pin powers1 over the diffusion

approximation. Somewhat smaller but still well-noticeable improvement has been

obtained by Brantley and Larsen in [15]. Similarly to Downar and others, how-

ever, they conclude that SP3 captures most of the transport effects in diffusive

regimes of nuclear reactors (and that higher orders than 3 are not usually nec-

essary, as also shown e.g. by Cho et al. in [22]). The authors also warned,

however, that more careful spatial discretization than in the diffusion methods is

required in order to capture the sharper boundary layer behaviour of the more

transport-like SP3 approximation.

Even though the SPN solution does not tend to the exact solution of the NTE

as N → ∞ in general, there are several cases in which it is equivalent to the

convergent PN expansion (see some recent papers like [28, 36, 71]) and further

research of the SPN model and its connections to the NTE appears to be an

interesting topic. One contribution of this work to this research is the description

of a new way of deriving the SPN equations from a specially formulated PN

approximation, which will be the subject of Chap. 5. In this chapter, we will

recall the standard derivation and conclude by proving well-posedness of the

weak form of the SPN equations via the standard Lax-Milgram lemma.

4.1 Derivation of the SPN equations

To illustrate the original Gelbard’s approach, let us consider the case of one-

dimensional symmetry, in which neutron transport is characterized by neutron

distribution that is spatially varying only along one coordinate direction and,

moreover, that is symmetric with respect to rotations about that axis. Without

loss of generality, we may choose the principal direction of variation along the

z-axis. This situation may arise for example when the system is composed of

slabs, each with homogeneous properties and extents in the x and y directions

much larger than in the principal direction, so that dependence on x and y may

be neglected. We will identify the inflow/outflow boundaries ∂D± with points z±

and interior points r ∈ D with z ∈ (z−, z+).

1eq. (2.19) integrated over elementary cells comprising fuel assemblies
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4. THE SIMPLIFIED PN APPROXIMATION

Under these assumptions, spherical harmonic functions reduce to Legendre

polynomials in µ = cosϑ = Ωz and partial derivatives ∂
∂x

, ∂
∂y

vanish, so that the

set of PN equations (3.10) (where we assume N odd) becomes

n+ 1

2n+ 1

dφn+1(z)

dz
+

n

2n+ 1

dφn−1(z)

dz
+ Σn(z)φn(z) = qn(z), (4.1)

where n = 0, 1, . . . , N (discarding the non-sensical moments φn for negative n),

Σn = σt − κn = σt − σsn − δn0νσf

and the moments are defined as

φn =

∫ 1

−1

Pn(µ)ψ(·, µ)dµ , qn =

∫ 1

−1

Pn(µ)q(·, µ)dµ

(note that the definition of κn by (3.20) is still valid with µ0 = µµ′).

To proceed as in the derivation of the diffusion equation, we again assume

that Σn ≥ Σn > 0 for n = 1, 3, . . . , N and qn = 0 for n ≥ 1. Then by solving

the odd-order equations for the odd-order flux moments in terms of a derivative

of the even-order flux moments and using the result to eliminate the odd-order

flux moments from the even-order equations, we obtain the one dimensional SPN

equations. To write them in a convenient form, we define the auxiliary SPN

moments:

φsn := (n+ 1)φn + (n+ 2)φn+2, n = 0, 2, . . . , N − 1, (4.2)

(setting φN+1 = 0) and SPN “diffusion coefficients”

Ds
n :=

1

(2n+ 1)Σn

, n = 1, 3, . . . , N (4.3)

so that SPN currents could be defined as

Jsn ≡ φ2n+1 = −Ds
2n+1

dφsn
dz

, n = 0, 2, . . . , N − 1. (4.4)

Notice that Js1 = J (neutron current in the one-dimensional symmetry) and that

scalar flux is given by

φ ≡ φ0 = φs0 −
2

3
φs2 +

8

15
φs4 − . . . =

(N−1)/2∑

n=0

Fnφ
s
2n, Fn = (−1)n

2nn!

(2n+ 1)!!
(4.5)
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4.1 Derivation of the SPN equations

where N is odd and (2n+ 1)!! = (2n+ 1)(2n− 1) · · · 3 · 1.

One may note that these definitions are somewhat arbitrary and indeed, there

have been several “SPN approximations” reported in literature. We have com-

pared several of them and found that they are all equivalent2. The formulation

obtained with the above definitions is particularly convenient as it allows to eas-

ily obtain well-posedness of its corresponding weak form (at least under some

additional constraints on the higher-order anisotropic scattering moments).

4.1.1 The SP3 case

As the practical usefulness of the SPN equations has been experimentally verified

to be limited by orders up to around N = 7 (we refer to above mentioned papers

and reports), we do not delve into technical derivation of the general form of the

SPN equations here and rather consider the case N = 3 (with cases N = 5, 7

included in App. C 3).

The one-dimensional P3 system reads

dφ1(z)

dz
+ Σ0(z)φ0(z) = q0(z),

1

3

dφ0(z)

dz
+

2

3

dφ2(z)

dz
+ Σ1(z)φ1(z) = q1(z),

2

5

dφ1(z)

dz
+

3

5

dφ3(z)

dz
+ Σ2(z)φ2(z) = q2(z),

3

7

dφ2(z)

dz
+ Σ3(z)φ3(z) = q3(z)

(4.6)

and the Marshak approximation of albedo boundary conditions (2.8)

φ0(z±)

4
+

5φ2(z±)

16
∓ φ1(z±)

2
= β(z±)

[
φ0(z±)

4
± φ1(z±)

2
+

5φ2(z±)

16

]

−φ0(z±)

16
+

5φ2(z±)

16
∓ φ3(z±)

2
= β(z±)

[
−φ0(z±)

16
+

5φ2(z±)

16
± φ3(z±)

2

]
.

(4.7)

2For instance, going from “our” SP3 system to that used by Brantley [15] for his variational

analyses (which is actually the same as that used by Larsen, Morel and McGhee in [42] for

asymptotic analyses) amounts to multiplying the first SP3 equation of Brantley by 5/9 and

the second by 3 and the use of (4.2) (and analogously for the boundary conditions).
3The equations were generated by a simple Mathematica script that can be used for any

reasonably high order N if needed.
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4. THE SIMPLIFIED PN APPROXIMATION

Using the approach described above together with the auxiliary SP3 defini-

tions, we obtain the following one-dimensional SP3 system

− d

dz
Ds(z)

d

dz
Φs(z) + Cs(z)Φs(z) = Qs(z), z ∈ (z−, z+)

Ds(z)
d

dz
Φs(z) + γ(z±)GsΦs(z±) = 0 γ(z±) =

1− β(z±)

2(1 + β(z±))

(4.8)

where γ is the same albedo coefficient as in the diffusion case (3.30) and

Φs = [φs0, φ
s
2]T , Qs = [q0,−2

3
q0]T , Ds = diag

{
1

3Σ1

,
1

7Σ3

}
,

Cs =

[
Σ0 −2Σ0

3

−2Σ0

3
4Σ0

9
+ 5Σ2

9

]
, Gs =

[
1 −1

4

−1
4

7
12

]
.

(4.9)

Using the Gelbard’s ad-hoc approach, the multidimensional equations are just

−∇ ·Ds(r)∇Φs(r) + Cs(r)Φs(r) = Qs(r), r ∈ D,

n(r) ·Ds(r)∇Φs(r) + γ(r)GsΦs(r) = 0, r ∈ ∂D,
(4.10)

where ∇Φs is the Jacobian matrix of Φs:

[∇Φs]i,α =
∂φs2i−2

∂xα
, i = 1, 2, α = 1, 2, 3

(we start using the convention that Greek subscripts index the Cartesian coordi-

nate axes, which will become more copious in Chap. 5),

∇ =

[
∂

∂x
,
∂

∂y
,
∂

∂z

]
, n = [nx, ny, nz]

and for v = [vx, vy, vz]

v ·A =
3∑

α=1

vαAiα.
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4.2 Weak formulation

4.2 Weak formulation

Let H1(D) = [H1(D)]2. To introduce some new notation, let us write the inner

product on this space as

(U,V)H1(D) =

∫

D
(∇U : ∇V + U · V ) dr ; (4.11)

here · denotes the usual inner product and : the double inner product of matrices:

A : B =
∑

i,j

AijBij. (4.12)

The weak formulation forming the basis for the finite element solution can now

be stated as follows:

Problem 4. Given q0 ∈ L2(D), find Φs = col {φs0, φs2} ∈ H1(D) such that

a(Φs,V) = f(V) ∀V ∈ H1(D),

a(U,V) :=

∫

D

(
Ds∇U : ∇V + CsU · V

)
dr +

∫

∂D
γGsU · V dS ,

f(V) :=

∫

D
Qs · V dr ,

(
Ds∇U

)
: ∇V =

2∑

i=1

3∑

α=1

Ds
2i−1

∂ui
∂xα

∂vi
∂xα

.

(4.13)

Note that eq. (4.13) represent a set of weakly coupled diffusion-like equa-

tions. The case of N = 1 also reduces to the weak form of the usual diffusion

approximation, eq. (3.67). We also note that in the multigroup approximation

of energetic dependence, the diffusion approximation has the same form (4.10)

(with weak form (4.13)), with Ds, Cs, γGs, Qs and Φs replaced by

D = diag {Dg}G, [C]gg′ = σgt δgg′ − σgg
′

s − χgνσg
′

f , [γG]gg′ = γgg
′
,

Q = col {qg0}G , Φ = col {φg}G ,
(4.14)

where g, g′ = 1, 2, . . . , G. The extension to the multigroup SPN case is obvious,

with the weak formulation posed in H1(D) = [H1(D)](2N−1)×G.

Also note that Problem 4 is equivalent to
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4. THE SIMPLIFIED PN APPROXIMATION

Problem 4′. Given q0 ∈ L2(D), find Φs = col {φs0, φs2} ∈ H1(D) such that

a00(φs0, ϕ0) + a02(φs2, ϕ0) = f0(ϕ0), ∀ϕ0 ∈ H1(D),

a20(φs0, ϕ2) + a22(φs2, ϕ2) = f2(ϕ2), ∀ϕ2 ∈ H1(D) 4,

aij(u, v) :=

∫

D

(
Ds
ij∇u∇v + Cs

ijuv
)
dr +Gs

ij

∫

∂D
γuv dS ,

fi(v) :=

∫

D
qsi v dr , i = 0, 2, j = 0, 2.

(4.15)

To see this, if Φs is the solution of Problem 4, then for V = [ϕ0, 0]T and

V = [0, ϕ2]T , respectively, we satisfy the first and second equation of Problem 4′,

respectively. On the other hand, if Φs is the solution of Problem 4′, then summing

up the equations (4.15) shows that Φs also solves Problem 4. The same approach

can be obviously used to generate appropriate formulations of the higher-N or

multigroup problems.

When using the finite element method to obtain approximate solution of Prob-

lem 4 (or equivalently 4′), the formulation is restricted to a finite-dimensional

subspace of H1(D) as discussed in Sec. 3.5.2 and an element-by-element assem-

bling procedure is employed to obtain a system of discrete algebraic equations.

Two finite element frameworks have been considered in this thesis for this task –

Hermes2D (which the author helped developing and uses for testing hp-adaptivity

ideas) and Dolfin (which, thanks to its 3D support, has been used as a basis for

the research project referred to in the Introduction). Problem 4′ is in the form

suited for implementation in the Hermes2D framework, while the form of Problem

4 is appropriate for the Dolfin framework (Chap. 6).

4.3 Well-posedness of the SP3 formulation

In this section, we will study the properties of coupling matrices of the (mono-

energetic) SP3 method, which allow us to establish well-posedness of Problem

4The reason for the here superfluous distinction between the test functions ϕ0 and ϕ2

becomes clear when the approximate problem is formulated on finite-dimensional subspaces

of H1(D); different approximation order can then be used for approximating the zero-th and

second order moments and we utilize this fact in Chap. 6.
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4.3 Well-posedness of the SP3 formulation

4. We could not find a formal proof of this property in the available literature,

which motivated this study concluded in Theorem 6 and Remark 11 (discussing

the extension to higher SPN orders) at the end of this section.

The SP3 matrices Ds, Cs and Gs are symmetric, with elements bounded

a.e. in D, hence the bilinear form a(U,V) is also bounded on H1(D) (with norm

induced by the inner product (4.11); for the boundary term, recall that γ ∈ [0, 0.5]

with value 0 at perfectly reflecting boundary and value 0.5 at vacuum boundary

and use the standard trace inequality in H1(D) on each term in the sum of

boundary integrals). The linear form f is also obviously bounded when the

isotropic source term q0 ∈ L2(D).

For coercivity, note that the matrix Ds is positive definite, as is Gs (being

symmetric and strictly diagonally dominant, positive-definiteness follows from

the Gerschgorin theorem).

To show positive-definiteness of Cs, let us again split

Σn = σt − κn.

Then

Cs = σtC
s
t − κ0C

s
0 − κ2C

s
2, (4.16)

where

Cs
0 =

[
1 −2

3

−2
3

4
9

]
, Cs

2 =

[
0 0

0 5
9

]
,

Cs
t = Cs

0 + Cs
2 =

[
1 −2

3

−2
3

1

]
.

(4.17)

Using the Cauchy-Schwarz inequality and the addition theorem (A.5), we obtain

2n+ 1

4π
|Pn(µ0)| =

∣∣∣∣∣
n∑

m=−n

Y m
n (Ω)Y m

n (Ω′)

∣∣∣∣∣

≤

√√√√
n∑

m=−n

[
Y m
n (Ω)

]2
√√√√

n∑

m=−n

[
Y m
n (Ω′)

]2

=
2n+ 1

4π

√
Pn(Ω ·Ω)Pn(Ω′ ·Ω′)

=
2n+ 1

4π
|Pn(Ω ·Ω)|

=
2n+ 1

4π
Pn(1)
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4. THE SIMPLIFIED PN APPROXIMATION

with equality occurring in the case µ0 = Ω ·Ω′ = 1. It follows that

Pn(µ0) ≤ |Pn(µ0)| < Pn(1) = 1 = P0(µ0), n ≥ 1, µ0 ∈ (−1, 1).

Since the fission part of the collision kernel κ is isotropic, we thus have for n ≥ 1

κn = σsn = 2π

∫ 1

−1

σs(µ0)Pn(µ0)dµ0 < 2π

∫ 1

−1

σs(µ0)dµ0 = σs0 < σs0 + νσf = κ0.

(4.18)

If we now define the relation “<” between matrices as

A < B ⇔ xTAx < xTBx, ∀x 6= 0,

we have from (4.18), (4.16) and (4.17)

Cs > σtC
s
t − κ0(Cs

0 + Cs
2) = (σt − κ0)Cs

t .

Under the subcriticality conditions in L2(X|E) (Def. 1), we have

σt > σs + νσf = κ0

(cf. the representation (2.24)). As the matrix Cs
t > 0 (again because its strict

diagonal dominance, symmetry and positivity of diagonal elements), we have thus

proved that Cs is also positive definite. From the Lax-Milgram lemma (Lemma

1 on pg. 23), we directly obtain the following theorem.

Theorem 6. Let the subcriticality conditions in L2(X|E) hold. Then Problem 4

has a unique solution and there exists constant α > 0 such that

‖Φs‖H1(D) ≤
1

α
‖Qs‖L2(D).

Remark 11. We note that for higher order SPN approximations, the previously

stated properties for Ds, Gs are still valid and the decomposition (4.16) has the

following form:

Cs = σtC
s
t − κ0C

s
0 − κ2C

s
2 − κ4C

s
4 . . .− κ2N−1C

s
2N−1.

The matrix

Cs
t =

bN/2c∑

n=0

Cs
2n

(where bN/2c is the integer part of N/2) is no longer strictly diagonally dominant,

but it is still positive definite, as can be verified by explicitly computing the

eigenvalues (see App. C for the cases N = 5, 7; the Mathematica script referenced

in the appendix may be easily used for higher N).
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5

The MCPN approximation

The main goal of this chapter is to derive an alternative form of the PN approx-

imation that provides additional insight into the structure of the equations. In

particular, it allows to derive the SP3 equations in a new way that we will present

at the end of the chapter. As in the exposition of the original PN method, we

will focus on the monoenergetic equation Tψ − q = 0 a.e. in X|E, that is

Ω · ∇ψ(r,Ω) + σt(r)ψ(r,Ω)

−
∫

S2

[
σs(r,Ω ·Ω′) +

νσf (r)

4π

]
ψ(r,Ω′) dΩ′ − q(r,Ω) = 0, (r,Ω) ∈ D × S2

(5.1)

and assume that ψ(r, ·) ∈ L2(S2) (we have split the collision kernel κ into the

scattering and fission part so that we can show how non-isotropic and isotropic

terms are handled).

Notation conventions

We introduce some new notation in this chapter. The new rules added to the

notation conventions of Chap. 3 are summarized in the following list.

• A(n) . . . Cartesian tensor of rank n (Def. 4 below),

• A
(n)
α1···αn . . . Cartesian tensor A(n) in an indexed notation,

• ·
m
. . . m-fold contraction (generalization of inner product, Def. 7),

• S
(
A(n)

)
. . . symmetrization of tensor A(n) (Def. 12),
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5. THE MCPN APPROXIMATION

• tr A(n) . . . trace of tensor A(n) (Def. 9),

• Greek subscripts (as in A
(1)
α ) . . . indices of the Cartesian axes (with the

correspondence α = 1, 2, 3↔ x, y, z).

Let us start by recalling basic ingredients of the spherical harmonics method

from Sec. 3.3, relevant for subsequent sections.

5.1 Classical PN approximation

Being a square integrable function on L2(S2), ψ(r, ·) may be represented by a

generalized Fourier series expansion in terms of a complete orthonormal basis of

this space. The PN method uses the basis of (tesseral) spherical harmonics {Y m
n }

of degree n ≥ 0 and order−n ≤ m ≤ n. A (semi-)finite approximation is obtained

by considering the NTE in a subspace L2
K(S2) ⊂ L2(S2) spanned by {Y m

n }, n ≤ N

(where we assume the more common case of odd N and K = (N + 1)2 in general

three dimensional setting) – i.e. it consists of the expansion

ψ(r,Ω) ≈
N∑

n=0

n∑

m=−n

φmn (r)Y m
n (Ω) (5.2)

and orthogonal projection of the residual Tψ−q onto L2
K(S2) (similarly, the exact

boundary conditions are projected onto L2
K(∂X−), orthogonally to the subspace

spanned by the complete set of even-degree spherical harmonics).

We recall the addition theorem for Legendre polynomials Pn:

Pn(Ω ·Ω′) =
4π

2n+ 1

n∑

m=−n

Y m
n (Ω)Y m

n (Ω′), (5.3)

which allows to simplify the collision integral, after expansion of its (non-isotropic)

kernel in terms of Legendre polynomials up to the degree of scattering anisotropy

Ns:

σs(r,Ω ·Ω′) ≈
Ns∑

n=0

2n+ 1

4π
σsn(r)Pn(Ω′ ·Ω) (5.4)

Also, we have the following relation between the spherical harmonic moments

φmn (r) =

∫

S2
ψ(r,Ω)Y m

n (Ω) dΩ
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5.2 Tensor form of spherical harmonics

(unknowns in the PN equations) and the important physical quantities (scalar

flux, neutron current):

φ =
√

4πφ0
0, J =

√
4π

3




φ1
1

φ−1
1

φ0
1


 .

5.2 Tensor form of spherical harmonics

This standard procedure results in a system of PN equations given by eq. (3.10).

It is possible to reduce this system of first-order PDEs into a system of second-

order equations, which gets however quite complicated ([19, 86]) and in no way

resembles the simple elliptic system of the SPN approximation. This motivates

the search for an alternative form of the expansion (5.2) that would reveal some

connection with the computationally attractive SPN set.

5.2.1 Surface and solid spherical harmonics

A possible way of achieving this goal starts by studying the linear combinations

of spherical harmonics of fixed degree. We will simplify the notation by setting

µ = cosϑ, replace Ω with (µ, ϕ) where necessary and also use the following

relations between the velocity and direction vectors in Cartesian coordinates:

v = [vx, vy, vz]
T = vΩ, Ω = [Ωx,Ωy,Ωz]

T =
v

v
.

Definition 3. [49, Def. 3.22] A general linear combination of the 2n+1 (tesseral)

spherical harmonics of degree n is called a surface spherical harmonic of degree

n and can be written as

Yn(µ, ϕ) = A0Pn(µ) +
n∑

m=1

[
Am cos(mϕ)Pm

n (µ) +Bm sin(mϕ)Pm
n (µ)

]
(5.5)

where Am, Bm ∈ R and Pm
n are the associated Legendre polynomials (eq. (A.2)).
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5. THE MCPN APPROXIMATION

Note that there is a one-to-one relationship between the coefficients in eq.

(5.2) for fixed n and the coefficients in (5.5).

Multiplying by vn, we obtain the (regular) solid spherical harmonic1. Solid

spherical harmonics were utilized in the early works [33, 99] as tools for analyzing

the multidimensional spherical harmonics. Since then, it appears there has been

no interest in solid spherical harmonics for approximating angular dependence of

the NTE, until the paper by Ackroyd [1]. Ackroyd used these functions to arrive

at a set of equations that can be used for practical approximation of the solution of

the NTE. Under the assumption of isotropic scattering (σsk = 0 for k ≥ 1 in (5.4))

Ackroyd derived for a homogeneous region a set of coupled diffusion-like equations

(called SHPN) without any other requirement (unlike the classical derivation of

the SPN equations, which required certain assumptions about dimensionality or

material properties, cf. the overview at the beginning of Sec. 4), together with

heuristic boundary and interface conditions. As was shown in the paper, the

SHPN equations reduced by simple substitutions to the set of SPN equations

originally formulated by Gelbard and it is interesting to note that this actually

showed that the latter are within an isotropically scattering homogeneous medium

equivalent to the full solid harmonics expansion – the same result for surface

spherical harmonics has been independently proved in [25] and revisited recently

([28, 83]). Unfortunately, the general treatment in [1] is very technically involved

and in author’s opinion quite difficult to follow – this may be the reason why

the idea has not been picked up and possible research directions outlined in the

paper’s conclusion not pursued.

5.2.2 Cartesian tensors

In order to describe a conceptually simpler and arguably also more useful ap-

proach, we need to recall some basic facts about Cartesian tensors. We recall

the convention that Greek subscripts (ranging from 1 to 3) represent axes of the

Cartesian coordinate system with unit vectors ex, ey, ez. We will also use the

1Regular solid spherical harmonics are one class of solutions of the Laplace equation

∇2Y = 0 in spherical coordinates (v, ϕ, ϑ) which vanish as v → 0. The other are the ir-

regular solid spherical harmonics, which have singularity of the form v−n−1 at the origin ([17,

Chap. VI]).
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5.2 Tensor form of spherical harmonics

convenient Einstein’s summation convention which implies summation over any

index that appears twice in an indexed expression, for instance

A
(3)
αβγB

(2)
βγ =

3∑

β=1

3∑

γ=1

A
(3)
αβγB

(2)
βγ = C(1)

α .

Definition 4. An n-dimensional array A(n) of 3n components A
(n)
α1...αn is called

Cartesian tensor of rank n if it transforms as

A(n)′

α1...αn
= gα1β1 · · · gαnβnA(n)

β1...βn
(5.6)

under the change of coordinate system Oxyz → Ox′y′z′ by the action of an

orthogonal matrix G = [gαβ]:

e′α = gαβeβ.

A special case of the matrix G was the rotation matrix R introduced in

Sec. 2.2.7; here we include also the reflections about origin to make the definition

general. As we will only use the Cartesian tensors, we will henceforth omit

the word Cartesian. Word “tensor” will also be used for a general tensor field,

components of which are functions – like A(n)(r). The transformation has then

the following form:

A(n)′

α1...αn
(r) = A(n)

α1...αn
(GT r) = gα1β1 · · · gαnβnA(n)

β1...βn
(r).

We will denote by I ≡ I(2) the identity rank-2 tensor (matrix) and by O(n) the

zero rank-n tensor. The identity tensor can be written in the component notation

via the Kronecker delta symbol:

Iij = δij.

Addition and subtraction of two tensors of same rank and multiplication of

a tensor by a scalar are done component-wise. Multiplication of two tensors is

defined as follows:

Definition 5. Components of tensor C(n+m) = A(n) ⊗ B(m) are given by

C
(n+m)
α1...αnβ1...βm

= A(n)
α1...αn

B
(n)
β1...βm

.
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5. THE MCPN APPROXIMATION

Definition 6. m-th power of tensor A(n) is a tensor of rank nm defined as

C(nm) = A(n) ⊗ A(n) ⊗ · · · ⊗ A(n) (m-times)

We will mainly use powers of vectors and also consider the gradient operator

as a vector

∇ =

[
∂

∂x
,
∂

∂y
,
∂

∂z

]T
;

hence the Laplacian

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
= ∇ · ∇,

while the Hessian operator (second rank tensor operator) with components

D
(2)
αβ =

∂2

∂xα∂xβ
= ∇⊗∇.

Also, for simplicity, ∇A(n) ≡ ∇⊗ A(n).

Definition 7. For 1 ≤ m ≤ n, the m-fold contraction of tensors A(n) and B(n) is

a rank-(2n− 2m) tensor C(2n−2m) = A(n) ·
m
B(n) with components

C
(2n−2m)
α1...αn−mβ1...βn−m

= A(n)
α1...αn−mγn−m+1...γn

B
(n)
γn...γn−m+1βn−m...β1

.

Specially for n = m = 1, we get the standard inner product of vectors (denoted

by · so far), while for n = m = 2 we get the double inner product (denoted by

:) of matrices (4.12). Generally when n = m, we obtain the scalar A
(n)
γ1...γnB

(n)
γn...γ1

and suppress the index under the · sign to simplify the writing (it should be

clear from the two operands and their rank that a total contraction over all their

indices is intended).

Definition 8. For m ≤ bn/2c (the integer part of n/2), the m-fold contraction

of tensor A(n) (contraction in m index pairs) is a rank-(n − 2m) tensor with

components

B(n−2m)
α2m+1...αn

= A(n)
α1α1...αmαmα2m+1...αn

.

When contracting in only 1 index pair, the 1-fold contraction is simply called

a contraction. The result has a special name:
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5.2 Tensor form of spherical harmonics

Definition 9. Contraction of tensor A(n) in one index pair is called trace of A(n)

in that pair :

tr A(n) = A(n)
α1α2α3...αn

δα1α2 = A(n−2)
α1α1α3...αn

.

If the trace of A(n) in one index pair vanishes, the tensor is said to be traceless

in that pair. Obviously then, if the tensor does not depend on the order of indices,

it is traceless in all index pairs.

Definition 10. Tensor A(n) is totally symmetric if it is invariant under any per-

mutation π(α1 . . . αn) of its indices:

A(n)
α1...αn

= A
(n)
π(α1...αn).

Definition 11. Totally symmetric tensor whose trace in any index pair vanishes

is called totally symmetric traceless tensor and its trace vanishes in all index

pairs. We will denote totally symmetric traceless tensors as TST tensors.

We can make any tensor of rank n totally symmetric by applying the sym-

metrization operator S (·):

Definition 12. Ã(n) = S
(
A(n)

)
is a totally symmetric tensor with components

Ã(n)
α1...αn

=
1

n!

∑

π(α1...αn)

A(n)
α1...αn

.

As we will see shortly, there also exists an operator that makes a totally

symmetric tensor totally symmetric and traceless.

5.2.3 Maxwell-Cartesian spherical harmonics

It is well known that any solid spherical harmonic of degree n, when expressed

in Cartesian coordinates: Sn(v) = Sn(vx, vy, vz) = vnYn(v/v), is a harmonic

polynomial, homogeneous of degree n ([49, Thm. 3.67]), i.e.

∇2Sn(v) = 0, Sn(λv) = λnSn(v)

(in fact, there is an alternative definition of solid spherical harmonic as a function

satisfying these two properties and of surface spherical harmonic as a restriction
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5. THE MCPN APPROXIMATION

of such function to the unit sphere). The space of such polynomials has dimension

2n+ 1 2 and is isomorphic to the space of TST tensors of rank n ([49, Chap. 3]).

In particular, when the components of such a tensor do not depend on vx, vy,

vz, (or Ωx, Ωy, Ωz) they comprise coefficients of the solid (or surface) spherical

harmonic and therefore also (in the S2-restricted case) the coefficients φmn (r, E)

in the expansion (5.2) (when transformed back to spherical coordinates). Hence,

by solving the set of tensorial equations with these tensors of ranks n ≤ N as

unknowns, we accomplish essentially the same thing as by solving the ordinary

PN equations, but we may additionally utilize the TST tensor character of the

equations.

To construct this set, we will build on the ideas presented by Johnston ([64])

and Applequist ([6]). Johnston arrived at a “far more symmetric and compact”

([64, p. 1455]) form of the angularly discretized general Boltzmann-Vlasov equa-

tion by expanding the flow function in terms of Maxwell-Cartesian spherical

harmonic tensors rather than the usual surface spherical harmonics. The term

“Maxwell-Cartesian spherical harmonic tensor” has been coined by Applequist

in [7], who in his older paper [6] showed a systematic way of obtaining a special

TST tensor of any rank n whose components are spherical harmonics of degree

n in Cartesian frame of reference as defined by Maxwell in [81, p. 160]. Specifi-

cally, in present notation, he showed that Maxwell’s spherical harmonics based on

Cartesian axes can be obtained (up to a normalization constant) as components

of

Dvn (or DΩn)

where D is the so-called detracer operator which projects a general totally sym-

metric tensor of rank n into the space of totally symmetric and traceless tensors

of rank n. The result of applying the detracer operator on a totally symmetric

2Homogeneous polynomial of degree n has
(n+1)(n+2)

2 coefficients; since ∇2Sn(v) is a

homogeneous polynomial of degree n − 2 with
n(n−1)

2 coefficients expressed in terms of those

of Sn, the condition ∇2Sn(v) = 0 reduces the number of independent coefficients of Sn to
(n+1)(n+2)

2 − n(n−1)
2 = 2n+ 1.
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5.2 Tensor form of spherical harmonics

tensor A(n) is a TST tensor with components:

DA(n)
α1...αn

=
bn/2c∑

m=0

(−1)m(2n− 2m− 1)!!

(2n− 1)!!

∑

{π(α1...αn)}d

δα1α2 · · · δα2m−1α2mA
(n)
β1β1...βmβmα2m+1...αn

,

(5.7)

where {π(α1 . . . αn)}d denotes the set of all permutations that give distinct terms

in the last sum (considering their total symmetry) and

(2n− 1)!! = (2n− 1)(2n− 3) · · · 3 · 1 with (−1)!! = 1.

The proof that DA(n)
α1...αn is a traceless tensor is given in [6, Sec. 5] and we will not

repeat it here as it is straightforward but technically involved. We note however

that we include the factor (2n − 1)!! in the denominator in (5.7) to make D

idempotent (and thus a true projection).

Being general surface spherical harmonics according to Def. 3, Maxwell’s

surface spherical harmonics are linear combination of spherical harmonics and

hence share many of the properties of the latter. An extensive presentation of

these properties is given in [6, 7] and we will recall some of them in further

sections. We will use the following form of Maxwell-Cartesian surface spherical

harmonics of degree n as components of rank-n TST tensors (called sometimes

Maxwell-Cartesian tensors):

P(n)(Ω) = DΩn (5.8)

which differ from those used by Applequist in that they have coefficient 1 at their

first term but which coincide with those used by Johnston.

We note that projection of P(n) along, say, z-axis (or any other because of the

symmetry) yields (up to a normalization factor) the Legendre polynomials:

P(n)(Ω) · enz = P (n)
α1...αn

δ3α1 · · · δ3αn = P
(n)
33...3 =

n!

(2n− 1)!!
Pn(µ) ≡ CnPn(µ) (5.9)

and hence components of P(n) could be explicitly obtained by extending the well-

known formulas for Legendre polynomials, for instance

P(n)(Ω) = Ωn − n(n− 2)

2(2n− 1)
S
(
I⊗Ωn−2

)

+
n(n− 1)(n− 2)(n− 3)

8(2n− 1)(2n− 3)
S
(
I2 ⊗Ωn−4

)
∓ . . .

(5.10)
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5. THE MCPN APPROXIMATION

([17, Chap. VI], [64]) First few Maxwell-Cartesian surface harmonics generated

by this formula are shown in the table below together with the corresponding

spherical harmonics and Legendre polynomials.

n Yn(Ω) ∝ P(n)(Ω) CnPn(µ)

0 1 1 1

1 Ωx, Ωy,Ωz Ωx, Ωy, Ωz µ

2 −Ω2
x − Ω2

y + 2Ω2
z, ΩyΩz,

ΩzΩx, ΩxΩy, Ω2
x − Ω2

y

Ω2
x − 1

3
, Ω2

y − 1
3
, Ω2

z − 1
3
,

ΩxΩy, ΩxΩz, ΩyΩz

µ2 − 1
3

Table 5.1: Spherical harmonics, Maxwell-Cartesian surface harmonics and Leg-

endre polynomials up to degree n = 2.

The symmetric nature of the Maxwell-Cartesian surface harmonics as opposed

to the ordinary spherical harmonics can be seen from the third row in the table.

We also note that since there are (n+1)(n+2)
2

distinct components in a general

totally symmetric tensor of rank n, the number of Maxwell-Cartesian harmonics

is greater than the number of spherical harmonics of the same degree, which

is (2n + 1) for n ≥ 2. However, due to the n(n−1)
2

conditions arising from the

tracelessness property, there are just 2n+ 1 independent components in P(n) (see

also the footnote on pg. 90). This also indicates the fact that unlike the spherical

harmonics with same degree but different orders, components of P(n) are not all

L2(S2)-orthogonal. Nevertheless, Maxwell-Cartesian surface tensors of different

degrees are orthogonal in the following sense:
∫

S2
P(n)(Ω)⊗ P(m)(Ω) dΩ = Om+n, n 6= m. (5.11)

The Maxwell-Cartesian tensors have been actively used for solving various

electro-magnetics and quantum-mechanical problems (see the references in [7]),

but there is apparently only one attempt to bring them to the field of neutron

transport. In a recent article [27], Coppa re-derived the Maxwell-Cartesian sur-

face spherical harmonic tensors from their analogy with Legendre polynomials

(see above) and the requirement that they satisfy the addition theorem of the

form (5.3). The paper then proceeds by multiplying the NTE with these tensors
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5.2 Tensor form of spherical harmonics

and integrating over the sphere to obtain a system of tensorial equations, each of

which being itself a symmetric set of PDE’s determining the components of the

flux moment tensor defined by

ψ(n)(r) =

∫

S2
ψ(r,Ω)P(n)(Ω) dΩ . ([27, Eqn. (41)])

Note that this definition implies that the flux moment tensors ψ(n) are totally

symmetric and traceless. However, only the symmetry property appears to be

recognized in [27]. Using rather complicated tensor relations, the system is con-

structed again by analogy with the procedure leading to the PN system. This

could be misleading, however, as there is no indication of in what sense the

moments obtained by solving the set could be interpreted as coefficients in an

expansion of angular flux. Note that in the usual PN method where the angular

flux is expanded into a series of spherical harmonics, the key ingredient that al-

lows us to deduce the system of equations analogous to [27, Eqn. (48)]) for the

coefficients in the expansion is orthogonality (and hence linear independence) of

all Y m
n . We do not have this property in the set of Maxwell-Cartesian harmonics

(which does not seem to be taken into account in [27]).

This missing part of Coppa’s derivation can be filled-in by taking into account

the tracelessness property of the Maxwell-Cartesian tensors. This will be demon-

strated in the following section using the results of Johnston ([64]) and Applequist

([6]). We will see that this more fundamental approach leads to a set of equations

equivalent with [27, Eqn. (42)]. We will also see a clear connection to the 1D PN

equations (based on the expansion of angular flux in Legendre polynomials) which

could be expected from the formal equivalence of the Maxwell-Cartesian tensors

and Legendre polynomials mentioned above ((5.10), Tab. 5.1). Motivated by this

observation, we will finally exhibit the connection between the derived equations

and the SP3 equations in Sec. 5.4.13.

3Analogous relationship with the P1 and SP2 equations have been shown in [27].
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5. THE MCPN APPROXIMATION

5.3 Derivation of the MCPN approximation

5.3.1 First attempts

Using the results of Sec. 3.3.3, the expansion of angular neutron flux in terms of

surface spherical harmonics can be written as4

ψ(r,Ω) =
∞∑

n=0

2n+ 1

4π

∫

S2
ψ(r,Ω′)Pn(Ω ·Ω′) dΩ . (5.12)

As shown in [6, Sec. 7, Corollary II], Maxwell-Cartesian tensors satisfy the fol-

lowing form of addition theorem:

P(n)(Ω) · P(n)(Ω′) = CnPn(Ω ·Ω′) (5.13)

(Cn defined in (5.9)). Combining the two results, we obtain

ψ(r,Ω) =
∞∑

n=0

2n+ 1

4πCn

[∫

S2
ψ(r,Ω′)P(n)(Ω′) dΩ′

]
· P(n)(Ω). (5.14)

If we now define the n-th angular flux moment tensor by

ψ(n)(r) :=
2n+ 1

4πCn

∫

S2
ψ(r,Ω)P(n)(Ω) dΩ (5.15)

equation (5.14) becomes

ψ(r,Ω) =
∞∑

n=0

ψ(n)(r) · P(n)(Ω). (5.16)

Note that we have, similarly to the PN case,

φ = 4πψ(0), J =
4π

3



ψ

(1)
x

ψ
(1)
y

ψ
(1)
z


 .

4with the equality considered in the sense that

f =

∞∑

n=0

gn ⇔ lim
n→∞

∥∥∥∥∥f −
n∑

k=0

gk

∥∥∥∥∥
L2(S2)

= 0
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5.3 Derivation of the MCPN approximation

Although equation (5.16) with (5.15) looks like a (generalized) Fourier series,

we should keep in mind that

∫

S2
P(m)(Ω)⊗

∞∑

n=0

ψ(n)(r) · P(n)(Ω) dΩ 6= ψ(m)

in general and regard (5.15) as definition.

We analogously expand also the volumetric source term, leading to

q(r,Ω) =
∞∑

n=0

q(n)(r) · P(n)(Ω) (5.17)

with

q(n)(r) :=
2n+ 1

4πCn

∫

S2
q(r,Ω)P(n)(Ω) dΩ .

To find the relations that must be satisfied by the angular expansion moments

ψ(n)(r) in order for (5.16) (or equivalently (5.12)) to be the solution of the trans-

port equation (5.1), we insert the expansion (5.16) into (5.1) (with source term

represented according to (5.17)). Let us first look at the transfer part. Applying

eq. (5.13) in the expansion (5.4), we immediately simplify the scattering term5:

∫

S2
σs(r,Ω ·Ω′)ψ(r,Ω′) dΩ′ =

∞∑

n=0

2n+ 1

4π
σsn(r)

∫

S2
Pn(Ω′ ·Ω)ψ(r,Ω′) dΩ′

=
∞∑

n=0

2n+ 1

4πCn
σsn(r)

[∫

S2
P(n)(Ω′)ψ(r,Ω′) dΩ′

]
· P(n)(Ω)

=
∞∑

n=0

σsn(r)ψ(n)(r) · P(n)(Ω).

Using def. (5.15), the fission part will has the expected form:

∫

S2

νσf (r)

4π
ψ(r,Ω′) dΩ′ =

νσf (r)

4π

∫

S2
ψ(r,Ω′) dΩ′ = νσf (r)φ(r). (5.18)

Therefore, by inserting (5.16) into (5.1) and using these results we obtain

∞∑

n=0

[
Ω · ∇ψ(n) + σtψ

(n) − σsnψ(n) − δn0νσfφ− q(n)
]
· P(n)(Ω) = 0 (5.19)

5In practice, the scattering cross-section moments σsn are available only up to a certain

anisotropy degree Ns ≤ ∞; in that case we set σsn = σsk for n ≤ Ns and σsn = 0 otherwise.
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5. THE MCPN APPROXIMATION

where each term in the brackets is dependent only on r (which is omitted for

brevity).

Formulation of the moment equations for ψ(n)(r) is now hampered by linear

dependence among certain functions in each P(n)(Ω) (so that we cannot deduce

from (5.19) that for each n, all components of the expression in brackets must

vanish), as well as by the advection term which still contains Ω. Both issues may

be however overcome by the so-called detracer exchange theorem ([7, Sec. 5.2]).

Theorem 7. If A(n) and B(n) are totally symmetric tensors of rank n, then

A(n) ·DB(n) = B(n) ·DA(n).

Proof. The theorem easily follows from the definitions of the detracer operator

(5.7) and tensor contraction.

Since ψ(n)(r) is by definition totally symmetric and traceless and Ωn totally

symmetric, using Theorem 7 with A(n) ≡ ψ(n)(r) and B(n) ≡ Ωn and the definition

(5.8) of Maxwell-Cartesian tensors shows that6

ψ(n)(r) · P(n)(Ω) = ψ(n)(r) ·Ωn

and the expansion (5.16) is thus equivalent to a power series in Ω:

ψ(r,Ω) =
∞∑

n=0

ψ(n)(r) ·Ωn

(similarly for (5.17)). The advection term therefore simplifies as follows:

(Ω · ∇)ψ(n) ·Ωn =

{
Ωβ∇βψ(n)

α0,...,αn−1
Ωαn−1 · · ·Ωα0 if n ≥ 1,

Ωβ∇βφ if n = 0

}
= ∇ψ(n) ·Ωn+1

for n = 0, 1, . . . and by reindexing:

(Ω · ∇)ψ(n−1) ·Ωn−1 = ∇ψ(n−1) ·Ωn

for n = 1, 2, . . .. We can therefore rewrite eq. (5.19) as

∞∑

n=0

[
∇ψ(n−1) + σtψ

(n) − σsnψ(n) − δn0νσfφ− q(n)
]
·Ωn = 0 (5.20)

6Recall that the detracer is a projection operator into the space of TST tensors and thus

leaves the already TST tensor unchanged.
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5.3 Derivation of the MCPN approximation

with the term with negative rank discarded. Although eq. (5.20) closely resembles

a vanishing linear combination of monomials 7

vn = xn1yn2zn3 , n1 + n2 + n3 = n

whose linear independence would imply that the expression in brackets must be

a zero tensor for each n, by examining the not fully sensible equations that we

would obtain in this way we might suspect that this is not the case. The reason

is given in the following section.

5.3.2 Linear independence of monomials restricted to S2

When monomials vn of different degrees are restricted to the unit sphere, there ap-

pear nontrivial but vanishing linear combinations of them (consider e.g.

Ω2
x + Ω2

y + Ω2
z − 1). However, when only the components of Ωn for a single n

are considered, they are linearly independent according to the following lemma.

Lemma 5. Let n ∈ N0 be fixed. If A(n) is a totally symmetric tensor of rank n,

independent of Ω, and

A(n) ·Ωn = 0, (5.21)

then A(n) = O(n).

Proof. If A(n) is a totally symmetric tensor, then

A(n) ·Ωn =
1

vn
A(n) · vn

represents a linear combination of monomials of degree n, with coefficients being

the components of A(n). By linear independence of these monomials we conclude

that if the equality (5.21) holds, then all components of A(n) must vanish.

One possibility how to extend the above result to an arbitrary linear combi-

nation of direction tensors with different ranks is to require the moment tensors

to be not only totally symmetric, but also traceless.

7Since we will not need to distinguish between the position vector r and the velocity vector

v here, we use the standard Cartesian coordinates [x, y, z] for the latter as well.
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Theorem 8. If A(n) is a TST tensor independent of Ω for all n = 0, 1, . . . and

∞∑

n=0

A(n) ·Ωn = 0,

then A(n) = O(n) for all n.

Proof. As discussed in Sec. 5.2.3, any TST tensor A(n) uniquely identifies a

surface spherical harmonic of degree n by

Yn(Ω) = A(n) ·Ωn.

Since surface spherical harmonics of different degrees are linearly independent,

∞∑

n=0

Yn(Ω) = 0 ⇒ Yn(Ω) = 0 ∀n.

The conclusion follows from the above lemma.

5.3.3 The MCPN approximation

Using Thm. 8, we see that we can obtain from (5.20) a set of moment equations

if we ensure that the expression in square brackets is a TST tensor for each n.

Since ψ(n) and q(n) are TST by definition, we only have to symmetrize and detrace

the advection terms. We need to be careful, however, not to change the original

equation. This can be done by a clever rearranging of the terms in the sum.

First note that thanks to the symmetry of Ωn we obviously have

∇ψ(n−1) ·Ωn = S
(
∇ψ(n−1)

)
·Ωn.

The symmetrized advection terms can be put into an equivalent TST form by

S
(
∇ψ(n−1)

)
= DS

(
∇ψ(n−1)

)
−
(
DS

(
∇ψ(n−1)

)
−S

(
∇ψ(n−1)

))
.

The result of the detracer operation on S
(
∇ψ(n−1)

)
can be seen by using

A(n)
α1...αn

= S
(
∇α1ψ

(n−1)
α2...αn

)
, n ≥ 2

in eq. (5.7). Taking into account the tracelessness of ψ(n−1), the only nonzero

terms in the outer sum will be those with m = 0 and m = 1. For m = 0, we
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5.3 Derivation of the MCPN approximation

obtain just the original tensor A(n) = S
(
∇ψ(n−1)

)
, while for m = 1, we obtain

the inner sum over terms

S
(
δα1α2∇βψ(n−1)

βα3...αn

)
, S

(
δα1α3∇βψ(n−1)

α2βα4...αn

)
, etc.,

that is n− 1 times S
(
I⊗∇ · ψ(n−1)

)
. We therefore get

∇ψ(n−1) ·Ωn = S
(
∇ψ(n−1)

)
·Ωn

= S

(
∇ψ(n−1) − n− 1

2n− 1
I⊗∇ · ψ(n−1) +

n− 1

2n− 1
I⊗∇ · ψ(n−1)

)
·Ωn

= S

(
∇ψ(n−1) − n− 1

2n− 1
I⊗∇ · ψ(n−1)

)
·Ωn

+
n− 1

2n− 1

(
∇ · ψ(n−1)

)
·Ωn−2

(5.22)

where the last equality comes from the realization that I · Ω2 = Ω · Ω = 1 and

∇·ψ(n−1) is totally symmetric since ψ(n−1) is. Note that we have actually obtained

that

∇ψ(n−1) ·Ωn = DS
(
∇ψ(n−1)

)
·Ωn +

n− 1

2n− 1

(
∇ · ψ(n−1)

)
·Ωn−2. (5.23)

Eq. (5.23) shows that even though ∇ψ(n−1) by itself is neither symmetric nor

traceless, its contraction with Ωn can be split into a sum of two contractions of

TST tensors (total symmetry and tracelessness of the latter follows from the fact

that ψ(n−1) is TST). By introducing this splitting into eq. (5.20) and regrouping

the sum by Ωn, we finally obtain

∞∑

n=0

{
S

(
∇ψ(n−1) − n− 1

2n− 1
I⊗∇ · ψ(n−1)

)
+

n+ 1

2n+ 3
∇ · ψ(n+1)+

+ σtψ
(n) − σsnψ(n) − δn0νσfφ− q(n)

}
·Ωn = 0

(5.24)

(again with the non-sensical tensors with negative ranks discarded).

Equation (5.24) is completely equivalent to eq. (5.20) or (5.19), but regrouped

to a form of vanishing linear combination of Ωn with TST coefficient tensors for

each n. Theorem 8 therefore applies and we get the desired set of first-order
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5. THE MCPN APPROXIMATION

partial differential equations for the angular flux moments:

n+ 1

2n+ 3
∇ · ψ(n+1) + S

(
∇ψ(n−1) − n− 1

2n− 1
I⊗∇ · ψ(n−1)

)

+ σtψ
(n) − σsnψ(n) − δn0νσfφ = q(n), n = 0, 1, . . .

(5.25)

Note that in passing to a finite approximation by the simplest closure

∇ · ψ(N+1) ≡ O(N) for some N ≥ 0, we do not spoil the TST character of the

N -th coefficient tensor (in view of (5.22), this closure actually means that we are

neglecting the nonzero traces of ∇ψ(N−1)). The set (5.25) for n ≤ N may be

regarded as an alternative to the ordinary PN equations and because its solution

represents the expansion of angular flux into Maxwell-Cartesian surface spherical

harmonics of degrees up to N , it will be called MCPN approximation.

5.4 The MCP3 equations

We now explicitly state the first four tensor equations in the MCPN set. Let

Σn = σt − σsn − δn0νσf .

Then the MCP3 equations read

1
3
∇ · ψ(1) + Σ0φ = q(0)

2
5
∇ · ψ(2) +∇φ+ Σ1ψ

(1) = q(1)

3
7
∇ · ψ(3) + S

(
∇⊗ ψ(1)

)
− 1

3
I⊗∇ · ψ(1) + Σ2ψ

(2) = q(2)

S
(
∇⊗ ψ(2)

)
− 2

5
S
(
I⊗∇ · ψ(2)

)
+ Σ3ψ

(3) = q(3)

(5.26)

(where we included the ⊗ symbol whenever multiplication of tensors of rank ≥ 1

occurred). We can see that the MCP1 set is equivalent to the P1 set. For N ≥ 3,

we have to take into account the definition of the moments as traceless totally

symmetric tensors. If we considered general symmetric moment tensors

ψ(2) =



ψ

(2)
11 ψ

(2)
12 ψ

(2)
13

ψ
(2)
12 ψ

(2)
22 ψ

(2)
23

ψ
(2)
13 ψ

(2)
23 ψ

(2)
33


 (5.27)
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and similarly for ψ(3), etc., we would obtain more linearly independent equations

than in the corresponding PN set. However, by restricting to TST tensors (e.g.

by using the detraced versions of (5.27) and higher moments:

Dψ(2) =




1
3 (2ψ

(2)
11 − ψ

(2)
22 − ψ

(2)
33 ) ψ

(2)
12 ψ

(2)
13

ψ
(2)
12

1
3 (−ψ(2)

11 + 2ψ
(2)
22 − ψ

(2)
33 ) ψ

(2)
23

ψ
(2)
13 ψ

(2)
23

1
3 (−ψ(2)

11 − ψ
(2)
22 + 2ψ

(2)
33 )


)

we obtain the same number of linearly independent equations in the set (5.24) as

in the PN set. Moreover, these equations can be written in the form of (3.10):

Ax
MCP3

∂Φ

∂x
+ Ay

MCP3

∂Φ

∂y
+ Az

MCP3

∂Φ

∂z
+
[
σtI−KMCP3

]
Φ = Q, (5.28)

where Φ and Q now contain the different MCP3 moments – e.g. Φ is a column

vector with components

φ,

ψ
(1)
1 , ψ

(1)
2 , ψ

(1)
3 ,

ψ
(2)
11 , ψ

(2)
12 , ψ

(2)
13 , ψ

(2)
22 , ψ

(2)
23 , ψ

(2)
33 ,

ψ
(3)
111, ψ

(3)
211, ψ

(3)
311, ψ

(3)
221, ψ

(3)
321, ψ

(3)
331, ψ

(3)
222, ψ

(3)
322, ψ

(3)
332, ψ

(3)
333.

The advection matrices Ax
MCP3

, Ay
MCP3

, Az
MCP3

have the same eigenvalues, which

are moreover equal to those of the advection matrices of the PN approximation

(only the multiplicity of the zero eigenvalue is greater, reflecting the linear de-

pendence between the MCP3 equations) – see App. D. The paper [6] shows how

to systematically select linearly independent subsets of the TST tensors, which

could be used to actually solve the MCP3 equations. However, we stress that this

is not our intention since this would be no easier than solving the ordinary PN

equations. Rather, we will try to exploit the symmetric and traceless structure

of the MCPN equations to provide a new perspective on the SPN approximation

presented in Chap. 4.

When each moment tensor is projected along a chosen axis (say z), we obtain

one dimensional equations which are exactly the same as the 1D PN equations

(since both symmetrized terms in every n ≥ 2 MCPN equation become equal
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5. THE MCPN APPROXIMATION

to dψ
(n−1)
z

dz
) if we take into account the definition of moments in the classical PN

equations and multiply each ψ
(n)
z accordingly by a factor 2n+ 1 (similarly, by

multiplying each ψ(n) by n!
(2n−1)!!

, we arrive at the system derived by Coppa [27]).

This indicates the possibility to investigate the original ad-hoc derivation of the

SPN equation by formal extension of the 1D PN equations into 3D in the current

tensorial framework.

5.4.1 Reduction of the MCP3 system

In an analogy to the simplified PN approach, we start this investigation by re-

ducing the system (5.26) to two equations governing the even-order tensorial

moments ψ(0) and ψ(2). We need to assume sufficient differentiability of the an-

gular flux and source moments in eq. (5.26) and no void regions (i.e., all Σn > 0).

For simplicity, let us further focus on the case of isotropic volumetric sources and

scattering:
q(1) ≡ q, Σ0 = σt − σs0 − νσf = σa − νσf ,
q(n) = 0, Σn = σt ≡ Σ, n = 1, 2, . . .

(generalization to higher anisotropy degrees is straightforward but technically

more involved).

As a starting point, let us take the system (5.26) in which the above assump-

tions are taken into account and the substitution

ψ(n) −→ n!

(2n− 1)!!
ψ(n)

is made for convenience:

∇ · ψ(1) + Σ0φ = q (5.29)

−∇ · ψ(2) − 1
3
∇φ = Σψ(1) (5.30)

−∇ · ψ(3) − 2
5
S
(
∇⊗ ψ(1)

)
+ 2

15
I⊗∇ · ψ(1) = Σψ(2) (5.31)

−3
7
S
(
∇⊗ ψ(2)

)
+ 6

35
S
(
I⊗∇ · ψ(2)

)
= Σψ(3) (5.32)

To further simplify the use of basic tensor identities from App. E, we consider

the equations in a homogeneous region with constant Σ and Σ0
8. The deriva-

8Note that this does not preclude heterogeneous subregions with the physical cross-sections

σa, σs0 and νσf varying in such a way that σa − νσf and σa + σs are constant.
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5.4 The MCP3 equations

tion below obviously extends to the case of sufficiently smooth cross-sections. In

practice, however, the cross-sections are typically only piecewise constant, which

necessitates the specification of interface conditions. Formulation of an appropri-

ate set of these conditions (and corresponding boundary conditions) will be the

subject of further investigation; possible approaches will be discussed in Sec. 5.4.3.

The fourth and third equation can be combined into:

Σψ(2) = ∇·
[

3

7Σ
S
(
∇⊗ ψ(2)

)
− 6

35Σ
S
(
I⊗∇ · ψ(2)

)]
−2

5
S
(
∇⊗ ψ(1)

)
+

2

15
I∇·ψ(1).

Using identity (E.3), we obtain

Σψ(2) =
3

7Σ
∇ ·S

(
∇⊗ ψ(2)

)
− 6

35Σ

[
2

3
S
(
∇⊗∇ · ψ(2)

)
+

1

3
S
(
I⊗∇ · ∇ · ψ(2)

)]

− 2

5
S
(
∇⊗ ψ(1)

)
+

2

15
I∇ · ψ(1).

Applying the identity (E.1) on the first term on right, we obtain the equation

involving ψ(2) only through its divergence and laplacian:

Σψ(2) =
2

7Σ
S
(
∇⊗∇ · ψ(2)

)
− 6

35Σ

[
2

3
S
(
∇⊗∇ · ψ(2)

)
+

1

3
S
(
I⊗∇ · ∇ · ψ(2)

)]

− 2

5
S
(
∇⊗ ψ(1)

)
+

2

15
I∇ · ψ(1) +

1

7Σ
∇2ψ(2)

Using now eq. (5.30) for ∇ · ψ(2) and a little bit of algebra, we obtain

Σψ(2) = − 2

35Σ
S (∇⊗∇φ) +

2

105Σ
I∇2φ

− 4

7
S
(
∇⊗ ψ(1)

)
+

4

21
I∇ · ψ(1)

+
1

7Σ
∇2ψ(2)

= − 2

35Σ
DS (∇⊗ φ)− 4

7
DS

(
∇⊗ ψ(1)

)
+

1

7Σ
∇2ψ(2).

(5.33)

Equations (5.29), (5.30) and (5.33) form an equivalent MCP3 system where the

moment ψ(3) has been eliminated. Combining the first two equations yields

∇ ·
(
− 1

3Σ
∇φ− 1

Σ
∇ · ψ(2)

)
+ Σ0φ = q.
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5. THE MCPN APPROXIMATION

Since from eq. (5.33)

Σ∇ · ψ(2) = − 4

105Σ
∇2∇φ− 2

21
∇(∇ · ψ(1))− 2

7
∇2ψ(1) +

1

7Σ
∇2∇ · ψ(2)

= − 4

105Σ
∇2∇φ− 2

21
∇(∇ · ψ(1)) +

1

7Σ
∇2
(
∇ · ψ(2) − 2Σψ(1)

)

= − 4

105Σ
∇2∇φ− 2

21
∇(∇ · ψ(1))− 1

7Σ
∇2

(
1

3
∇φ+ 3Σψ(1)

)

= − 3

35Σ
∇2∇φ− 2

21
∇(∇ · ψ(1))− 3

7Σ
∇2ψ(1)

(identity (E.2) has been used to obtain the first equality and eq. (5.30) to obtain

the third) and hence

Σ∇ · ∇ · ψ(2) = − 3

35Σ
∇4φ− 11

21
∇2(∇ · ψ(1)) = − 3

35Σ
∇4φ− 11

21
∇2(q − Σ0φ),

the MCP3 equations imply that the scalar flux is governed by the following fourth-

order PDE:

3

35Σ3
∇4φ−

(
11

21

Σ0

Σ2
+

1

3Σ

)
∇2φ+ Σ0φ = q − 11

21Σ2
∇2q. (5.34)

In the following subsection, we show that this equation may be recast into a

system of diffusion-like equations equivalent with the SP3 system (4.10).

5.4.2 Derivation of the SP3-equivalent system

By multiplying with 21
11

Σ and manipulating the terms, we put eq. (5.34) into the

form

9

55Σ2
∇4φ+

1

Σ
∇2(q − Σ0φ)− 7

11
∇2φ− 21

11
Σ(q − Σ0φ) = 0. (5.35)

Let us define an auxiliary function θ such that

14

11
θ = − 9

55Σ2
∇2φ− 1

Σ
(q − Σ0φ), (5.36)

whence

θ = − 9

70Σ2
∇2φ− 11

14Σ
(q − Σ0φ), (5.37)

and

− 7

11
∇2φ =

490

99
Σ2θ +

35

9
Σ(q − Σ0φ). (5.38)
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5.4 The MCP3 equations

Comparing eq. (5.36) and first two terms in eq. (5.35), it follows that

−14

11
∇2θ − 7

11
∇2φ− 21

11
Σ(q − Σ0φ) = 0.

After replacing the second term by eq. (5.38) and simple manipulations, this

equation becomes a diffusion-like equation for θ:

− 9

14Σ
∇2θ +

5

2
Σθ − Σ0φ = −q. (5.39)

The complementary diffusion-like equation for φ is obtained from (5.36):

− 9

55Σ
∇2φ+ Σ0φ−

14

11
Σθ = q. (5.40)

To facilitate the comparison between MCP3 diffusion-like equations (5.40), (5.39)

and SP3 diffusion-like equations (4.10), we further multiply eq. (5.40) by 55/27

and eq. (5.39) by 14/27 to obtain

− 1

3Σ
∇2φ+

55

27
Σ0φ−

70

27
Σθ =

55

27
q,

− 1

3Σ
∇2θ +

35

27
Σθ − 14

27
Σ0φ = −14

27
q.

(5.41)

The SP3 equations in the interior of a homogeneous region with isotropic

scattering and sources read:

− 1

3Σ
∇2φs0 + Σ0φ

s
0 −

2

3
Σ0φ

2
s = q,

− 1

7Σ
∇2φs2 +

(
4

9
Σ0 +

5

9
Σ

)
φs2 −

2

3
Σ0φ

0
s = −2

3
q.

(5.42)

Recall that the scalar flux is obtained from the SP3 solution by

φ = φs0 −
2

3
φs2 (5.43)

and formally corresponds to the zero-th moment of the 1D P3 equations (4.6);

from (4.2), we also have the formal correspondence between the second moments

of the 1D P3 and SP3 equations:

φ2 =
1

3
φs2. (5.44)
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Substitution of (5.43) within (5.42) leads to

− 1

3Σ
∇2φ+ Σ0φ = q, (5.45)

− 1

7Σ
∇2φs2 +

5

9
Σφs2 −

2

3
Σ0φ = −2

3
q. (5.46)

Performing now the equivalent transformations

(5.45) −→ (5.45)− 14

9
(5.46),

(5.46) −→ 7

9
(5.46),

using (5.44) and putting θ = φ2 transforms equations (5.45), (5.46) to the MCP3

diffusion-like equations (5.41).

5.4.3 Direction for further research of interface conditions

In an infinite homogeneous medium, the two diffusion-like equations (5.45) and

(5.46) with (5.37) may be solved for scalar flux φ equivalent to one that would

obtained from the full set of 16 independent MCP3 equations (5.29). Boundary

and interface conditions need to be derived for solving problems in bounded

and/or heterogeneous domains. Because of the formal equivalence with the SP3

equations exhibited in the previous subsection, continuity of

φ, θ,
1

Σ

∂φ

∂n
,

1

Σ

∂θ

∂n

and boundary conditions analogous to those of the SP3 model (Sec. 4.1.1) suggest

themselves as a first approximation. Although these conditions let us find a

unique solution of equations (5.45), (5.46), they are obviously not in general

compatible with the MCP3 model anymore. Generally, the conditions for φ and

θ that ensure unique solvability of the coupled diffusion-like equations (5.45),

(5.46) need to be obtained from appropriate conditions for the tensorial moments

ψ(n) (which may be obtained as in the PN approximation using the formulation

(5.28)).

A concrete set of interface conditions compatible with both the equations for

angular flux moments and the diffusion-like equations of the form (5.45), (5.46)

106



5.4 The MCP3 equations

has been presented in a rather puzzling paper [105] (see also commentary in [36,

Sec. 5.2]). Starting from the even-parity NTE, the author “derives” equation

(5.34) and equations (5.45), (5.46) as well as conditions for the even-parity tenso-

rial moments and the unknowns of the diffusion-like equations – all on a half-page

space. Even though the excessive brevity of the paper prevented further study

and practical use of these equations and conditions, the equivalence of the equa-

tions to those systematically derived in previous subsections may motivate the

search for the additional conditions in the same form as in [105].
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Neutronics modules

As we have seen in Chap. 3, the various transport approximations lead to coupled

systems of differential equations with finite element approximations formulated

on product spaces. In order to implement these models into a practical solution

method, it is thus necessary to appropriately deal with the coupling of variables.

In standard finite element assembling procedures, we would need to use the

same underlying mesh Th and approximation space Vhp for all components of

the solution (which, given the large differences in behavior of the studied fields

like group fluxes, directional fluxes, or angular flux moments, means a signifi-

cant waste of computational resources) or use some form of data interpolation to

evaluate integrals of type ∫

τ∈Th
σgg

′

s ugvg
′
dr (6.1)

(as appearing for instance in the multigroup diffusion approximation) when ug

and vg
′

do not “live” on the same mesh. To avoid this interpolation and errors

associated with it, the C++ finite element library Hermes2D uses the original

multimesh assembling approach [92].

To illustrate Hermes2D capabilities for efficiently solving coupled PDE sys-

tems, we will consider the general form of both the multigroup diffusion and

SPN problems as discussed in Sec. 4.2, i.e. the general form of Problem 4 (or,

equivalently, 4′). As we are interested here in its finite element approximation, we

start by writing the restriction of this general weak problem to the approximation

subspace constructed in such a way that each component of the solution can be
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approximated by different set of basis functions:

Vhp ≡ Vhp(D) =
M∏

j=1

Vhpj (D) ⊂ H1(D),

where the component-specific spaces Vhpj will be specified below.

Problem 5. Given Q = col {qi}M ∈ [L2(D)]
M

, find Uhp = col {uhpj }M ∈ Vhp

such that

a(Uhp,V) = f(V) ∀V ∈ Vhp,

a(U,V) :=

∫

D

(
D∇U : ∇V + CU · V

)
dr +

∫

∂D
γGU · V dS ,

f(V) :=

∫

D
Q · V dr ,

(
D∇U

)
: ∇V =

M∑

j=1

3∑

α=1

Dj
∂uj
∂xα

∂vj
∂xα

(6.2)

where the diagonal matrix D and matrices C and γG are defined in (4.9) and

Appendix C for the SP3,5,7 models and in (4.14) for the multigroup diffusion (SP1)

model. As discussed in Sec. 4.2, eq. (6.2) can be put into the equivalent form

a11(uhp1 , v1) + a12(uhp2 , v1) + · · · + a1M(uhpM , v1) = f1(v1), ∀v1 ∈ Vhp1 ,

a21(uhp1 , v2) + a22(uhp2 , v2) + · · · + a2M(uhpM , v2) = f2(v2), ∀v2 ∈ Vhp2 ,

...
...

. . .
... =

...

aM1(uhp1 , vM) + aM2(uhp2 , vM) + · · · + aMM(uhpM , vM) = fM(vM), ∀vM ∈ VhpM

where for i, j = 1, 2, . . . ,M ,

aij(u, v) :=

∫

D

(
Dij∇u∇v + Cijuv

)
dr +

∫

∂D
γGijuv dS , fi(v) :=

∫

D
qiv dr .
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6.1 Multimesh hp-FEM

Let us define a set of meshes

Tj = {τj}, D =
⋃

τj∈Tj

τ j.

We assume that the meshes originated from a common master mesh T m by

successive refinements (independent for each mesh), but are otherwise arbitrary.

The corresponding approximation spaces are given by

Vhpj =

{
vhpj ∈ C0(D) : vhpj

∣∣∣
τj
◦ rj ∈ Pp(τ̂), τj ∈ Tj

}
(6.3)

where τ̂ is the reference element (unit square or right triangle in Hermes2D),

rj : τj → τ̂ maps the physical element in j-th mesh to the reference element and

Pp(τ̂) is the space of polynomials of degree up to p (tensor product polynomials

in case of quadrilateral τ). We will refer to the highest degree p of the polynomial

contained in the approximation space as to the approximation order of that space.

In Hermes2D, the meshes can contain both triangular and quadrilateral elements.

In order to prevent condition numbers of the standard finite element stiffness

matrices from blowing up with increasing polynomial degree, hierarchical shape

functions are used to construct the approximation spaces (6.3) in preference to

the usual Lagrangian nodal basis ([107, Sec. 2.5.3]). In the case of a quadrilateral

mesh, for instance, Vhpj is composed of functions that are on the unit square τ̂

(a) p ≥ 1: bilinear functions with value 1 in exactly one vertex of τ̂ and 0 in

the remaining vertices,

(b) p ≥ 2: 2D polynomials with nonzero values on exactly one edge of τ̂ and

vanishing on the remaining edges,

(c) p ≥ 4: 2D polynomials with nonzero values in the interior of τ̂ and vanishing

on ∂τ̂ .

(see Fig. 6.1).

Note that the local approximation subspaces associated with each quadri-

lateral element might possess different approximation orders in the lateral and
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Figure 6.1: Shape functions of type (a), (b), (c).

longitudinal direction (as they are defined by a tensor product of 1D polynomials

in these two directions). Moreover, approximation orders may also vary from

element to element, i.e. for each j, Vhpj is decomposed into

Vhpj,τ = {vhpj ◦ rj ∈ Ppj(τ̂)}, τj ∈ Tj, pj = p(τj)

the local approximation subspaces constructed so that the minimum rule for

H1-conforming approximations ([90, §3.5.5]) – namely that the approximation

order of these subspaces coincides with the approximation order in element inte-

riors (thus constraining the polynomial degree of the edge shape functions during

assembling) – is satisfied. We will henceforth identify an element with the local

approximation subspace constructed on top of it, so that we can speak of element

orders, etc.

Lastly, hanging nodes (mesh vertices in edge interiors) are also allowed in

Tj for greater flexibility of mesh adaptivity (and H1 conformity recovered by

additional constraints on the edge shape functions as described in [90, §3.6] and

[89]).
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6.1 Multimesh hp-FEM

6.1.1 Multimesh assembling

We are now ready to describe the basic principle of the multimesh assembling

algorithm. This has been nicely done in the original paper [92] but we include

the brief description here as well (closely following [92]) as it is directly related

to one of author’s own contributions to Hermes2D described in Sec. 6.1.2. For

illustration, we consider M = 3, i.e. three different meshes.

T m T u

T1

T2

T3
Master mesh Virtual union mesh

τ̃τ̃2

τ̃1

τ̃3

Figure 6.2: One state of the multimesh assembling algorithm. Note that the

sub-element mapping s1 is identity.
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In order to assemble mixed integrals of type (6.1), the assembling procedure

works with a geometrical union T u of all meshes T1, T2, T3. This union is never

explicitly created in memory. Rather, its virtual elements are traversed by the

usual element-wise assembling loop. Let τ̃ ∈ T u be the currently visited virtual

element. As all meshes Tj originate from a common master mesh, there is for

each j exactly one element τj ∈ Tj such that τ̃j ⊂ τj is the sub-element of τj

(which is called in this context the active element on Tj) corresponding to τ̃ .

To evaluate the integrals comprising the weak formulation, each sub-element

needs to be transformed to the reference element where the appropriate quadra-

ture points are defined. While for the active element on Tj, the referece mapping

rj(τj) = τ̂ as required, it transforms the sub-element to a subset rj(τ̃j) ⊂ τ̂ . Thus

another mapping sj : τ̂ → τ̂ is introduced (the sub-element mapping) such that

sj(rj(τ̃j)) = τ̂ . These two mappings allow Hermes2D to evaluate all integrals in

the weak forms by using elements only on the mesh on which the integrands live,

thus incurring no further error beyond the inevitable one of numerical integration.

6.1.2 Discontinuous Galerkin assembling

As a joint effort of the author of this thesis and Lukáš Korous, at this moment

(November 2014) the main developer of the Hermes2D project, Hermes2D has

been enabled for discontinuous Galerkin approximation of variational problems.

This involved the extension of the assembly procedure to perform surface integra-

tion over all edges of all elements for user-defined discontinuous Galerkin bilinear

and linear forms and also exposing for these forms the access to shape func-

tions and geometrical information of both elements sharing a common interface

(thus allowing the user to define interface operators like J·K and 〈·〉 introduced in

Sec. 3.5.2.1). Because of the possibility of hanging nodes in the mesh (essentially

needed for efficient mesh refinement), the actual integration of these forms along

element edges is non-trivial as matching points from both sides of the edge need

to be correctly determined. This functionality has been implemented in the class

NeighborSearch based on the same fundamental idea underlying the multimesh

assembling (namely that of sub-element mappings).
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The NeighborSearch class characterizes a neighborhood of a given edge in

terms of adjacent elements and provides methods for getting limit values of dis-

continuous functions from both sides of the edge. Each instance of the class is

connected to a mesh and its active element. The current active element becomes

the central element of the neighborhood and all adjacent elements the neighbors .

In order to search for the neighboring elements, one selects a particular edge of

the central element and calls a function that enumerates the neighbors and fills in

the array of sub-element mappings (transformations) necessary for getting func-

tion values at matching quadrature points from both sides of the selected (active)

edge. The actual procedure depends on the relative size of the central element

with respect to the neighbor element(s) across the active edge:

• If active edge is shared by two elements of same size, then the neighboring

element is identified directly and no additional transformations are needed

to obtain values of any given function from either side of active edge.

Figure 6.3: Neighbor search – “no transformation” case.

• If the neighbor element is bigger than the central element, then we ”go up”

on the central element, until we find its parent that has the same size as

the neighbor. We keep track of the visited intermediate parents and after

the final one has been found (in the ultimate case an element of the master

mesh), we use them in reverse order to fill in the sub-element mapping

array. These transformations will be applied to integration points used

when integrating a function on the neighboring (bigger) element in order

to obtain values at points matching those from the central element’s side.
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Figure 6.4: Neighbor search – “way up” case.

• If the neighbor element is smaller than the central element, it means that

it is one of several neighbors across the active edge. Hence, we ”go down”

in the central element in order to find a (virtual) sub-element matching the

currently processed neighbor and store the corresponding transformations in

the neighbor’s row of the (two-dimensional) array of sub-element mappings.

This way, we obtain for each neighbor a set of transformations which will

be applied on the central element to transform integration points to the

correct sub-element matching the neighbor.

Figure 6.5: Neighbor search – “way down” case.

If only an external function is supposed to be discontinuous across the active

edge (e.g. in the case of assembling linear forms), an appropriate

DiscontinuousFunc object is created for such a function and is exposed to the
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user who can use it to retrieve actual values at the matching integration points

from both sides of the active segment.

If also the trial and test functions need to be considered discontinuous (e.g

when assembling DG bilinear forms), the local approximation bases (called shape-

sets in Hermes2D) on the central element and on the current neighbor element

are extended by zero to the whole neighborhood of the two elements. The so-

called extended shapeset thus created is queried during assembling for the count

of all contained extended shape functions and their global DOF (degree of free-

dom) numbers. Assembling is done over all these extended shape functions –

the currently processed trial and test functions is exposed to the user again as

DiscontinuousFunc objects with the shape functions’ values (and derivatives)

at integration points at both sides of active edge.

This procedure is limited by the requirement that the number of integra-

tion points at both sides of active edge is the same. This is enforced artificially

during assembling by performing the integrations of DG interface forms using a

quadrature of the maximal supported order. Note that this does not restricts the

approximation spaces in any way – it only pertains to the numerical integration.

6.2 hp-adaptivity

The goal of the hp-adaptivity process is to combine spatial subdivision of se-

lected elements (h-refinement) with local increase of their approximation order

(p-refinement) so that the total available number of degrees of freedom at given

stage of the process is utilized most efficiently (i.e., relatively big number of low-

order elements is used in regions with highly oscillating solution while smaller

number of high-order elements in regions with smoother solution behavior). As

there are many possible combinations of h and p refinements of given element, one

number per element provided by traditional a-posteriori error estimates for FEM

is insufficient to guide the hp adaptivity. To circumvent this issue, local error

estimation in Hermes2D is based on comparing two solutions of different approx-

imation orders – a robust technique borrowed from the field of numerical solution

of ordinary differential equations. In particular, it allows to determine the whole

shape of the approximation error e = u − uhp over each element and use it to
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determine the best refinement candidate that decreases the total approximation

error for the lowest number of added DOF.

For illustration, let us consider the general approximate problem 5, coming

from the corresponding exact variational problem with solution U ∈ H1(D). Note

that the approximation error is a vector-valued function

Ehp = Uhp − U;

the total error can be measured by

‖Ehp‖2 = a(Ehp,Ehp) =
M∑

i=1

M∑

j=1

aij(e
hp
j , e

hp
i ) =

M∑

i=1

‖ehpi ‖2, (6.4)

which in the case of symmetric coercive bilinear form a (single-group diffusion/SPN

models) is the true energy norm associated with the problem. In the non-

symmetric case, (6.4) can still be used to measure the approximation error and

guide the adaptivity. This approach takes into account the coupling of the fields

(group-to-group coupling induced by scattering and/or the coupling between the

SPN moments). Alternatively, one may use the simpler H1(D) norm – then

a(U,V) = (U,V)H1(D), aij(u, v) = (u, v)H1(D)δij

and the H1(D) norm of the total error is given by

‖Ehp‖2
1 =

M∑

i=1

‖ehpi ‖2
1 =

M∑

i=1

(ehpi , e
hp
i )H1(D).

To guide the adaptivity process, the error is estimated by replacing the un-

known exact solution U by a reference solution Uref approximating U using a

greater number of degrees of freedom than Uhp. The adaptation algorithm con-

sists of the following steps:

1. Given a set of spaces {Vhpj }M , a uniformly refined set {Vh/2,p+1
j }M is first

created and Problem 5 solved on these spaces, yielding Uh/2,p+1 =: Uref.
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2. The coarse component of approximation pair (Uhp,Uref) is then obtained as

Uhp = ΠhpUh/2,p+1.

We still denote the error function defined via this approximation pair as

Ehp:

Ehp = Uhp − Uref = ΠhpUh/2,p+1 − Uh/2,p+1.

3. The local contribution of each element τi ∈ Ti to the i-th component of the

total error

‖ehpi ‖2 =
M∑

j=1

aij(e
hp
j , e

hp
i ), i = 1, 2, . . . ,M

can now be computed during the multimesh assembly of the involved bilin-

ear forms. Let us denote this contribution by ηhpτ,i.

4. Elements contributing the most to the global error are marked for refine-

ment (using a user-specified threshold). Note that elements of all meshes

are considered, so that every element of every mesh in {Ti}M is compared

with all others.

5. For each element marked for refinement, a multitude of refinements is tested,

so that τi ∈ Ti in space Vhpi gives rise to several candidate spaces Vh′p′i (83

possibilities are tested for triangular elements as illustrated below and even

more possibilities arise in the case of quadrilateral elements by considering

anisotropic refinements in longitudinal and lateral directions – for more

details, we refer to [89, 91]). Error contribution ηh
′p′

τ,i of each candidate is

computed from the difference

Πh′p′Uh/2,p+1 − Uh/2,p+1.
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Figure 6.6: Refinement candidates of a triangular element (number signifies

the approximation order). From http://hpfem.org/wp-content/uploads/

doc-web/doc-tutorial/src/hermes2d/D-adaptivity/intro-1.html

6. The refinement candidate that leads to the largest decrease of error for the

associated increase of the number of DOF

log
(
ηhpτ,i

)
− log

(
ηh
′p′

τ,i

)

(
Nh′p′

DOF −Nhp
DOF

)α .

where α is a customizable convergence exponent (set to 1 by default), is

finally selected and τi is refined accordingly, ultimately leading to a set of

adapted spaces for another iteration. The whole process is terminated when

the total error norm estimate ‖Ehp‖ decreases below specified threshold.

These steps represent a straightforward generalization of the so called

projection-based hp-adaptivity [35, 107] to multimesh setting. This approach

is sufficiently general so that it can be employed in solution of any type of PDE

or their system. Also, pure h- or p-adaptivity can be realized by the same al-

gorithm. For an h-adaptive solution of simple elliptic equations, however, there

exists a big number of simpler and potentially more efficient approaches based

on standard a-posteriori error estimates [54]. One based on the estimate of the

energy norm of the error by the sum of the element residual and the jump of solu-

tion at element boundaries (computed using the actual approximation Uhp) [66]

has been also implemented into Hermes2D using the newly added discontinuous

Galerkin capability (needed for evaluating the jump terms) and will be used in

example Sec. 6.3.1.2.
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6.3 Neutronics modules and examples

6.2.1 Error estimator for SPN based on the scalar flux

As we are typically most interested in the scalar flux (rather than the SPN aux-

iliary fluxes), we may use (4.5) to estimate the error in scalar flux approximation

for the SPN model (where we recall that N is taken as odd integer):

‖Eφ
hp‖2

1 =

∥∥∥∥∥∥

(N−1)/2∑

n=0

Fn
(
φs2n − φs,ref

2n

)
∥∥∥∥∥∥

2

1

≤




(N−1)/2∑

n=0

∥∥∥Fn
(
φs2n − φs,ref

2n

)∥∥∥
1




2

=




(N−1)/2∑

n=0

‖Fnes2n‖1




2

=

(N−1)/2∑

m=0

(N−1)/2∑

n=0

FnFm‖es2n‖1‖es2m‖1

=

(N−1)/2∑

m=0

(N−1)/2∑

n=0

aφmn(es2n, e
s
2m)

(6.5)

where es2n =
(
φs2n − φs,ref

2n

)
and aφmn(u, v) = FnFm‖u‖1‖v‖1. This estimate will be

used in the SPN examples in Sec. 6.3.1 to evaluate local element error contribu-

tions as described in step 3 of the algorithm above.

6.3 Neutronics modules and examples

A multigroup SPN/diffusion framework has been developed on top of Hermes2D

during the work on the thesis. It implements all the basic building blocks of the

weak formulation of Problem 5 for both models It also allows relatively simple

specification of typical transport benchmarks, with automatic conversion between

various possible sets of specified cross-sections (basically implementing relations

like (2.14) in the multigroup approximation) and calculating and visualizing basic

quantities of interest like φ, J and reaction rates. The SPN equations have been

implemented and tested up to N = 9, using the Mathematica script referred to

in App. C, which allows simple extension to higher orders.

For solving the criticality eigenvalue problems of type (3.5), the (inexact) in-

verse iteration has been implemented according to paper [50]. It supports both

fixed and Rayleigh quotient shifting and exact and inexact solves (with fixed or
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decreasing tolerance during the course of the eigenvalue iteration) of the associ-

ated linear system in the i-th iteration:

(A− s(i)B)x(i+1) = Bx(i),

where s(i) is the actual shift value. Combination of both shift types is possible

as it may be generally advantageous to perform several iterations with fixed shift

(possibly zero, when the iteration reduces to the simple power iteration) and then

to switch to variable shifting to speed-up the convergence rate.

In addition, the SN method has been also implemented to test the accuracy of

the more approximate SPN and diffusion models. This module uses and extends

the neutronics classes developed for the SPN module (material data specification,

visualization, the class that encapsulates fixed-point iteration for both the eigen-

value calculation and simple source iteration (3.39), etc.) and implements the

discontinuous Galerkin spatial discretization as described in Sec. 3.5.1, using the

multimesh DG assembler outlined in Sec. 6.1.2. The ordinates set described in

Sec. 3.4.4 has been implemented in the module (note that for solving 2D prob-

lems to which Hermes2D is restricted, only M/2 = N(N + 2)/2 ordinates in the

upper hemisphere Ωz > 0 need to be considered in constructing the SN system).

As such, this ordinates set allows to accurately represent reflective conditions at

boundaries aligned with axes of the Cartesian coordinate system.

For solving the multigroup diffusion problems, this framework is available in

the master branch of current Hermes2D release. The SPN version with various

examples presented below is available from a local repository of the author and

is based on an older version of Hermes:

https://github.com/mhanus/hermes/tree/neutronics-master.

The development version mainly for testing the SN module (including additional

SN examples) is available from

https://github.com/mhanus/hermes/tree/SN-adaptive.
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6.3.1 SPN and diffusion examples

The following examples show the behavior of the SPN approximation and some

features of Hermes2D and its new neutronics modules. The use of adaptivity

kept the sizes of these problems reasonably small so that a sparse direct solver

UMFPACK [32] could be used for their efficient solution. The calculations were

performed on the Toshiba Portege M750 laptop with Intel Core 2 Duo P8400

2.26 GHz processor (3 MB L2 cache) and 4 GB DDR2 SDRAM. The operating

system was Ubuntu 10.10 64bit.

6.3.1.1 Benchmark IAEA EIR-1

This classical neutronics benchmark of the International Atomic Energy Agency

models an arrangement of four homogeneous absorbing and scattering regions

with dimensions 30 × 25 cm placed at the center of a rectangular pool of total

width 96 cm and height 86 cm with vacuum outer boundary conditions. Isotropic

external neutron source is uniformly distributed in two of the regions as seen from

Fig. 6.7 and Tab. 6.1 listing the material properties of the regions.

Figure 6.7: Initial mesh for the IAEA EIR-1 benchmark.

Figures 6.8 show the shape of the SP5 solution. It consists of scalar flux

and even-order moments φs2, φs4 (SPN fluxes) as well as odd-order vector mo-

ments (SPN currents) obtained from the even order moments by eq. (4.4) (with

derivative replaced by gradient). Notice the decreasing magnitude of the higher-

order moments – the shape of the scalar flux is largely determined by the zero-th
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Region # σt [cm−1] σs [cm−1] q [cm−3·s]
1 0.60 0.53 1.0

2 0.48 0.20 0.0

3 0.70 0.66 1.0

4 0.65 0.50 0.0

5 0.90 0.89 0.0

Table 6.1: Material properties for the IAEA EIR-1 benchmark.

SP5 moment φs0, while the higher-order moments provide transport corrections

mostly visible at region interfaces. Also recall from (4.5) that the contributions of

higher-order moments to the scalar flux are further weighted by factors < 1. Nev-

ertheless, even these small corrections can have important impact on the overall

results, as shown in Tab. 6.2, where average scalar fluxes in regions 1 to 5 are

compared with the S8 results reported by [25]. Note that relatively large homoge-

neous regions in this example (typical for whole-core reactor calculations) make

it fit well into the asymptotic region of validity of the SPN approximation.

Region # SP1 SP3 SP5 SP7

1 0.81 0.12 0.06 0.05

2 5.23 0.80 0.31 0.26

3 0.90 0.14 0.07 0.07

4 3.86 0.61 0.39 0.37

5 0.84 0.06 0.06 0.08

tCPU [s] 4.1 16.7 42.5 66.7

Table 6.2: IAEA EIR-1 benchmark: rel. errors [%] of average scalar flux in

regions i = 1, . . . , 5 w.r.t. S8.

The solution was spatially converged using the hp-adaptivity of Hermes2D

with convergence criterion ‖Eφ
hp‖1 < 0.5% (chosen as a reasonable value from

the engineering point of view). Figure Fig. 6.11 shows the convergence curves

for the SPN fluxes (labeled “pseudo-fluxes” in the figure), scalar fluxes and the
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(a) φ (b) φs1

(c) φs2 (d) φs3

(e) φs4 (f) φs5

Figure 6.8: Solution of the IAEA EIR-1 benchmark (SP5 approximation). Even

order moments visualized using Paraview, odd order moments using Hermes2D

internal functions.
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(a) φ (b) φs2

(c) φs4

Figure 6.9: Approximation spaces for the IAEA EIR-1 benchmark (SP5).

region-average scalar fluxes. Note how the scalar flux error estimate stays closely

below the combined estimate of the SPN fluxes error, verifying (6.5).

Figure 6.9 shows the distribution of final mesh sizes and local approximation

orders and emphasize the utility of multimesh approximation and anisotropic

adaptivity. As a legend for these and later approximation order figures, consider

the element in Fig. 6.10. The colors encode that a tensor product of 1D polyno-

Figure 6.10: Legend for the approximation order figures.

mials of degree up to 3 and 8 in the horizontal and vertical direction, respectively,
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is used to define the local approximation space for this element. Edge shape func-

tions are constrained by edge shape functions of the adjacent elements, so as to

satisfy the H1 conformity constraints ([90, §3.5.5]).

Figure 6.11: Adaptivity convergence curves for the IAEA EIR-1 benchmark

(black line corresponds to fourth-order convergence) – SP5.

6.3.1.2 The 7× 7 PWR assembly example (Stankovski benchmark)

This example from [80, Sec. 6.4.2] represents a one-group calculation of neutron

flux distribution in a small-scale model of a typical pressurized water reactor fuel

assembly. The isotropic fixed source of 1.0 cm−3·sec is specified in all regions

marked as cell# in Fig. 6.12 so as to represent neutrons scattered into the first

group during their slowing-down in the moderator regions. Each moderator region

has σt = 1.250 cm−1, σs = 1.242 cm−1, while each fuel region marked as pin# in

Fig. 6.12 with the exception of pin0 has σt = 0.625 cm−1, σs = 0.355 cm−1.

Purely absorbing region pin0 with σt = 14 cm−1 corresponds to a control rod.

The width of each square cell is 0.45 cm and fuel pin radius is 0.45 cm and vacuum

boundary is assumed at the right side while reflective boundary at the remaining
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Figure 6.12: Geometry and initial mesh of the Stankovski benchmark.

Figure 6.13: Stankovski benchmark – reference solution by DRAGON (method

of characteristics, 2048 regions, quadrature order 20, integration lines spacing

100 cm−1); only a first quadrant is shown (extends by reflectional symmetry). Val-

ues span the range [3.86× 10−3, 5.88386].
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sides. The ability of Hermes2D to use finite elements with curved boundaries

with known non-uniform rational B-spline (NURBS) parametrization [90] has

been utilized to treat the circular fuel pin boundary exactly.

(a) φ (b) φs2

Figure 6.14: Solution of the Stankovski benchmark (SP3).

(a) φs0 (b) φs2

Figure 6.15: Approximation spaces for the Stankovski benchmark (SP3).

Figures 6.14 and 6.15 show the SP3 solution with the underlying meshes ob-

tained from the simple h-adaptivity based on the error estimate of Kelly et al. as

outlined in the last paragraph of Sec. 6.2. For comparison, the SP1 (diffusion),

SP5 and S8 solutions are also shown in figures 6.17, 6.18 and 6.19, respectively
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(3× globally refined initial mesh from Fig. 6.12 and piecewise linear DG(1) ele-

ments have been used for the S8 calculation). Note that scalar flux is displayed

instead of φs0 in the SPN figures to facilitate the comparison.

103 104 105
10−1

100

101

102
Convergence of rel. errors

NDOF

er
ro

r [
%

]

 

 
pseudo−fluxes (H1)
scalar fluxes (H1)

Figure 6.16: Adaptivity convergence curves for the Stankovski benchmark (black

line corresponds to second-order convergence) – SP5 approximation, bi-quadratic

finite elements.

Figure 6.17: Solution of the Stankovski benchmark (SP1).

These figures show the effort of higher-order SPN approximations to recover

the strong gradient of scalar flux at fuel pin boundaries via the SPN fluxes φs

(serving as correcting terms in (4.5)). The comparison of absorption rates
∫

Vi

σa,iφ(r) dr , i = 1, 2, . . . , 20,
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(a) φ (b) φs2

(c) φs4

Figure 6.18: Solution of the Stankovski benchmark (SP5).

Figure 6.19: Solution of the Stankovski benchmark (S8).
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where Vi corresponds subsequently to pin0, cell0, pin1, cell1, etc., with the

reference solution obtained from DRAGON (Fig. 6.20) indicates the limitation of

the SPN approximations when used outside their asymptotic range of theoretical

validity (note that in some regions, the SP5 errors are even slightly bigger than

the SP3 errors). It deserves mentioning that maximal difference between the

reference region-wise integrated absorption rates and those obtained from the

S8 method implemented in Hermes2D was only 0.313% (more SN examples in

Hermes2D will be presented in Sec. 6.3.2).

Figure 6.20: Comparison of various SPN orders on cell-averaged absorption rate

errors [%].

6.3.1.3 One-group hexagonal eigenvalue example

This example has been proposed in [63] to test the mixed finite element dis-

cretization of the SPN equations. It represents a criticality eigenvalue problem

Region # σt [cm−1] σs0 [cm−1] σs1 [cm−1] νσf [cm−1]

1 0.025 0.013 0.0 0.0155

2 0.025 0.024 0.006 0.0

3 0.075 0.0 0.0 0.0

Table 6.3: Material properties of the 1-group eigenvalue example.
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with anisotropic scattering.

1

1

1

1

1

2

2

2

2

2

2

3

3

3

3

Figure 6.21: Geometry of the 1-group eigenvalue example. Each hexagonal as-

sembly has side length 19 cm. Vacuum boundary conditions at the right boundary,

reflective conditions along the dash-dotted lines.

Figure 6.22: 1-group eigenvalue example – φs0.

Figure 6.23: 1-group eigenvalue example – φs2.
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Figure 6.24: 1-group eigenvalue example – φs4.

Figures 6.22 to 6.24 show the SP5 solution (even order SP5 fluxes) and the

corresponding distribution of approximation orders and mesh sizes. At each adap-

tivity step, the Rayleigh-quotient iteration has been used to obtain the reference

solution on the uniformly refined spaces, starting from orthogonal projection of

the solution from previous adaptivity step onto these spaces (unit constant func-

tion has been used as initial shape of all moments). A decreasing tolerance has

been used for the eigenvalue iteration, starting with 10−3 and decreasing all the

way down to 10−10 by multiplication with 0.1 at each adaptivity step (the actual

residual norm ratio to the initial one has been used to measure convergence:

(‖A− λ(i)B)x(i)‖
(‖A− λ(0)B)x(0)‖ ,

where λ(k) is obtained from the Rayleigh quotient with x(k)).

The error in the final eigenvalue with respect to the reference solution from

[63] was less than one milli-percent (pcm) as can be seen from the convergence

curve in Fig. 6.25 (exactly 0.581 3 pcm) and the adaptivity convergence criterion

‖Eφ
hp‖1 < 0.1% was reached in 40.5 seconds. For comparison, using piecewise lin-

ear finite element approximation on the uniformly heavily refined mesh (Fig. 6.26)

resulted in the eigenvalue difference of 2.784 70 pcm in 378.1 seconds (still using

the direct solver UMFPACK with the same settings). Note that the reference

solution in [63] was obtained using an approximation space with 118677 degrees

of freedom, while the finest uniformly refined space needed to obtain the solutions

depicted in the figures in this section using the hp-adaptivity in Hermes2D had

31898 degrees of freedom.
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Figure 6.25: Adaptivity convergence curves for the 1-group eigenvalue example.

The reference value keff = 1.001271 provided by [63].

Figure 6.26: 1-group eigenvalue example (uniformly refined mesh).
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6.3.1.4 Two-group WWER-440 criticality benchmark (diffusion)

This benchmark has been defined in [21] to test a nodal diffusion method against

fine-mesh finite-difference solution of a two-group criticality eigenvalue problem

for a core of the WWER-440 reactor with 1/12th reflectional symmetry. In the

WWER-440 reactor, the control rods are represented by whole assemblies that

push the regular fuel assemblies out of the core and replace their position. As

a consequence, the multiplying medium with fission sources gets replaced by

highly absorbing medium with no source, leading to strong solution gradients

at the interface between the control rods and the adjacent assemblies. Also,

high-magnitude solution gradients arise at the interface between the outer core

assemblies and core reflector, which has been modelled in the benchmark by an

additional shell of assemblies with special properties pertaining to the reflector.

The non-smooth behavior of solution in these areas has been well captured by the

hp-adaptivity procedure. The CPU time for this benchmark was 22.3 seconds.

Figure 6.27: Initial mesh for the WWER-440 benchmark (reflective conditions

on the diagonal and bottom line, vacuum conditions at the right boundary).
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(a) φ1

(b) φ2

Figure 6.28: Solution of the WWER-440 benchmark (group scalar fluxes).
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(a) g = 1

(b) g = 2

Figure 6.29: Approximation spaces for the WWER-440 benchmark.
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Figure 6.30: Adaptivity convergence curves for the WWER-440 benchmark. The

reference value keff = 1.00970 provided by [21].
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6.3.1.5 Four-group VHTR criticality benchmark (diffusion)

This benchmark of the criticality calculations in the azimuthally symmetric cylin-

drical geometry (r − z) has already been implemented in Hermes2D as a stand-

alone example when the author of this thesis joined the project. It served as

Figure 6.31: Geometry of the VHTR benchmark. Bold line encloses the rect-

angular region defining a computational domain for Hermes2D; vacuum bound-

ary conditions are applied at these lines, while reflective condition is applied at

the dash-dotted line. x1 = 148 cm, x2 = 242 cm, x3 = 340 cm, y1 = 158.5 cm,

y2 = 951.5 cm

one example of multimesh hp-adaptivity in [70]. Identifying r = x, z = y, the

problem is conveniently placed into the Cartesian x-y system (gradient compo-

nents stay the same, while all integrands need to be multiplied by 2πx, i.e. the

Jacobian determinant of the transformation between Cartesian and cylindrical

coordinates). We remark that this holds also for integrals comprising the orthog-

onal projection and error calculation forms used during adaptivity (which was

not taken into account in the original implementation, leading to less optimal

convergence results).

The results of the new version implemented in the neutronics framework and

a more recent version of Hermes2D show the progress in the hp-adaptivity al-
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gorithms and implementation – while 27903 degrees of freedom were required to

reach (H1)4 error estimate of 0.0164% in [70], only 21010 degrees of freedom on

the final uniformly refined space were required in the new version to reach com-

parable error estimate of 0.0172% (the corresponding coarse space solution had

5010 degrees of freedom as seen in Fig. 6.34).

(a) φ1 (b) φ2 (c) φ3 (d) φ4

Figure 6.32: Solution of the VHTR benchmark (group scalar fluxes).

(a) g = 1 (b) g = 2 (c) g = 3 (d) g = 4

Figure 6.33: Approximation spaces in the VHTR benchmark.
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Figure 6.34: Adaptivity convergence curves for the VHTR benchmark. The

reference keff value 1.1409144 was obtained by a reference calculation on a 3x

uniformly refined mesh with uniform distribution of polynomial degrees (=4), with

power method and convergence tolerance set to 5 × 10−11. It slightly differs from

the value 1.14077 reported in [70], where it is not clear, however, how the value

was obtained.

6.3.2 SN examples

6.3.2.1 Problem with exact solution

To verify the implementation of the SN module, a simple solution

ψ(r,Ω) = ψ(x, y,Ωx,Ωy) =





xy Ωx > 0 ∧ Ωy > 0
(1− x)y Ωx < 0 ∧ Ωy > 0

(1− x)(1− y) Ωx < 0 ∧ Ωy < 0
x(1− y) Ωx > 0 ∧ Ωy < 0

(6.6)

has been manufactured for the following two-dimensional transport problem with

isotropic scattering, constant throughout a unit-square domain enclosed by vac-

uum:

Ω · ∇ψ(r,Ω) + σtψ(r,Ω)− σs
4π

∫

S2
ψ(r,Ω′) dΩ′ = q(r,Ω),
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yielding the following source term:

q(r,Ω) = Ωx




y − 1 Ωx < 0 ∧ Ωy < 0
1− y Ωx > 0 ∧ Ωy < 0
−y Ωx < 0 ∧ Ωy > 0
y Ωx > 0 ∧ Ωy > 0


+ Ωy




x− 1 Ωx < 0 ∧ Ωy < 0
1− x Ωx < 0 ∧ Ωy > 0
−x Ωx > 0 ∧ Ωy < 0
x Ωx > 0 ∧ Ωy > 0




− σs
4π

+ σt




xy Ωx > 0 ∧ Ωy > 0
(1− x)y Ωx < 0 ∧ Ωy > 0

(1− x)(1− y) Ωx < 0 ∧ Ωy < 0
x(1− y) Ωx > 0 ∧ Ωy < 0


 .

It is easy to see that

φ(r) =

∫

S2
ψ(r,Ω) dΩ = π.

An exact solution ψ(r,Ω) with Ω =
√

2
2

[1, 1]T corresponding to the azimuthal

angle ϕ = 45◦ has been computed by Mathematica and is shown in Fig. 6.35.

Figure 6.35: Manufactured solution problem – exact ψ1.

Solution by Hermes2D for an arbitrary set of cross-sections σt = 1 cm−1,

σs = 0.5 cm−1 is presented in figures 6.36 (scalar flux) and 6.36 (angular fluxes

in first four directions of the S4 set; same set of solutions have been obtained in

the remaining directions, as expected from (6.6)).

Note that although the solution does not depend on the choice of σt and σs,

c = σs/σt will influence the convergence rate of the source iteration process im-

plemented in Hermes2D, as noted in Sec. 3.4.3. Figure 6.36 shows the solution of
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Figure 6.36: Manufactured solution problem – converged scalar flux.

(a) ψ1 (b) ψ2

(c) ψ3 (d) ψ4

Figure 6.36: Manufactured solution problem – converged angular fluxes in first

direction within each quadrant of S2.
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source iteration converged with tolerance 10−10 (19 iterations), while the solution

converged with tolerance 10−5 (9 iterations) is shown in Fig. 6.37. As indicated

by Theorem 5, the convergence rate depends on the product cσt = σs; 17 itera-

tions were needed to converge the solution for σt = 100 cm−1, σs = 50 cm−1 with

the tolerance set to the same value 10−5 (Figure 6.38).

Figure 6.37: Manufactured solution problem – scalar flux from angular fluxes

converged to within tolerance 10−5.

Figure 6.38: Manufactured solution problem – scalar flux from angular fluxes

converged to within tolerance 10−5 (different cross-section set).
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6.3.2.2 Watanabe-Maynard Problem 1

This benchmark has been presented in [120] to demonstrate ray-effect mitigation

capabilities of special methods developed in the paper. A uniform isotropic source

is placed at the center of a vacuum-surrounded domain and separated from the

scattering part of the domain by a layer of vacuum as illustrated in Fig. 6.39.

Figure 6.39: Geometry and reference solutions of the Watanabe-Maynard prob-

lem (from [120]). Source strength is 6.4 cm−3·sec.

While the ray-effects are clearly present in our S8 solution (figures 6.41, 6.42),

which has not been treated to diminish these oscillations in any special way, these

appear to be less pronounced than when using the standard S8 ordinates set (line

“S8” in Fig. 6.39).

Note also that ray effects become more visible when refining the mesh (Fig. 6.42),

confirming the importance of keeping the mesh refinement in harmony with the
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Figure 6.40: Solution of the Watanabe-Maynard problem by DRAGON. Values

span the range [3.57× 10−1, 15.537].

(a) scalar flux (b) scalar flux at x = 5.625 cm

Figure 6.41: Solution of the Watanabe-Maynard problem, using the mesh from

Fig. 6.40 with one level of uniform refinement and DG(0) elements.

increase of the number of directions. For comparison, Fig. 6.40 shows the solu-

tion provided by the code DRAGON using the method of characteristics using

the setup from [80, Sec. 6.4.3].
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(a) scalar flux (b) scalar flux at x = 5.625 cm

Figure 6.42: Solution of the Watanabe-Maynard problem, using the mesh from

Fig. 6.40 with two levels of uniform refinements and DG(0) elements.

6.4 Coupled code system for quasi-static whole-

core calculations

A fully three-dimensional multigroup neutron diffusion solver was needed for the

purposes of the project “Project TA01020352 – Increasing utilization of nuclear

fuel through optimization of an inner fuel cycle and calculation of neutron-physics

characteristics of nuclear reactor cores”, which the author of this thesis partici-

pated in during his doctoral studies. As the 3D version of Hermes has not been

released yet, another finite-element library has been chosen and the experience

obtained from developing the neutronics solvers within Hermes2D was utilized

to develop a similar framework using this library as a backend. Namely, the FE

matrix assembly is handled by the well-established open-source system FEniCS

[77, 78] and its linear algebra backend PETSc [10]. PETSc library and its fork

focusing on solving large sparse eigenvalue problems, SLEPc [57], is also primar-

ily used for solving the assembled algebraic problems (mainly the generalized

eigenvalue problems of form (3.5) that are of most importance in this project;

cf. also the introduction to Sec. 2.2.6). This has the advantage that parallel

assembly and solution using MPI is almost automatic (provided an appropriate

solver/preconditioner is being used).

The code operates along the scheme shown in Fig. 6.43 and is written in
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Figure 6.43: Coupled code run scheme.
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Python 2.7 with critical parts (typically where loops over mesh cells are needed)

in C++ as SWIG extension modules. The ability to mix Python with C++

extensions as well as availability of Python modules that can achieve C++-like

performance if used in appropriate way (Numpy for operations with large data

arrays, mpi4py for MPI-related tasks) make the code sufficiently fast and flexible

at the same time. Thorough description of the code and its results on stan-

dard industry benchmarks formed the content of three research reports that were

accepted by the project issuing agency (one final report is currently in prepara-

tion). To keep the scope of this thesis reasonable, just a sample of these results

for one such benchmark – the steady-state part of the OECD/NEA MOX-UO2

benchmark [69] – is presented below.

The problem was solved using the Jacobi-Davidson generalized eigensolver

[98] with a PETSc implementation of BiCGStab(`) [106] as an inner solver (us-

ing the default ` = 2). It has been demonstrated already in [106] (and analyzed in

many later papers, see e.g. [58] and references therein) that the Jacobi-Davidson

method is remarkably robust with respect to accuracy of the solution of the inner

solution phase. Therefore, by setting a fixed number of inner iterations to 20 and

employing a smoothed aggregation algebraic multigrid preconditioner with 1 pre-

and 1 post-smoothing Richardson iterations (from the Trilinos ML 6.0 package

wrapped available through PETSc interface), eigenvalue convergence within at

most 10 outer iterations was achieved in every feedback step. 34 feedback it-

erations were required in the hot full power calculation to converge all fields of

interest to within 10−4 relative difference from previous iteration, leading to a

total calculation time of 1053 seconds. The calculation ran on a server with 12

Intel Xeon E5645 / 2.40 GHz processors, 12 MB of L3 cache, 24 GB RAM and

Debian 3.2.51-1 64bit operating system.
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Figure 6.44: Mesh for the OECD/NEA MOX-UO2 benchmark (generated by

GMSH [53]). Colored by regions that can be assigned different properties (i.e., fuel

pins in the core interior; note that assembly-homogenized cross-sections are given

in the benchmark, but T/H feedbacks are actually calculated pin-by-pin).

%PWE cb TD ρm Tm ρom T om
CORETRAN 0.31 1647 908.4 706.1 581.0 658.5 598.6

CORETRAN 4/FA 0.26 1645 908.4 706.1 581.0 658.5 598.6

EPISODE 0.40 1661 846.5 701.8 582.6 697.4 585.5

NUREC 0.31 1683 827.8 706.1 581.1 661.5 598.7

PARCS2G ref 1679 836.0 706.1 581.3 662.1 598.8

SKETCH-INS 1.04 1675 836.6 705.5 580.9 659.6 598.9

Results 1.35 1699 839.0 702.1 582.3 660.1 599.1

Table 6.4: OECD/NEA MOX-UO2 benchmark (hot full power case) – comparison

of results with various nodal methods from [69].

PWE =
∑
a∈assemblies|Pa−P ref

a |P ref
a∑

a∈assemblies P
ref
a

, Pa . . . assembly integrated power

cb: critical boron concentration, TD: Doppler (fuel) temperature, ρm: moderator

density, Tm: moderator temperature, ·o: outlet average value.
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Figure 6.45: Mesh distribution on 12 CPUs – automatic distribution by the

SCOTCH library (used by FEniCS for assembling the FE matrices) on left, manual

redistribution for efficient parallel T/H calculations on right (i.e., complete axial

channels from core inlet to outlet are available at each processor).

Figure 6.46: T/H fields distribution.
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(a) hot zero power case

(b) hot full power case

Figure 6.46: Core-wide power distribution.
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Figure 6.47: Axial power distribution.
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Summary

The overarching subject of this work was computational modeling of neutron

transport relevant to development and analysis of computer codes for simulating

the long-term operation of nuclear facilities. Its focus was on deterministic models

originating in the linear Boltzmann’s transport equation – in a general three-

dimensional setting, an integro-differential equation describing the evolution of

neutron distribution as a function of time, three spatial, two angular and one

energy variable. In particular, the steady state form of the equation was studied

in this work, forming the basis for both steady and transient neutron transport

calculations. The general mathematical model was presented in Chap. 2, together

with a review of known results about the solvability and well-posedness of two

main problems arising in neutron transport – the fixed source problem and the

reactor criticality (eigenvalue) problem.

High-dimensionality and complicated structure of the equation for real-world

problems preclude in most situations an analytical solution and present seri-

ous difficulties when a computational solution is attempted. Several dimension-

reduction techniques thus need to be employed along with appropriate numerical

solution schemes. These techniques were reviewed in Chap. 3, starting with the

classical discretization of energetic dependence – the multigroup method.

Two most widely used methods for approximating angular dependence (the SN

and PN methods) were presented next. We demonstrated how these two methods

– well known for a long time, but typically presented independently of each other

– can be described using a single abstract mathematical framework. Sec. 3.3.1
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showed the standard derivation of the PN equations as an orthogonal projection

of the continuous neutron transport equation onto a subspace of L2(S2) spanned

by suitable functions of angular variable (the spherical harmonics). Sec. 3.4.2

showed how the SN equations can also be obtained by projecting the NTE onto a

suitable subspace of L2(S2), at least in the case of isotropic scattering. This time,

however, the projection is no longer orthogonal. Viewing the SN approximation

as a subspace projection makes the properties of the continuous NTE directly

translate to the approximate method. As a particular example, Sec. 3.4.3 outlined

how this fact could be used to prove convergence of the basic iterative method

for actual solution of the SN equations – the source iteration.

The part devoted to angular approximation methods was concluded by in-

troducing a concrete angular quadrature set for the SN approximation, satisfying

various requirements uncovered during the description of the approximation. This

quadrature set was later used in an actual computer code for solving the SN equa-

tions, described in Chap. 6. In order to obtain this final neutron transport solver,

the spatial dependence in the NTE had to be discretized. For this purpose, a gen-

eral discontinuous Galerkin method was applied to the SN equations in Sec. 3.5.2

to obtain the weak formulation in a form suitable for implementing into common

finite element libraries.

The attention was then turned to the PN approximation. The diffusion equa-

tion, a standard tool for whole-core nuclear reactor calculations that can be ob-

tained from the lowest order P1 approximation under well-understood assump-

tions, has been recalled in Sec. 3.3.5 and its weak form suitable for finite element

spatial discretization in Sec. 3.5.3. Unlike the SN approximation, standard con-

tinuous Galerkin finite elements can be used for discretizing the diffusion equation

and a symmetric and positive definite system of algebraic equations is obtained

by the procedure in the monoenergetic case. This allows to use matured methods

for solving such algebraic systems, like the conjugate gradient method precondi-

tioned by algebraic multigrid.

Some recent nuclear reactor problems involving higher amount of material and

geometric heterogeneity, where diffusion no longer provides an adequate approx-

imation and using SN approximation with sufficient angular resolution would be

prohibitive in terms of computer resources, have increased the interest of nuclear
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engineers in the simplified PN approximations – higher order approximations of

neutron transport that preserve the simple and numerically convenient structure

of the diffusion equation. In Chap. 4, we repeated the classical derivation of these

equations by a straightforward extension of the approach used to derive the diffu-

sion equation from the P1 equations to higher orders. However, this approach is

rigorous only in 1D case where the basis for the PN method is represented by the

Legendre polynomials. An ad-hoc generalization is needed in multiple dimensions

as described in Chap. 4, although, as also recalled in this chapter, asymptotic and

variational analyses that have been performed over the years eventually provided

more sound mathematical grounds for this derivation. One of the contributions

of this thesis to the vast body of existing SPN knowledge is the strengthening

of theoretical foundations also for the numerical methods for solving the SPN

equations – Chap. 4 was concluded by formulating the weak form of the SPN

system and proving its well-posedness for N = 3, 5, 7 (the orders that generally

have the most impact on accuracy while keeping the computational requirements

on acceptable levels) with an obvious extendability to higher orders.

In Chapter 5, we were concerned with the derivation of the SPN equations

itself. An alternative set of equations corresponding to the PN approximation

was introduced, using instead of the tesseral spherical harmonic basis as in the

PN approximation a basis formed by special linear combinations of these func-

tions as a starting point. These Maxwell-Cartesian surface spherical harmonics

form components of totally symmetric and traceless Cartesian tensors and pro-

vide a direct generalization of Legendre polynomials to multiple dimensions. The

resulting system of MCPN equations – first order partial differential equations

for the unknown moment tensors of increasing rank – was derived and explicitly

written for the case of N = 3. It was then demonstrated that in the interior of

a homogeneous region, operations analogous to those used to derive the diffusion

equation from the P1 approximation and tensor structure of the equations can be

used to manipulate the MCP3 system into a set of second-order partial differen-

tial equations. Moreover, it was shown that the zero-th order solution moment

(scalar flux) satisfies a weakly coupled set of two diffusion-like equations. Chap. 5

was concluded by exhibiting the equivalence of this set with the SP3 equations

presented in Chap. 4.
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The final chapter addressed actual implementation of the neutron transport

approximations described in previous chapters as neutronics modules in existing

finite element frameworks. We started by the SN and adaptive multigroup SPN

modules in the Hermes2D library. It was explained why Hermes2D is a particu-

larly suitable tool for developing adaptive solvers of coupled systems of PDE’s (in

2D), i.e. its advanced approach to hp-adaptivity and the multimesh assembling

capability, which allows to approximate each solution component using its own

adapted approximation space and mesh without introducing any interpolation

errors. The basic idea behind multimesh assembling was used by the author and

his colleague L. Korous in the implementation of discontinuous Galerkin assem-

bling procedure, described in Sec. 6.1.2. Regarding the neutronics modules, this

newly added feature was utilized when writing the SN module. We also presented

a simple modification of standard element error indicator used by Hermes2D to

drive the hp-adaptivity that is more suitable for quantifying error in scalar flux

(the physical quantity of interest) rather than in the artificial SPN fluxes.

Actual examples of solution of typical neutron transport problems by the de-

veloped code constituted the second part of the final chapter. Both fixed source

and eigenvalue problems were solved using diffusion and higher order SPN ap-

proximations and limitations of the various models were exhibited. Errors arising

from spatial approximation were minimized by employing the hp-adaptivity of

Hermes2D. Two problems verifying the implementation of the SN model were

also presented in this part. Even though the Hermes library supports only two-

dimensional problems, the experience gained by implementing neutronics modules

into it was utilized in the development of a 3D multigroup diffusion solver with

nonlinear thermal/hydraulic feedback coupling for the purposes of a major re-

search project investigated at author’s department. Sample results of this solver

concluded the thesis.

Directions for future research

There are several directions in which the topics of this thesis may be further

explored. In Chap. 3, we showed how the SN approximation can be formulated

as a projection onto a Hilbert subspace of L2(S2). The derivation was limited to
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the case of isotropic scattering, so that a proper basis for the projection subspace

could be established. The study of the possibility of using Dirac delta distribu-

tions instead of the piecewise constant functions ιm could lead to extension of the

analysis to general anisotropic scattering, as remarked at the end of Sec. 3.4.2.1.

The Hilbert space projection approach certainly opens more ways of analyzing

the behavior of numerical methods by the means of functional analytic tools than

the simple convergence analysis of the SN source iteration presented in Sec. 3.4.3

– see for instance [67] for an application to abstract preconditioning by Riesz

mappings.

In Chap. 5, we derived the general form of the MCPN equations, but then

proceeded to a coupled diffusion-like system of equations for scalar flux only

for the MCP3 equations and isotropic scattering. The possibility of extension

to higher orders and anisotropic scattering is apparent from the procedure, but

would be more technically involved. However, using computer algebra systems

like Mathematica could greatly simplify and automate this task (as it did for

the SPN derivation, cf. Appendix C). The search for interface and boundary

conditions remains the largest open question regarding the coupled diffusion-like

system derivable from the MCPN approximation (see Sec. 5.4.3). Note that the

approach used in [105] is based on the classical general Gauss-Ostrogradski pill-

box argument and requires to express the second-order moment tensor ψ(2) in

terms of φ (which constitutes another puzzling equation, eq. (7), in the paper).

In a preliminary investigation, we were able to derive [105, Eq. (7)] as a scalar

part of the scalar-vector-tensor decomposition of ψ(2) ([26]), which is the complete

representation of the tensor under the assumption of ψ(1) and ψ(3) being curl-free

(conservative). This indicates one direction that may be taken in the quest for

complete understanding of Selengut’s paper (and formulating a practical way of

obtaining PN scalar flux from solving much smaller system of elliptic equations).

A large space for further work lies in the area of adaptive solution methods

for the NTE. While h-adaptivity for the SN equations has received attention in

several recent papers (see e.g. [41, 45, 95] for adaptivity based on a-posteriori

estimation of global L2 norm of solution error or [74, 119] for a method based on

goal oriented adaptivity), [46] appears to be the first paper aimed at employing

hp-adaptivity for the SN equations. Prevalence of h-adaptivity and use of p = 1
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(linear) finite element spaces is caused partly by the difficulty of implementation

of an hp-adaptive FE code itself, partly by the fear of the well known limited

regularity of the exact solution of the NTE even for smooth input data. How-

ever, similarly to the experience with hp-adaptive methods in different fields, the

limitation of asymptotic convergence rate (as h → 0 where h is the diameter

of the largest element in the mesh) dictated by a-priori error estimates involving

solution regularity typically doesn’t appear until very late in the mesh refinement

process or at all ([118]). Hence, utilizing higher order approximations still makes

sense to accelerate pre-asymptotic convergence rate as much as possible. Imple-

mentation of an SN solver in the general hp-FEM framework provided by the

Hermes2D library (see Chap. 6) could be used as a basic building block for future

investigations in this direction. Note that some kind of angular adaptivity should

also be considered in conjunction with spatial adaptivity for the SN equations in

order to keep the ray-effects under control (cf. Sec. 6.3.2.2).
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Appendix A

Spherical harmonics

The (tesseral) spherical harmonic function of degree n and order m

(n ∈ N0, m ∈ Z, 0 ≤ |m| ≤ n) is defined as ([49, Sec. 3.13])

Y m
n (Ω) = Y m

n (ϑ, ϕ) =

√
(2− δm0)

2n+ 1

4π

(n− |m|)!
(n+ |m|)!P

|m|
n (cosϑ)Tm(ϕ), (A.1)

or, if we denote µ = cosϑ the cosine of the polar component of the direction

vector Ω (see Fig. A.1),

√
(2− δm0)

2n+ 1

4π

(n− |m|)!
(n+ |m|)!P

|m|
n (µ)Tm(ϕ);

δij = 1 if i = j and δij = 0 otherwise is the Kronecker delta symbol,

Pm
n (µ) =

√
(1− µ2)m

dmPn(µ)

dµm
, m > 0 (A.2)

are the associated Legendre functions,

Tm(ϕ) =

{
cosmϕ m ≥ 0,

sin |m|ϕ m < 0

and Pn(µ) = P 0
n(µ) is the n-th member of the system of Legendre polynomials:

P0(µ) = 1, P1(µ) = µ, P2(µ) =
1

2
(3µ2 − 1), P3(µ) =

1

2
(5µ3 − 3µ)

(2n+ 1)µPn(µ) = (n+ 1)Pn+1(µ) + nPn−1(µ), n = 1, 2, . . .
(A.3)
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A. SPHERICAL HARMONICS

Spherical harmonics form a complete orthonormal system on L2(S2) with

respect to the standard inner product

(ψ, ϕ)L2(S2) =

∫

S2
ψ(Ω)ϕ(Ω) dΩ ,

that is

∫

S2
Y m
n (Ω)Y m

n (Ω) dΩ =

∫ 2π

0

dϕ

∫ π

0

sinϑdϑY m
n (ϑ, ϕ)Y m′

l′ (ϑ, ϕ)

=

∫ 2π

0

dϕ

∫ 1

−1

dµY m
n (µ, ϕ)Y m′

l′ (µ, ϕ) = δnl′δmm′

(A.4)

Similarly, Legendre polynomials form a complete orthogonal system on the in-

terval [−1, 1]: ∫ 1

−1

Pn(µ)Pm(µ)dµ =
2δnm

2n+ 1
.

Spherical harmonics satisfy the following addition theorem (e.g., [49, Remark

3.88]), which allows to express the value of Legendre polynomial of degree k at

µ0 = cosϑ0 = Ω · Ω′ (Fig. A.1) as a dot product of vectors with values of the

2n+ 1 spherical harmonics at Ω and Ω′, respectively:

Pn(µ0) = Pn(µ)Pn(µ′) + 2
n∑

m=1

(n−m)!

(n+m)!
cos
(
m(ϕ− ϕ′)

)
Pm
n (µ)Pm

n (µ′)

=
4π

2n+ 1

n∑

m=−n

Y m
n (ϑ, ϕ)Y m

n (ϑ′, ϕ′), (A.5)

Note that this greatly simplifies integrals of type

∫

S2
Pn(Ω ·Ω′)f(Ω′) dΩ′

(as in the proof of Lemma 3), because of the complicated form of Ω ·Ω′:

Ω ·Ω′ = [sinϑ cosϕ, sinϑ sinϕ, cosϑ]T · [sinϑ′ cosϕ′, sinϑ′ sinϕ′, cosϑ′]

= µ′µ+
√

(1− µ′2)(1− µ2) cos(ϕ′ − ϕ),
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Figure A.1: Geometry of scattering.

Linear combination of spherical harmonics of degree n produces a surface

spherical harmonic of degree n:

Yn(Ω) = Yn(ϑ, ϕ) =

A0Pn(cosϑ) +
n∑

m=1

[Am cos(mϕ)Pm
n (cosϑ) +Bm sin(mϕ)Pm

n (cosϑ)]

Surface spherical harmonics are formally defined as restrictions of homogeneous

harmonic polynomials of degree n to unit sphere S2 ([17, Art. 110], [49, Def.

3.22]).
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Appendix B

P3 advection matrices

In this appendix, we investigate the advection matrices As
PN

(s = x, y, z) for the

special case N = 3 (the statements that follow have been computationally verified

to hold for N = 1, 2, . . . , 11 using the symbolic system Mathematica 9.0). It is

more convenient for this analysis to consider the steady-state PN equations (B.1)

as a limit of the time-dependent equations

ÎPN
(
∂

∂t
+ A+ Σt −K

)
IPNΦ = ÎPN q, (B.1)

in which ∂ψ
∂t
→ 0, for time-independent boundary conditions and sources

q(·, ·, t) = const. Then, the advection matrices describe advection of neutrons

introduced into the system by the boundary and internal sources, which is in

the steady-state limit perfectly balanced by their attenuation due to net effect of

collisions of all types.
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B. P3 ADVECTION MATRICES

Ax
PN

=



0 0 0 1√
3

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1√
5

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1√
5

0 0 0 0 0 0 0 0
1√
3

0 0 0 0 0 − 1√
15

0 1√
5

0 0 0 0 0 0 0

0 1√
5

0 0 0 0 0 0 0
√

3
14

0 − 1√
70

0 0 0 0

0 0 0 0 0 0 0 0 0 0 1√
7

0 0 0 0 0

0 0 0 − 1√
15

0 0 0 0 0 0 0 0 0
√

6
35

0 0

0 0 1√
5

0 0 0 0 0 0 0 0 0 −
√

3
35

0 1√
7

0

0 0 0 1√
5

0 0 0 0 0 0 0 0 0 − 1√
70

0
√

3
14

0 0 0 0
√

3
14

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1√
7

0 0 0 0 0 0 0 0 0 0

0 0 0 0 − 1√
70

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −
√

3
35

0 0 0 0 0 0 0 0

0 0 0 0 0 0
√

6
35

0 − 1√
70

0 0 0 0 0 0 0

0 0 0 0 0 0 0 1√
7

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
√

3
14

0 0 0 0 0 0 0



Ay
PN

=



0 1√
3

0 0 0 0 0 0 0 0 0 0 0 0 0 0
1√
3

0 0 0 0 0 − 1√
15

0 − 1√
5

0 0 0 0 0 0 0

0 0 0 0 0 1√
5

0 0 0 0 0 0 0 0 0 0

0 0 0 0 1√
5

0 0 0 0 0 0 0 0 0 0 0

0 0 0 1√
5

0 0 0 0 0 0 0 0 0 − 1√
70

0 −
√

3
14

0 0 1√
5

0 0 0 0 0 0 0 0 0 −
√

3
35

0 − 1√
7

0

0 − 1√
15

0 0 0 0 0 0 0 0 0
√

6
35

0 0 0 0

0 0 0 0 0 0 0 0 0 0 1√
7

0 0 0 0 0

0 − 1√
5

0 0 0 0 0 0 0
√

3
14

0 1√
70

0 0 0 0

0 0 0 0 0 0 0 0
√

3
14

0 0 0 0 0 0 0

0 0 0 0 0 0 0 1√
7

0 0 0 0 0 0 0 0

0 0 0 0 0 0
√

6
35

0 1√
70

0 0 0 0 0 0 0

0 0 0 0 0 −
√

3
35

0 0 0 0 0 0 0 0 0 0

0 0 0 0 − 1√
70

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 − 1√
7

0 0 0 0 0 0 0 0 0 0

0 0 0 0 −
√

3
14

0 0 0 0 0 0 0 0 0 0 0
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Az
PN

=




0 0 1√
3

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1√
5

0 0 0 0 0 0 0 0 0 0
1√
3

0 0 0 0 0 2√
15

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1√
5

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1√
7

0 0 0 0 0

0 1√
5

0 0 0 0 0 0 0 0 0 2
√

2
35

0 0 0 0

0 0 2√
15

0 0 0 0 0 0 0 0 0 3√
35

0 0 0

0 0 0 1√
5

0 0 0 0 0 0 0 0 0 2
√

2
35

0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1√
7

0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1√
7

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 2
√

2
35

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 3√
35

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 2
√

2
35

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1√
7

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0




By computing the norms of matrices

Dxy :=
(
Ax
PN

)T
Ay
PN
−
(
Ay
PN

)T
Ax
PN

(similarly for the remaining combinations of x,y), i.e. (for the largest singular

value norm)

‖Dxy‖ = ‖Dyz‖ = ‖Dxz‖ =
2

5

we observe that the matrices AsP3
(s = x, y, z) do not commute and hence can not

be simultaneously diagonalized by a common eigenvector matrix. Consequently,

the radiation advected by these matrices cannot be decomposed into plane-waves

propagating in distinct directions (as in the case of the SN approximation), but

rather consists of a combination of waves propagating in the infinitely many

directions in R3.

Let us now take an arbitrary fixed direction n = [nx, ny, nz] from this infinite

set. The matrix

An
PN

= nxA
x
PN

+ nyA
y
PN

+ nzA
z
PN
,

displayed below for the case N = 3, shows that at most 7 unknowns are coupled

in the P3 system, as the capture matrix C = Σt −K is diagonal (Corollary 2 on

p. 45).

167



B. P3 ADVECTION MATRICES
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0 0 0 0 0 0 0 0 0 0 0 0

ny

3

0 0 0
nx

5

nz

5

-

ny

15

0 -

ny

5

0 0 0 0 0 0 0

nz

3

0 0 0 0
ny

5

2 nz

15

nx

5

0 0 0 0 0 0 0 0

nx

3

0 0 0
ny

5

0 -

nx

15

nz

5

nx

5

0 0 0 0 0 0 0

0
nx

5

0
ny

5

0 0 0 0 0
3

14
nx

nz

7

-

nx

70

0 -

ny

70

0 -

3

14
ny

0
nz

5

ny

5

0 0 0 0 0 0 0
nx

7

2
2

35
nz -

3

35
ny 0 -

ny

7

0

0 -

ny

15

2 nz

15

-

nx

15

0 0 0 0 0 0 0
6

35
ny

3 nz

35

6

35
nx 0 0

0 0
nx

5

nz

5

0 0 0 0 0 0
ny

7

0 -

3

35
nx 2

2

35
nz

nx

7

0

0 -

ny

5

0
nx

5

0 0 0 0 0
3

14
ny 0

ny

70

0 -

nx

70

nz

7

3

14
nx

0 0 0 0
3

14
nx 0 0 0

3

14
ny 0 0 0 0 0 0 0

0 0 0 0
nz

7

nx

7

0
ny

7

0 0 0 0 0 0 0 0

0 0 0 0 -

nx

70

2
2

35
nz

6

35
ny 0

ny

70

0 0 0 0 0 0 0

0 0 0 0 0 -

3

35
ny

3 nz

35

-

3

35
nx 0 0 0 0 0 0 0 0

0 0 0 0 -

ny

70

0
6

35
nx 2

2

35
nz -

nx

70

0 0 0 0 0 0 0

0 0 0 0 0 -

ny

7

0
nx

7

nz

7

0 0 0 0 0 0 0

0 0 0 0 -

3

14
ny 0 0 0

3

14
nx 0 0 0 0 0 0 0

Figure B.1: An
P3

Its eigendecomposition shows that speed of propagation is uniform for all

n ∈ R3, given by the eigenvalues corresponding to the case ‖n‖ = 1 (written

with their multiplicities):

{
0, 0, 0, 0,−

√
3
7
,−
√

3
7
,
√

3
7
,
√

3
7
,− 1√

7
,− 1√

7
, 1√

7
, 1√

7
,

−
√

1
35

(
15− 2

√
30
)
,
√

1
35

(
15− 2

√
30
)
,−
√

1
35

(
15 + 2

√
30
)
,
√

1
35

(
15 + 2

√
30
)}
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Remark B.1 (Time dependent problems). Let us compare the nullspaces of

P2 advection matrix An
P2

:




√
3
5(n2

z−1)
1−2n2

y

2
√

3
5
nxnz

1−2n2
y

3n2z
2n2y−1

+1
√

5

0 0 0

0 0 0

0 0 0
nx(n2

z−2n2
y)

ny(2n2
y−1)

−nz−2n3
z

ny−2n3
y

√
3nxn2

z

ny−2n3
y

− nz−n3
z

ny−2n3
y

nx(−2n2
y−2n2

z+1)
ny(2n2

y−1)

√
3nz(2n2

y+n2
z−1)

ny(2n2
y−1)

0 0 1

0 1 0

1 0 0




and P3 advection matrix An
P3

:




0 0 0 0√
15
14
nx(n2

z−1)

ny

(
4n2

y−3
)

√
5
7
nz

(
2n2

y+3n2
z−3

)
ny

(
4n2

y−3
) nx

(
−4n2

y−15n2
z+3

)
√
14ny

(
4n2

y−3
)

√
3
7
nz

(
−4n2

y−5n2
z+3

)
ny

(
4n2

y−3
)

−
√

30
7
nxnz(n2

z−1)
8n4

y−10n2
y+3

−
√

5
7 (2n2

z−1)
(
4n2

y+3n2
z−3

)
8n4

y−10n2
y+3

5
√

2
7
nx

(
n2
y−3n2

x

)
nz

8n4
y−10n2

y+3

√
3
7

(
8n4

y−10n2
y+10n4

z+5
(
4n2

y−3
)
n2
z+3

)
8n4

y−10n2
y+3

−
√

15
14

(
2n2

y−2n2
z−1

)
(n2

z−1)
8n4

y−10n2
y+3

2
√

5
7
nxnz

(
2n2

y−3n2
z

)
8n4

y−10n2
y+3

8n4
y−10(n2

z+1)n2
y−30n4

z+15n2
z+3

√
14
(
8n4

y−10n2
y+3

) 10
√

3
7
nxn

3
z

8n4
y−10n2

y+3

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

nx

(
−8n4

y+(4n2
z+6)n2

y−3n4
z+n

2
z−1

)
ny

(
8n4

y−10n2
y+3

)
√

3
2
nz(−6n4

z+5n2
z−1)

ny

(
8n4

y−10n2
y+3

) √
15nxn

2
z(3n2

z−1)
ny

(
8n4

y−10n2
y+3

)
√

5
2
n3
z

(
4n2

y+6n2
z−5

)
ny

(
8n4

y−10n2
y+3

)
√

3
2
nz(−4n4

z+5n2
z−1)

ny

(
8n4

y−10n2
y+3

) −
nx

(
2n2

y−3n2
z

)(
4n2

y+4n2
z−3

)
ny

(
8n4

y−10n2
y+3

)
√

5
2
nz

(
4n2

y+3n2
z−3

)
(4n2

z−1)

ny

(
8n4

y−10n2
y+3

) √
15nxn

2
z

(
−4n2

y−4n2
z+3

)
ny

(
8n4

y−10n2
y+3

)
√
15nxn

2
z(n2

z−1)
ny

(
8n4

y−10n2
y+3

)
√

5
2
nz(2n2

z−1)
(
4n2

y+3n2
z−3

)
ny

(
8n4

y−10n2
y+3

) −
nx

(
8n4

y−10n2
y+15n4

z+5
(
4n2

y−3
)
n2
z+3

)
ny

(
8n4

y−10n2
y+3

) −
√

3
2
nz

(
16n4

y+20(n2
z−1)n2

y+10n4
z−15n2

z+6
)

ny

(
8n4

y−10n2
y+3

)
0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0




Unlike the P3 approximation, we can see that the P2 approximation contains in

its advection nullspace nonzero components of the 0-th moment of angular flux,

which is proportional to the scalar flux (total spatial neutron density). There-

fore, as a consequence of P2 approximation, not all scalar flux components are
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propagated by the action An
P2

Ψ. It turns out that this is true for any even-order

PN approximation, which is “probably the most salient argument why even-order

expansions should be shunned for time dependent problems” [82, p. 20].
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Appendix C

SPN matrices

Generated by the Mathematica script available from https://raw.githubusercontent.

com/mhanus/hermes/SN-adaptive/hermes2d/examples/neutronics/SPn-BC.nb

C.1 N = 5

Φs = [φs0, φ
s
2, φ

s
4]T , Qs = q0[1,−2

3
, 8

15
]T

Ds = diag

{
1

3Σ1

,
1

7Σ3

,
1

11Σ5

}
, Gs =




1 −1
4

1
8

−1
4

7
12
− 41

192
1
8
− 41

192
407
960




Cs
t =




1 −2
3

8
15

−2
3

1 −4
5

8
15
−4

5
1


 , {λn} ·= {2.33928, 0.484122, 0.176601}

Cs
0 =




1 −2
3

8
15

−2
3

4
9
−16

45
8
15
−16

45
64
225


 , Cs

2 =




0 0 0

0 5
9
−4

9

0 −4
9

16
45


 , Cs

4 =




0 0 0

0 0 0

0 0 9
25
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C.2 N = 7

Φs = [φs0, φ
s
2, φ

s
4, φ

s
6]T , Qs = q0[1,−2

3
, 8

15
,−16

35
]T

Ds = diag

{
1

3Σ1

,
1

7Σ3

,
1

11Σ5

,
1

15Σ7

}
, Gs =




1 −1
4

1
8
− 5

64

−1
4

7
12
− 41

192
1
8

1
8
− 41

192
407
960
− 233

1280

− 5
64

1
8
− 233

1280
3023
8960




Cs
t =




1 −2
3

8
15
−16

35

−2
3

1 −4
5

24
35

8
15
−4

5
1 −6

7

−16
35

24
35
−6

7
1


 , {λn} ·= {3.01751, 0.621796, 0.245502, 0.115193}

Cs
0 =




1 −2
3

8
15
−16

35

−2
3

4
9
−16

45
32
105

8
15
−16

45
64
225
−128

525

−16
35

32
105
−128

525
256
1225


 , Cs

2 =




0 0 0 0

0 5
9
−4

9
8
21

0 −4
9

16
45
− 32

105

0 8
21
− 32

105
64
245


 ,

Cs
4 =




0 0 0 0

0 0 0 0

0 0 9
25
− 54

175

0 0 − 54
175

324
1225


 , Cs

6 =




0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 13
49


 .

172



Appendix D

MCP3 advection matrices

Unlike in the P3 case, the advection matrices of the MCP3 formulation are non-

symmetric. However, the matrix

An
MCP3

= nxA
x
MCP3

+ nyA
y
MCP3

+ nzA
z
MCP3

is diagonalizable with real eigenvalues that depend only on the length of n ∈

R3; moreover, the non-zero eigenvalues are exactly the same as in the P3 case,

provided that traceless tensorial moments ψ(n) are being advected (e.g. by use of

the detracer operator (5.7) on general symmetric tensors ˆψ(n)).

The matrices shown below correspond to the following ordering of unknowns.

φ,

ψ
(1)
1 , ψ

(1)
2 , ψ

(1)
3 ,

ψ
(2)
11 , ψ

(2)
12 , ψ

(2)
13 , ψ

(2)
22 , ψ

(2)
23 , ψ

(2)
33 ,

ψ
(3)
111, ψ

(3)
211, ψ

(3)
311, ψ

(3)
221, ψ

(3)
321, ψ

(3)
331, ψ

(3)
222, ψ

(3)
322, ψ

(3)
332, ψ

(3)
333.
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Ax
MCP3

=



0 1
3

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 4
15

0 0 − 2
15

0 − 2
15

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 2
5

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 2
5

0 0 0 0 0 0 0 0 0 0 0 0 0

0 2
3

0 0 0 0 0 0 0 0 6
35

0 0 − 9
35

0 − 9
35

0 0 0 0

0 0 1
2

0 0 0 0 0 0 0 0 12
35

0 0 0 0 − 3
35

0 − 3
35

0

0 0 0 1
2

0 0 0 0 0 0 0 0 12
35

0 0 0 0 − 3
35

0 − 3
35

0 − 1
3

0 0 0 0 0 0 0 0 − 3
35

0 0 12
35

0 − 3
35

0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
7

0 0 0 0 0

0 − 1
3

0 0 0 0 0 0 0 0 − 3
35

0 0 − 3
35

0 12
35

0 0 0 0

0 0 0 0 2
5

0 0 − 1
5

0 − 1
5

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 8
15

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 8
15

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 − 1
5

0 0 4
15

0 − 1
15

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1
3
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The eigenvalues of An
MCP3

(displayed below) corresponding to ‖n‖ = 1 are

(written with their multiplicities)

{
0, 0, 0, 0, 0, 0, 0, 0,−

√
3
7
,−
√

3
7
,
√

3
7
,
√

3
7
,− 1√

7
,− 1√

7
, 1√

7
, 1√

7
,

−
√

1
35

(
15− 2

√
30
)
,
√

1
35

(
15− 2

√
30
)
,−
√

1
35

(
15 + 2

√
30
)
,
√

1
35

(
15 + 2

√
30
)}
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Appendix E

Tensor identities

The following tensor identities are used in Chap. 5.

∇ ·S
(
∇⊗ A(2)

)
=

2

3
S
(
∇⊗∇ · A(2)

)
+

1

3
∇2A(2) (E.1)

∇ ·S
(
∇⊗ A(1)

)
=

1

2
∇∇ · A(1) +

1

2
∇2A(1) (E.2)

∇ ·S
(
I⊗∇ · A(2)

)
=

2

3
S
(
∇⊗∇ · A(2)

)
+

1

3
S
(
I⊗∇ · ∇ · A(2)

)
(E.3)

where A(n) is a totally symmetric traceless rank-n tensor.

These identities can be derived using the index notation and definitions of the

relevant operators (and verified relatively easily using a computational algebra

system like Mathematica). Letting

∂α =
∂

∂xα
, ∂2

αβ =
∂2

∂xα∂xβ

to simplify the notation, identity (E.1), for instance, is obtained by using

T := ∇ ·S
(
∇⊗ A(2)

)
=

1

3
∂α

(
∂γA

(2)
αβ + ∂βA

(2)
αγ + ∂αA

(2)
βγ

)

=
1

3

(
∂2
αγA

(2)
αβ + ∂2

αβA
(2)
αγ + ∂2

ααA
(2)
βγ

)

in

S
(
∇⊗∇ · A(2)

)
=

1

2

(
∂2
αβA

(2)
βγ + ∂2

γβA
(2)
βα

)
=

3

2
T − 1

2
∂2
ααA

(2)
βγ =

3

2
T − 1

2
∇2⊗A(2)
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E. TENSOR IDENTITIES

so that (dropping the ⊗ sign from the last term as ∇2 is a scalar operator)

T =
2

3
S
(
∇⊗∇ · A(2)

)
+

1

3
∇2A(2).

Identity (E.3) is a special case of the general identity [27, B.4].
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Appendix F

On the origin of smoothed

aggregations

A short note dedicated to prof. Karel Segeth at

the occasion of his 70th birthday.

Authors:

Pavla Fraňková, Milan Hanuš, Hana Kopincová, Roman Kužel, Petr Vaněk and

Zbyněk Vastl

F.1 Introduction

The smoothed aggregation method [112, 113, 114, 116] proved to be a very effi-

cient tool for solving various types of elliptic problems and their singular pertur-

bations. In this short note, we turn to the very roots of smoothed aggregation

method and derive its two-level variant on a systematic basis.

The multilevel method consists in combination of a coarse-grid correction and

smoothing. The coarse-grid correction of a standard two-level method is derived

using the A-orthogonal projection of an error to the range of the prolongator. In

other words, the coarse-grid correction vector is chosen to minimize the error after

coarse-grid correction procedure. This means, the standard two-level method min-

imizes the error in an intermediate stage of the iteration, while we are, naturally,
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F. ON THE ORIGIN OF SMOOTHED AGGREGATIONS

interested in minimizing the final error after accomplishing the entire iteration.

In other words, we strive to minimize the error after after coarse-grid correction

and subsequent smoothing. The two-level smoothed aggregation method is ob-

tained by solving this minimization problem. This, in the opinion of the authors,

explains its remarkable robustness.

We derive the two-level smoothed aggregation method from the variational

objective to minimize the error after coarse-grid correction and subsequent post-

smoothing. Then, by a trivial argument, we extend our result to the two-level

method with pre-smoothing, coarse-grid correction and post-smoothing.

The minimization of error after coarse-grid correction and subsequent smooth-

ing leads to a method with smoothed prolongator. We can say that by smoothing

the prolongator, we adapt the coarse-space (the range of the prolongator) to the

post-smoother so that the resulting iteration is as efficient as possible. Our short

explanation applies to any two-level method with smoothed prolongator. The

particular case we have in mind is, however, a method with smoothed tentative

prolongator given by generalized unknowns aggregations [116]. The discrete basis

functions of the coarse-space (the columns of the prolongator) given by unknowns

aggregations have no overlap; the natural overlap of discrete basis functions (like

it is in the case of finite element basis functions) is created by smoothing and, for

additive point-wise smoothers, leads to sparse coarse-level matrix.

Our argument is basically trivial. It, however, shows a fundamental property

of the method with smoothed prolongator, that is essential. This argument is

known to the authors for a long time, but has never been published.

We conclude our paper by a numerical test. Namely, we demonstrate exper-

imentally that smoothed aggregation method with powerful smoother and small

coarse-space solves efficiently highly anisotropic problems without the need to

perform semi-coarsening (the coarsening that follows only strong connections).

F.2 Two-level method

We solve a system of linear algebraic equations

Ax = f , (F.1)
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F.2 Two-level method

where A is a symmetric positive definite matrix of order n and f ∈ IRn. We

assume that an injective linear prolongator p : IRm → IRn, m < n is given.

The two-level method consists in the combination of a coarse-grid correction

and smoothing. The smoothing means using point-wise iterative methods at the

beginning and at the end of the iteration. The coarse-grid correction is derived by

correcting an error e by a coarse-level vector v so that the resulting error e− pv
is minimal in A-norm. In other words, we solve the minimization problem

find v ∈ IRm so that ‖e− pv‖A is minimal. (F.2)

It is well-known that such vector pv is an A-orthogonal projection of the error e

onto Range(p), with the projection operator given by

Q = p(pTAp)−1pTA.

Thus, the error propagation operator of the coarse-grid correction is given by

I − Q = I − p(pTAp)−1pTA and the error propagation operator of the two-level

method by

ETGM = Spost[I − p(pTAp)−1pTA]Spre, (F.3)

where Spre and Spost are error propagation operators of pre- and post- smoothing

iterations, respectively.

Clearly, for the error e(x) ≡ x − A−1f we have Ae(x) = Ax − f . Hence, the

coarse-grid correction can be algorithmized as

x← x− p(pTAp)−1pT (Ax− f)

and the variational two-level algorithm with post-smoothing step proceeds as

follows:

Algorithm 1.

1. Pre-smooth: x← Spre(x, f),

2. evaluate the residual: d = Ax− f ,

3. restrict the residual: d2 = pTd,

4. solve a coarse-level problem A2v = d2, A2 = pTAp,
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F. ON THE ORIGIN OF SMOOTHED AGGREGATIONS

5. correct the approximation x = x− pv,

6. post-smooth x = Spost(x, f).

Here, Spre(., .) and Spost(., .), respectively, represent one or more iterations of

point-wise iterative methods for solving (F.1).

The coarse-grid correction vector v is chosen to minimize the error after Step

5 of Algorithm 1. Thus, we conclude that in the case of a standard variational

multigrid, the coarse-grid correction procedure minimizes the error in an inter-

mediate stage of the iteration, while we are in fact interested in minimizing the

final error after accomplishing the entire iteration. This means to minimize the

error after coarse-grid correction with subsequent smoothing.

F.3 The smoothed aggregation two-level method

In the smoothed aggregation method, we construct the coarse-grid correction to

minimize the error after coarse-grid correction with subsequent smoothing, which

means the final error on the exit of the iteration procedure. The minimization

of the error after pre-smoothing, coarse-grid correction and post-smoothing then

follows immediately by a trivial argument.

Let S be the error propagation operator of the post-smoother S(., .) = Spost(., .).
Throughout this section we assume that S is sparse. This is due to the fact that

the above minimization problem leads to smoothed prolongator P = Sp and we

need a sparse coarse-level matrix A2 = P TAP . The additive point-wise smooth-

ing methods have, in general, sparse error propagation operator; this is the case

of Jacobi method or Richardson’s iteration.

For a multilevel method with post-smoothing only, the error after coarse-grid

correction and subsequent smoothing is given by

S(e− pv), (F.4)

where v is a correction vector and e the error on the entry of the iteration

procedure. We choose v so that the error in (F.4) is minimal in A-norm, that

is, we solve the minimization problem

find v ∈ IRm such that ‖S(e− pv)‖A is minimal. (F.5)
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F.3 The smoothed aggregation two-level method

Since ‖S(e− pv)‖A = ‖e− pv‖STAS, the minimum is attained for v satisfying

〈STAS(e− pv), pw〉 = 0 ∀w ∈ IRm.

We have 〈STAS(e− pv), pw〉 = 〈pTSTAS(e− pv),w〉, hence the above identity

is equivalent to pTSTASpv = pTSTASe and setting P = Sp, it becomes

P TAPv = P TASe. (F.6)

Here, e is the error on the entry of the iteration procedure. Assume for now that

P is injective. Then by (F.6), we have v = (P TAP )−1P TASe and the error after

coarse-grid correction and subsequent smoothing is given by

S(e− pv) = S
[
e− p(P TAP )−1P TASe

]
=
[
I − P (P TAP )−1P TA

]
Se. (F.7)

By comparing the operator

E =
[
I − P (P TAP )−1P TA

]
S (F.8)

on the right-hand side of (F.7) with (F.3), we identify E as the error propagation

operator of the variational multigrid with smoothed prolongator P = Sp and pre-

smoothing step given by x← S(x, f). The algorithm is as follows:

Algorithm 2.

1. Pre-smooth: x← S(x, f),

2. evaluate the residual: d = Ax− f ,

3. restrict the residual: d2 = P Td,

4. solve the coarse-level problem: A2v = d2, A2 = P TAP ,

5. correct the approximation: x← x− Pv.

Remark 1. Note that in the process of the deriving the algorithm in (F.7), our

post-smoother have become a pre-smoother. Nothing was lost in that process;

the algorithm minimizes the final error and takes into account the pre-smoother.

Remark 2. The smoothed prolongator P = Sp is potentially non-injective, hence

the coarse-level matrix A2 = P TAP is potentially singular. In this case, we need

to replace the inverse of P TAP in (F.7) by a pseudo-inverse.
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We summarize our considerations in the form of a theorem.

Theorem 3. The error propagation operator E in (F.8) (the error propagation

operator of Algorithm 2) satisfies the identity

‖Ee‖A = inf
v∈IRm

‖S(e− pv)‖A

for all e ∈ IRn.

Proof. The proof follows directly from the fact that Algorithm 2 was derived from

variational objective (F.5).

Remark 4. One may also start with the variational objective to minimize the

final error after performing the pre-smoothing, the coarse-grid correction and the

post-smoothing. Such extension is trivial, the pre-smoother has no influence on

the coarse-grid correction operator I − P (P TAP )−1P TA and influences only its

argument. Indeed, assuming the error propagation operator of the pre-smoother

is S∗ (the A-adjoint operator), the final error is given by S(S∗e − pv) and we

solve the minimization problem

for e ∈ IRn find v ∈ IRm : ‖S(S∗e− pv)‖A is minimal. (F.9)

Fundamentally, this is the same minimization problem as (F.5); to derive the

corresponding algorithm, it is simply sufficient to follow our manipulations from

(F.5) to (F.7) with e← S∗e. This way, we end up with a two-level method that

has the error propagation operator

E =
[
I − P (P TAP )−1P TA

]
SS∗, (F.10)

(see (F.3)) that is, with the algorithm

Algorithm 3.

1. Pre-smooth: x← St(x, f), where St is an iterative method with error prop-

agation operator S∗.

2. pre-smooth: x ← S(x, f), where S is an iterative method with error prop-

agation operator S.

3. evaluate the residual: d = Ax− f ,
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4. restrict the residual: d2 = P Td,

5. solve the coarse-level problem: A2v = d2, A2 = P TAP ,

6. correct the approximation: x← x− Pv.

We summarize the content of Remark 4 as a theorem.

Theorem 5. The error propagation operator (F.10) of Algorithm 3 satisfies the

identity

‖Ee‖A = inf
v∈IRm

‖S(S∗e− pv)‖A

for all e ∈ IRn.

Proof. The proof follows directly from the fact that Algorithm 3 was derived from

variational objective (F.9).

Remark 6. Our manipulations hold equally for a general pre-smoother with error

propagation operator M 6= S∗, simply by replacing S∗ ←M . The error propaga-

tion operator M has no influence on the coarse-space and thus it does not have

to be sparse.

F.4 Numerical example

To demonstrate the robustness of smoothed aggregation method, we consider the

algorithm that is a modification of the method proposed and analyzed in [115]. Its

relationship to Algorithm 2 is obvious. This method uses the smoothing iterative

method S(·, ·) which is a sequence of Richardson’s iterations with carefully chosen

iteration parameters. The error propagation operator S of the smoother S(·, ·) is

therefore a polynomial in the matrix A.

In this method, we use massive smoother S and a small coarse-space resulting

in sparse coarse-level matrix.

Let λ̄ ≥ %(A) and d be the desired degree of the smoothing polynomial S. We

set

αi =

[
λ̄

2

(
1− cos

2iπ

2d+ 1

)]−1

, i = 1, . . . , d, (F.11)

S = (I − α1A) . . . (I − αdA) (F.12)
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and

P = Sp.

Here, p is a tentative prolongator given by generalized unknowns aggregation.

The simplest aggregation method is described in this section.

The smoother S is chosen to minimize %(S2A). The reason for this comes from

the fact that the convergence of the method of [115] is guided by the constant C

in the weak approximation condition

∀e ∈ IRn ∃v ∈ IRm : ‖e− pv‖ ≤ C√
%(S2A)

‖e‖A. (F.13)

The smaller %(S2A), the easier it becomes to satisfy (F.13) with a reasonable

(sufficiently small) constant. It holds that ([115])

λ̄S2A ≡
λ̄

(1 + 2d)2
≥ %(S2A). (F.14)

The aggregates {Aj} are sets of fine-level degrees of freedom that form a

disjoint covering of the set of all fine-level degrees of freedom. For example, we

can choose aggregates to form a decomposition of the set of degrees of freedom

induced by a geometrically reasonable partitioning of the computational domain.

For standard discretizations of scalar elliptic problems, the tentative prolongator

matrix p is the n×m matrix (m = the number of aggregates)

pij =

{
1 if i ∈ Aj
0 otherwise

(F.15)

that is, the j-th column is created by restricting a vector of ones onto the j-th

aggregate, with zeroes elsewhere. Thus, the aggregation method can be viewed as

a piece-wise constant coarsening in a discrete sense. The generalized aggregation

method, suitable for non-scalar elliptic problems (like that of linear elasticity), is

described in [116].

Algorithm 4. Given the degree d of the smoothing polynomial S = pol(A), the

smoothed prolongator P = Sp where p is the tentative prolongator and the

prolongator smoother S is given by (F.12), the upper bound λ̄ ≥ %(A) and a

parameter ω ∈ (0, 1), one iteration of the two-level algorithm

x← TG(x, f)

proceeds as follows:
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1. perform

x← x− ω

λ̄S2A

S2(Ax− f),

where λ̄S2A is given by (F.14) and S by (F.12),

2. perform the iteration with symmetric error propagation operator S given

by (F.12), that is,

for i = 1, . . . , d do

x← (I − αiA) x + αif ,

3. evaluate the residual d = Ax− f ,

4. restrict the residual d2 = P Td,

5. solve the coarse-level problem A2v = d2, A2 = P TAP ,

6. correct the approximation x← x− Pv,

7. for i = 1, . . . , d do

x← (I − αiA) x + αif ,

8. perform

x← x− ω

λ̄S2A

S2(Ax− f).

Thus, Algorithm 4 is a symmetrized version of Algorithm 2 with added smooth-

ing in steps 1 and 8.

It is generally believed that in order to solve efficiently an anisotropic problem,

one has to perform coarsening only by following strong connections. This tech-

nique is called semi-coarsening. In our case, we form aggregates by coarsening by

a factor of 10 in all 3 spatial directions, which means, we do not perform semi-

coarsening. Despite of this fact, our method gives satisfactory results regardless

of the anisotropy coefficient ε. In this experiment, the symmetric Algorithm 4 is

used as a conjugate gradient method preconditioner.

Test problem

• Problem:

−
(
∂2

∂x2
+ ε

∂2

∂y2
+

∂2

∂z2

)
u = f on Ω = (0, 1)3, u = 0 on ∂Ω. (F.16)
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512 000 dofs, coarse space 512 dofs, deg(S) = 7, H/h = 9.

ε rate of conv. qN no. iter. N

1000 0.321 19

100 0.241 15

10 0.137 11

1 0.131 11

0.1 0.221 14

0.01 0.317 19

0.001 0.300 18

Table F.1: 3D anisotropic problem

• Mesh: 82× 82× 82 regular square mesh, 512 000 unconstrained degrees of

freedom.

• Aggregates: cubic groups of 10× 10× 10 unconstrained vertices.

• Coarse-space size: 512 degrees of freedom.

• Degree of smoothing polynomial: 7.

• Stopping criterion: relative residual < 10−9.

The results are summed up in Table F.1. Note that here, the estimate of the

rate of convergence after N iterations is defined as

qN =
(
‖AxN − f‖/‖Ax0 − f‖

) 1
N .

Here, xi denotes the i-th iteration.
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