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Abstract

This Bachelor thesis is devoted to study of properties of the function sin,(x). It can be
divided into two original research parts. The first part is devoted to study of the continuity
of the n-th derivative of sin,(x). We discuss several cases depending on the value of the
parameter p and domains of interest in variable z. The second part focuses on a two
ways we can express sin,(z) in terms of power series. One way is to use Bell polynomials
and the other is to use the general figure for the inverse series based on the Cauchy
integral formula. Finally, we present a conjecture concerning the convergence of Taylor
series representing sin,(z). Solving this conjecture will significantly speed up numerical
computations concerning sin,(z) function.
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1 Introduction

Let p > 1,2 C R is a bounded domain and A € R is a parameter. The Dirichlet problem
for p-Laplacian operator (or generalized Laplace operator)

Ayu 4t div (|VulP=2Vu) = g(x,u;\) for x € €2, (1)
u = 0 on 0f).

arises from various applications in physics and engeneering. To name some of the most
interesting applications (in our opinion), let us mention growing of sandpiles [2],[13] (for
large values of p — +o00) or image processing [14] (for p — 1,). The p-Laplacian with
other boundary conditions (e.g. Neumann, Robin etc.) appears for example in the context
of mathematical models of climate (p=3), [4].

As an extensive bibliography (see e.g. [8] for further reference) shows, the existence results
for (1) are closely related to the asymptotic properties of g(z,u;\) for n — 400 and to
the properties of (in general) nonlinear eigenvalue problem

—Ayu = AMulf7?u in Q, @)
u = 0 on 0f}.

We say, that A € R is an eigenvalue of (2) if there is a nonzero function u that satisfy (2)
(possibly in a weak sense or some generalised sense).

In any dimension n > 2, there are only few results concerning higher eigenvalues for (2),

see e.g. ANANE [1]. In dimension n = 1 the eigenvalue problem (2) is reduced to an ODE
problem

— (||~ = ANu[P~2u = 0 in (0,7,), 3

uw(0) = wu(m,) =0, )

where

1
1 2
=2 —ds=———
" / (L=s)"#"" " psin(n/p)
Let us note, that the problem can be considered on any bounded open interval, but the

choice (0, 7,) significantly simplifies the calculations.

The eigenvalue problem has been studied in many papers, see e.g. ELBERT[12], LINDQVIST[16]
and references therein. It follows from these works that the eigenvalues of (2) form a se-
quence

Mo =kP(p—1),keN
and corresponding eigenfunctions are functions sin,(kz).

Here the function sin, = is defined as the solution L to

— (') = (p = Dufu = 0,
u(0) = 0, (4)
w'(0) = 1,

!Note that (4) has a unique solution by [10]



which is equivalent to

W= pp(v), } (5)

o= —(p—Dufu,
where

z|P22 for 2 # 0,
ep(2) :{ d 7

0 for z=0.

It means that v must be absolutly continuous by the Carathéodory definition of solution
of (5). It was shown in [11] that sin,(z) can be expressed on [0, Z2] (using the first integral
of (4)) as the inverse of

arcsin,(z) = /Ox(l — sp)_%ds, (6)

which is extended to [0, 7] by reflection sin,(z) = sin, (7, — x) and to [—m,, 7] as the odd
function. Finally, it is extended to R as the 2m,-periodic function. For p = 2,

arcsing = arcsin(z) , (7)

thus Vo € R : sing(x) = sin(z). The properties of functions sin,(z) were studied extensively
in the last 30 years. Indenpendenty, ELBERT [12] and LINDQVIST [16] discovered remarkable
identity

Vo € R : |sing,(2)[ + [ sin)(z)|P = 1 (8)
valid for any p > 1 (for p = 2, it reduces to the famous trigonometric identity sin?(z) +
cos?(x) = 1). For this reason, the following definition

cos,(x) oo sing ()

makes sence. It is interesting fact, that similar functions to sin,, cos, were studied in a very
different context in a work of Swedish mathematician ERIK LUNDBERG in 1879. In [17]
LUNDBERG defined a family of functions y = S= (z) that satisfy formula

L e
x = ——way,
o (T—ym)m

where m,n € N;m < n. He called these functions sinualis and studied series expansions.



2 Some facts of used theory

2.1 Power series

The power series are the first tool, which we will use in this work. They are given by
following definition.

Definition 2.1 A power series is a function series of the form

+oo
Zan(m—xo)" = ag + a1 (x — 20) + ag(x — 20)? + ...+ an(z —20)" + ...,
n=0
where x € R s the variable. xg, ay,..., ay,,... are real numbers. Number xq is called the

centre of the power series. Numbers a,, are called the coefficients of the power series.

In [19] MORSE and FESHBACH deal with the problem of inverting the power series. If
ay # 0, then for the function

+o0
F@) = F0)+ > an(y —yo)"
n=1
the inverse function exists and it takes form
+oo
y(x) =y(0) + > ba(z — x0)".
n=1

Coefficients

b — 1 Z (_1)8+t+u+m.n(n+1)...,.(n—1+8+t+u+...) <%)(@>t

n-af sltlul ... ay ay
(9)

where the sumation is over all s, ¢, u,... € N such that s + 2t + 3u+ ... = n — 1. This
relationship is derived in [19] by using Cauchy’s integral formula.

s,t,u,...

2.2 Bell polynomials

Here we define the Bell polynomials, which BELL introduce in his work [3]. They can be
useful to inverting of power series and to finding domain of convergence of this inversion,
but it is not topic of this work. The idea of using the Bell polynomials was suggested
by Dr. OLEG MARICHEV [18] to PETR GIRG during his visit at Wolfram research Inc.
Dowminicr [9] deals with asymptotic behavior of Bell polynomials.



Definition 2.2 The polynomials defined for c¢i, co, c3,..., Ch_gr1 € Ng such that
c1+2c0+3cz+...+(n—k+1)c, g1 =nandci+co+c3+...+ ¢ ki1 =k as the sum

def n! T1\ (T2 Topyr |
Brpln, 2o na) = ZCﬂCz'  Cn—k1! <1‘> <§) ((n—k—i-l)!) ’
(10)

are called Bell polynomials.

In WHEELER [24] there is given the theorem (p. 50, Theorem 6.), which shows how we can
invert a formal Taylor series, i.e. Taylor series for which the problem of convergence is not
considered and it has form .

k=0

where g = ¢ (t) at t = 0. Other information about formal power series can be found in
[20]. Let us denote -], a falling factorial function, i.e.

[y =x-(x—1)...(x —k+1)

Theorem 2.1 Let g(t) be a formal Taylor series, with Taylor coefficients {g,}2% such
that go = 0 and g, # 0, and let g~V (t) be its inverse series, then

(i)

n—k
_ n—1 —n—i g2 93 94
Bn,k (g( 1)(t)) = ( ) Z 91 Bn,kﬂ'(?, g, Z, .. )

=0

(i)
n—k

-1
Bk (9(_1)(t)) ( i > Z ' Bpk+,i(0, 92, 93, 95 - - )

Of course, the Taylor coefficients gn ) of g™ (t) can be obtain from these formulas by
setting k = 1.

Further information about Bell polynomials, especially many identities, can be found in[6],
(7], [21], [22] or [23].

2.3 p-trigonometric functions

Many definitions and basic properties of p-trigonometric functions are given in introduction
of this work. Here we bring out a few other properties, which are important in following
sections.



Theorem 2.2 The power series expansion of arcsin,(x) have form

+oo I'(n+ l) np+1
arcsin,(x) = ZO F(%)((Z .pp—i_ 3 xn! forz €(0,1). (11)

Here I' denotes the Euler Gamma function (see e.g. [19], p. 394). This formula is derived
in [5] or [15].

Lemma 2.1 Let p € R, p > 1. Functions sin,(z) and cos,(x) have following basic proper-
ties.

1. siny(z) > 0 on (0,m,), sin,(0) = 0 and sin,(z) < 0 on (—mp,0).

)
2. siny(x) is strictly increasing on (—=£, 22).

3. cosp(x) >0 on (=2, %), cos(—2) = cos,(F) = 0 and cosy(x) <0 on (—m,, =) U

4. Tﬁe (2n —1)-th derivative of sin,(x) is even on (—Z2, ) wherever it exists forn € N
given.

5. The 2n-th derivative of sin,(x) is odd on (==&, Z2) wherever it exists for n € N given.

Proof: Lemma 2.1 contains basic facts that can be easily obtained and/or found in the
literature. Therefore, the proof is ommited.

Lemma 2.2 Forallpe R, p>1

sing (z) = — sinﬁ’l(x)sinf_p(:v) for x € (0, %) (12)
sin’)(x) = sin? ™! (z) (— sin;,(a:))%p for x € (%, Tp) (13)

and .
sing () = sing_l(—x)sinf_p(x) forx € (—Ep, 0) (14)

Proof: For x € [0, 2] the identity (8) has form
sing ()P + sin) (z)? = 1. (15)
Taking (15) into derivative we get
sin? ™! (z) sin (x) + sin;p_l(x) sing (z) = 0.
Since sin,(z) is nonzero on (0, %)

sing (z) = — sing_l(a:)sinf_p(x) for x € (0, =).



For x € [%,m,] we get from (8) following identity
sing ()P + (—siny(z))? =1,

. . . . - . Tp
which gives by analogy as in the previous case (sin,(z) is nonzero on (%, 7,) because of

2
evenness)
sin)(x) = sin? ™! (z)(—sin (x))*?  forz € (%, Tp) -

At least for 2 € (—7,0) we get from odness and (8)
| — 1P| siny (=) [P 4 | siny () [P = siny(—z) + sin)”(z) = 1,
which gives by similar arguments as above

sin) (z) = sin? ™! (—)(sin (2))*?  forz € (—%, 0),

and Lemma 2.2 is proved.



The statement of Lemma 2.2 for z € (0, %) is also adduced in [5], [11] or [15], where many

other properties of p-trigonometric functions can be found.



3 The existence and the continuity of the n-th deriva-
tive of sin,(z)

Theorem 3.1 For allp € R, p > 1 the first derivation of function sin,(x) is continuous
on R.

Proof: The function sin,(x) satisfies the identity

| sing, ()P 4 |sin, (z)]P =1  onR. (16)
Considering Lemma 2.1
: : T, T
sing (z) = {/1 — |siny(z)P  on <_Ep’ 31))
and - -
sing (z) = —{/1 — |siny(z)[P  on (—ﬂp, —f) U <§p Wp) :

By the continuity of sin,(z) on R, the fact that range of the |sin,(z)| is [0, 1] and the
continuity of z — ¥/1 — 2P on [0, 1] for p > 1 we find that

sing (-) € C (—%, %) ,

Tp

sing () € C’( Tp, —7) :

SlIl (2 )
?p

)| = |sin, ()| = 1 we get from (16)

and

Since sin, () is continuous on R and | sin,(—%

lim sin(z) = hm sing(z) = lim sin)(z) = lim sin(z) =0.

Tp +
z——"2 z—2 T—-L

2 2 2

Hence sin;,(z) is continuous on (—,, m,). From (16), the continuity of sin,(z) and
sin,(—m,) = sin,(m,) =0

we obtain that

lim sin(z) = lim sin)(z) = -1,
T —Tp T

which implies (considering 2m,-periodicity) the continuity of sin},(x) on R.



Theorem 3.2 Let p € R\ {2} such that p > 1.
1. If p > 2, then the function sin,(-) € C*(R) and sin,(-) ¢ C*(R).

2. If p € (1,2), then the function sin,(-) € C*(R) and sin,(-) ¢ C*(R).

Proof: Since by definition sin,(-) € C(R) and by Theorem 3.1 sin}(x) is continuous on
R, sin,(-) € C'(R) for all given p. For z € [0, Z2] the identity (8) has form

sing, (z)? 4 sing, (z)? = 1. (17)
Taking into derivative equation (17) we get

sin? ! () sin () + sin)” ™ (2) sin) (z) = 0.

It is evident that if sin” ) £ 0

sin (z) = — sing’l(:c)sinf_p(x) : (18)

From Lemma 2.1 cos,(z) > 0 on (0, %) and there is a difficulty at « = Z£. Due to

lim sinj(r) = oo for p > 2,
a2

the continuity of sinj(z) falls at z = % for p > 2.
Vice versa for p € (1,2)

lim sinj(z) =0  forpe (1,2). (19)

Ty —
Zp
z—>2

For x € [Z2,m,| we get from (8) following identity
sing ()P + (—siny(z))? =1,

which by analogy to the case p > 2 gives

sin’(x) = sin?~ ! (z)(—sin) (z))*”
and
lirﬁrp}+ sing(z) =0 forpe (1,2). (20)
z—7L
From (19) and (20) we can define sin) (%) = 0 and for p € (1,2) the function
. —1 . 2— Tp
» —sinf ™ (z)sin, " P (x) € [Bp, Z),
sing(z) = q 0 1 ; r=1,
. _ s 12=p T
sind™ () —sin,” P(z) =€ (3,7,

10



is continuous on [0, 7,]. Due to the 27-periodicity and the odness of sin)(z) (by Lemma
2.1), which also implies the fact that

—sin(—m) = 0 = sin(7)

we get continuity on R.
Tp

Taking into derivative (18) we obtain for x € [0, 3)

. o . p—2 < 13—Dp o p—1 1 1-p .
sing(z) = —(p — 1) sinh ™ (z)sin,” () + (2 — p) sin) ™" (x)sin, () sinj () .

By substitution (18) for sin](x) we get

1 3—p
p

n

, () + (2 — p) sin??~2(x)sin’, > (x) .

sin?(z) = —(p — 1) sin?~?(x)sin s "

Due to sin,(0) = 0 which implies cos,(0) =1

lim sin)'(z) = —c0o+0=—-00  forpe(1,2).

z—0t P

It follows sin,(-) ¢ C*(R) for p € (1,2) and the proof is complete.

O
Lemma 3.1 Let p € R such that p > 1 and let k € N. Forallk=1,2,3,4,..., ko,
Tk, qr €R
ko
Z ay, sin* () cos * ()
k=1

is continuous on (0, 7).

Proof: If any function f(x) is continuous, then for all real constant o function « - f(x)
is also continuous. Thus we can consider simplifying assumption a; = 1. We choose any
q, r € R. By the continuity of sin,(z) on (0, 2) , the fact that sin,(x) € (0, 1) for z € (0, )
and the continuity of z — 2% on (0, 1) we have the continuity of sin(z) on (0, ).
Similarly by the continuity of cos,(z) on (0, Z2), the fact that cos,(x) € (0,1) on (0, ) and
the continuity of z — 2" on (0,1) we find that cos)(z) is continuous on (0, 5). The proof
is completed by notation that sum or product of finite number of continuous functions is
continuous function, too.

g

Lemma 3.2 Letp € R such thatp > 1 andletko e N, k=1,2,3,4,5,...,ky, . € R,
qk2>(),ak,lm eR.

For
ko

fi(z) = Z ay sin* () cos ¥ (x)

k=1

11



defined on (0, 7%) and
ko
fo(z) = Z by, sin¥ (—x) cos, (x)
k=1

defined on (—Z2,0) the function

18 continuous on (—”2—’”, “2—1’)

Proof: By Lemma 3.1 the function f(x) is continuous on (0, ). Since (—1) - sin,(—z)
for z € (—7£,0) is equal to sin,(x) for z € (0, %), the function fy(x) is also continuous by
Lemma 3.2 and since sin(0) = 0 for any ¢ > 0 and cos}(0) = 1 for all r € R

0= lim fole) = lim fi(a) =0,

we get desired continuity on (—Z£, ), which conclude the proof.

O
Theorem 3.3 Letp € R, p >1,n=2,3,4,... then sinI(J”)(:p) exists on (0,%2), it is
continuous and there exists k=1,2,...,2" 2 a, €R, l, m; € Z such that
2n72
sin;")(x) = Z a Siﬂé’“”m’“(x) Coszl,_l’“p_mk (x). (21)
k=1

Proof: We proceed by induction.
Step 1: By Theorem 3.2 sin,(-) € C*(R) and thus sin,(-) € C*(0, 7). By Lemma 2.2

sinf)(z) = —sin? ' (z) cos; () for x € (0, %) (22)
It is clear that k = 1,a; = —1,1; = 1, m; = 1. By Lemma 3.1 sin?~'(z) cos??(z) is
Tp

continuous on (0, 22) for given all p and the statement of Theorem 3.3 is true for n = 2.

)
Step 2: Let us assume that statement of Theorem 3.3 is true for n , i.e.

gn—2

sin{" (z) = Z ay, ST () cos) T (1)
k=1

Due to the fact that the function z +— 29, z > 0, ¢ € R belongs to C*°(0, +00) considering

Lemma 2.1 and Theorem 3.2 is siné") (x) differentiable function. The chain rule and the

product rule we apply and we get from (21)

on—2
sin{™™(z) = ar(lep + my) sin®P =1 (1) cos, () cost TP (1)
P k\tkD k p D .,
k=1

+ ap(1 = lgp — my,) sin P+ () cosy P

; (z) siny) () .

12



Subtitue (22) for sin}(x) from

2n—2

sin{' " (z) = Zak(lkp+mk) sing " (@) cos, T (2) —

k=1

By the fact that the function z +— 2%, z > 0, ¢ € R belongs to C*°(0, +00) and Lemma 2.1
again, sin{"™"(z) is continuous.

Denoting
dop—1 = ap(lep +my),
Ao = —ak(l — lgp — mk) ,
l2k—1 - lk ) (23)
mgk,1 = Mi — 1 s (24)
mgk = Mok — 1. (26)
Thus we have )
on—
siné"*’”(x) = Z ar Sinif”m’“ (x) Cosipr“m’ﬂ (x),
k=1
which concludes the proof by induction.
O

Let us mention that the similar statement works for z € (—=%2,0) and = € (52, m,), but the

series have form

2

on— 2
sm Zbk Slnl’“”m’“ (—x) COS1 lep=mi () (27)
and
qn— 2
sin{" Z by, SINPHE () (— cosy () TP (28)

The proofs are analogous, if the appropriate form of (8) from Lemma 2.2 is used, i.e.
equation (14) and (13). The other important fact is that (in general) ay # by, but |a| = |bg|.
It is easy corollary of the oddness of sin,(z).

Let us establish the following notation:

sin,(z) =

Sy
sing () = Cp.

13



Tp

Remark 3.1 We eapress first four derivatives of sin,(z) forp € N, p > 1 andx € (=7, 2).
From the oddness of sin,(x) (by definition) for x <0

|sin, (2)|” = | = sinp(=2)|” = | = 1|7 - [siny(—2)[" = sinj(—z)
and we can rewrite identity (8) for x on (=Z£,0)
sinh(—z) + cosh(r) = 1.
Tp Tp

Moreover by the evenness of cosy(x) on (=7, %)

cosp(—x) = cos,(z) .

If p > n, then for n-th derivative of sin,(z) (n=1,2, 3, 4) holds

x> 0orp even forxze (=7, %) r < 0

1 = Sp(@)+Ch(x) 1 = Sh(—2)+ Cyla)r

0 = SiT(@)Cpl) 0 = —Sp7'(—2)Cy(x)
+ CF N (@)S)(x) + CFN@)Sy(x)

Sy = =S5 (@G ") Sy = Sp (-0 ()

Sy = —(-DS T @)Cp () Sy = (=S (-0)C (@)
+ (2-p)Sp (2)Cp P (2)S) () + 2-p)SE T (—2)Cp P ()5 (x)
= (=S (2)Cp " (w) = (p— 1S (—2)Cy " (w)
+ 2-p)SF @)Cy P (x) + 2-p)S(—2)Cy ()

SIVo= —(p=1)p -2 (2)Cp P (x) SV = (=D —-2)8 7 (—2)Cy P (w)
~ (p-1)B-p)SE 2(2)C; p<> () + (p— 1B —p)SE(—)Cy P (2)S) ()
+ (2-p)(2p -2 (2)Cp P (w) + (2-p)(2p -2 (—2)Cy P (@)
+ (2-p)(3—2p)Sy" (x)Cy P (2) Sy (w) + 2-p)B-20)9"(~2)Cy 7 (2)S) (x)
= —(p—1p—2)S5 > @)Cy P (x) = (p-1p-2)8*(—2)Cy ()
+ (—1)B -S> (2)Cy P (x) + (p=1)B-p)S (—2)Cp P (2)
+ (2-p)(2p -2 (2)Cp P (x) + 2-p)2 -2 (—2)Cy P (x)
- 2-p)B-2p)S"(2)Cp P (w) + (2-p)B -2 (—2)Cy " (x)

We consider the case p = 3. By Theorem 3.2 we know that sing(z) belongs C(—%, 22).

For second derivate we have continuity on both intervals by Lemma 3.1 (¢ =2, r = —1)

14



and for x = 0 we have

sin(0) -sinf ' (0)=0-1 = 0,

lim sin3(z) - sin;fl(x) = 0,
z—0~

and it follows that sing(-) € C*(—%2, ). Likewise all addends of the third deriwative on

both intervals satisfies the conditions of Lemma 3.1 (so it is sum of continuous functions)

and

(—2) sing(0) - 1 + (—1) sin(0) - siny >(0) = 0,
lim (2 sing(x) - 1+ (—1) sin3(z) - singfg(x)> = 0.

z—0~

n

Hence siny (x) is also continuous on (—75,%). On the other hand the fourth derivative is

not continuous. We can obtain sini" (z) easily taking siny () into derivative and we get

sind” (z) = —2sing(z) — 4sind(x) - sing () — 3sind(z) - siny (z) =z € (0, 2),
sind’(z) = 2sinj(z) — 4sind(z) - sin} () + 3sind(z) - sinf " (z) x € (=%,0).

The conditions of Lemma 3.1 holds for all addens of the fourth derivative on both intervals
except the first members. There are members including sing(xz) which is on (—%,0)U(0, %)
equal to one and here Lemma 3.1 for sing(x) holds. It remains the task of continuity at

x = 0. We evaluate following limits

lim+ <—2 sing(x) — 4sinj () - sing_2(;y) — 3sin(x) - Sing_5(:v)) - 9,
z—0
lim (2 sing(x) — 4sinj(7) - singd(:r) + 3sin(z) - singf‘r)(x)) = 2,
x—0~

which implies that sing(-) ¢ C*(—%, %),
Main results of this section are Theorem 3.4 and Theorem 3.5.

Theorem 3.4 Let p=2(i+1),i € N. Then

T o)

2727

Proof: By Theorem 3.2 it is clear that sin,(-) € C*'(—%£, Z2) for p > 1. From Theorem 3.3
and by equation (27) we get for any n € N, n > 2

sin,(-) € C*°(—

- ( 2
sin - I 29
D zi’;f . Sin;k’anrmk’n (l’) 1=l np+mp,n (I) for r € (07 7T2p) ) ( )

n) (z) = Z: k. Sinék’”p+m'“’"(—x) cos}[l'“’"”m’“’" (x) forz e (—72,0),
B cosp

15



To make the idea of proof more apparent, we introduce the following substitution

Qkn = Lk + Mp - (30)
Since for all k£ and n, are ly,, mg, € Z and p € N exponent ¢, € Z. We also define
sin?(z) 10 for all z on (=%, %). Our proof proceeds by induction in n.

Step 1: For n = 2 the continuity of sinj(z) is simple application of Lemma 3.2 on (29),
because g1 2 =p—12> 3.

Step 2: Let us assume that for n Sin;") (z) is continuous on (—Z%£, ). Since for ¢ < 0,

sin?(0) is not defined, for k =1,2,3,4,...,2" % in (29)
qk,n 2 0.

By equations (23)-(26) and by

ZUJ vj Zu vj—i-Zu]

for derivative of (29) (considering the subtitution (30))

PRk-1n+1 = Gkn — 1 from % Singkyn (ZE) ) (31)
Q2k,n+1 = Qun+p—1 from % COS;_qk’n@) )
Since p > 1 in the case that ¢y, > 2 forall k =1,2,3,4,...,2" 2 gpni1 > 0 for all

k=1,2,3,4,...,2" ' and Sln("H)( ) is well-defined and continuous by Lemma 3.2.
In the next case there is at least one k¢ for which gz, , = 1. Corresponding members
(cosy(z) # 0 on (=72, 7)) are

272
Qkg,n 1=qkg,n . <1 Tp

ko smp (x) cosp () = agmsing(xr)-1  forz € (0,3), (32)

Do SN " (—2) cos, Mo (z) = brom sin(—x) - 1 for x € (—2,0).

in the series for n-th derivative of sin,(x). The derivatives of members (32)

di (ako nsinl(x) - 1) = Apy.n COSp(T) - 1+ apy n sin,(x) - 0 for z € (0, 7”) (33)
% (bko’n smp( x) - 1) = —bgy.n COSp(x) - 1 + by sin,(—x) -0 for z € (—%p, 0),

appears the series for (n+ 1)-th derivative of sin,(x). Thus these members are well-defined
on (=22, 22). Setting

272
A2kg—1n+1 = Qkgn
A2kq,n+1 = 0- Akyn = 0,
b2k071,n+1 = _bkg,n s
bokont1 = 0-bgyym =0,
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and observing that cos,(x) is even, we can rewrite (33) as

% (ako,n sin;(x) . 1) = Qoky—1n+1 sing(x) €08, () + A2kg nt1 sin;(a:) cosg(x) ,
L (brgnsing(—z) - 1) = bogg—1,n41 8in) (=) c08(x) + brynir siny(—2z) cos) () ,

which formally satisfies (29).
In the last case there is at least one k¢ for which gy, , = 0. From the previous cases, the
corresponding members of (29) are

Ao - 1 - cosy(z) for z € (0, %),

ko * 1 - cosy(z) for z € (=%,0),

The derivatives of these members for z on (0, 2) and x on (—Z2,0) are, respectively

% (ggn - 1-cosp(x)) = Qgm0 cosy(x) + aggn-1- sing(x)

= Qgyp - 0- smg(x) o8y (T) — Ak n sing’l(x) cosf,_p(x) ,
% (bkgn - L-cosy(x)) = gm0 cosy(x) + brgn - 1- sing(a:)

= by - 0- sing(:p) cos,(x) + by n sing_l(—x) Cosffp(x) ,

that these members are well defined on (—%2, 22).
Setting
Wokg—1mt+1 = 0 apen =0,
A2ky n+1 = —Qkyn
boko—1nt1 = 0-byyn =0,
bokg n+1 = by s
we get
% (Akgn - 1-cosp(T)) = aogy—1n+18i00(7) cos},(x) + Aok nt1 singfl(x) cosf,*p x),
L (b - 1-cosp(x)) = barg—1,n41 sin, () cos) () + bakgnt1 sing_l(—x) cos, P(x),

which formally satisfies (29).

Considering these three cases and Lemma 3.2 if g, # 1 the (n+ 1)-th derivative of sin,(z)
is continuous on (—%£, Z2).

It remains a question of continuity in the case there is at least one gy, ,, = 1. Without loss
of generality we may assume there is exactly one such kg, because if there is more then

one, we can add all coefficients ay, ,,. The members corresponding to (n + 1)-th derivative

A2ky—1,n+1 COSp(@ for z € (0, %) ) (34)
bako—1,n+1 COSp() for z € (=73,0),

are formed by taking sin?(x) (or cosj(z)) into derivative finitely many times. By (31) the
appropriate gog,—1,,41 = 0. Let j € N is the number of derivatives of cos(z) needed to
obtain (34) from sinj(z). Considering (31) exponent g, depens on j

Gronr1 = JP—1)+n+1-2—j)(-1)+qo=G+1)p—n. (35)
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It follows that for p even and qogy—1n+1 =0

n=(j+1)p

(n+1)

o (z) is even function by Lemma 2.1. Due to evenness and the facts

is also even and sin
that
: ) 1—
lim ag 41 sing™" ™ () cos, " (z) =0
z—0

for all k # 2kg — 1 and

(z) = lim Sin;(gnﬂ)(x) = Q2ko—1,n+1

bokg—1,n+1 = lim sin(" )
z—0t

z—0~ P
function sin},”*l)(x) is continuous on (=7, ). The proof is completed.
U

Theorem 3.4 allows us develop sin,(z) in the Taylor series for even p, but computing of its
coefficients is left as open problem.

Lemma 3.3 Let f(x) and g(x) belongs C™(a,b). Then
m " I'm ) _
(f-9) ):Z()f(”-g( 2 (36)
=0
Proof: We proof this lemma by recursion on n.

Step 1: We use the well-known formula (uv)’ = u'v 4 uv’ for the first derivative and we get
L /1
(fg),:f/g+fg/:Z(>f(])g(l_])
— \j
j
Thus the statement of Lemma 3.3 is true for n = 1.

Step 2: Assuming (36) to hold for n, we will prove it for n + 1.
From (36) and the linearity of derivative ((u + v)" = u' +v') we have

d " d /n . .
B AN (O - @) . ,(n—3)
T (f-9) ;:0 o (J.)f g\,

Derivative of the j-th and (j 4+ 1)-th member of the series are

d I'n . i n . i n . i
d_( .)f(]) -g( J) — ( ‘)f(]'i‘l) -g( 7) + ( ‘)f(J) -g( J+1)
T \J J J

d (n\ i n ; i n ; —j—
_( ‘)f(3+1) .g( J=1) _ (j N 1) f(a+2) -g( 7) + (j N 1) f(J+1) -g( J=1+1)

18



It is easily seen, that the sum over all j € N is
n—1 n n
frgmh 4> (( ) + ( )) FUHD L =) | ) g
—\\t1 J
Thus we have (after reindexation)

n+1 n_|_1
TR Sl (M TR

i=o N/

Step 3: The recursion stop when n + 1 =m.

Theorem 3.5 Letp=2i+ 1,1 € N. Then

T T

272

o Tp

sin,(-) € CP( 5D ).

), but sin,(-) ¢ CPT(—
Proof: We use (29) with the substitution (30) again. By Lemma 3.2 the n-th derivative of
sing; 1 () can by discontinuous only if there is a ky € N, k < 2772 for which gz, , < 0. By
(31) we know that ¢ decreasing if we taking into derivative by sinj, () and it decreasing
by one per derivative. We begin with second derivative of sin,(x)

1-2i

for x € [0, 25+ )

for x € (—=75,0),

sing; ., = — Singéﬂ sing; ,

/i o < 24 s/ 1-2:
Sy = Sy Sy
which we taking into derivative. By Lemma 3.3 we show that the highest derivative of
sing;4 1 (x) is at member f(x)®-g. For f(z) = sin3i,(z), g(z) = sin’2i+11722($) andt = 2i—1
it is obvious that from chain rule we get for z € [0, =)

d*-1 . 9 N ) ) 0
gy (— sm%iﬂ(az)) =(2)(2—-1)-...-2- s1n§i+1(x) . 8111'21.+1 ()

and for x € (="5,0)

J2i-1 A
T sing, () = (20)(2i — 1) - ... - 2-sin} (z) - sinh,,,*(2) .

The member with the highest derivative of sinf,, ,(z), which is for the minimum of all
Qrn has after 2i + 1 derivatives following form for z € [0, Z5) and for x € (—=22,0),
respectively

sing () (z) = —(2)(2i —1)-...-2-sink,, (2) - sinh,,, (),
sinef V() = (20)(2i—1) ... 2-sind,, (x) - sing,,*(2)
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which can be rewritten (sin},(x) € (0,1] on (=%, %)) as

2i+1 : .
sm(QZLl (2) = —asiss - it () for z € [0, ), (37)
2i+1 . :
smglil () = agips - singig (2) for x € (—=752,0).
By further taking (37) into derivative we obtain
242 . .
singif}(x) = —agi+1 - sinh, () for x € [0, 5+,
singii3(x) = agiyr - sing(z) for x € (—=75,0),
It remains to evaluate limits
lim,,_,o+ sm%ﬁﬁ(w) = lim,_o+ —aoi11 - si,n’Qi (@) = —agq,
: : : .
lim, o~ sing; 7(x) = limg_,o- agiy1 - sing 1 (x) = agiy1,
which follows that sing,1(-) ¢ C*'?(—25= ) That singq(-) € C*(—"2%5H, )
follows from Lemma 3.2, because ¢ > 0 and proof is complete.
U

Theorem 3.6 Let p € R\ N such that p > 1. Then sin,(-) belongs CP*1 (=2 72)  but it
does not belong CPIT2(—2 7).
Proof: We use (29) with the substitution (30) again. By Theorem 3.2 sin,(-) € C*(—2, 22).
Considering (35) we get for all n < [p] + 1

Gin=p—n+1>qp=p—I[p>0,

and other gy, for k =2, 3, 4,..., 22 are bigger than ¢, since j # 0 in these coefficients
and we add j(p — 1) +j > 0. Thus sin,(-) belongs CP*1(—%2 72) by Lemma 3.2 apply on
(29). If we taking sin,(z) into derivative [p] + 1-times, we get for k=1

f(x) = ayp+ sing_[p} (x) coszl)_pﬂp} (x).
Taking f(x) into derivative again, we get for k = 1
f'(2) = a1 o sinp’[p]’l(x) cos;pﬂp] (z),
which is cleary undefined at z = 0. Since cos,” +[p](0) =1 and

xlirgl+ sing_[p]_l(x) = 400

the function sim([p]Jr2 (x) has the infinite discontinuity at x = 0, which implies that sin,(-) ¢
ClrA(—22 72). Hence for p e R\ N, p > 1
sin, () € O (=22, 22,

and Theorem 3.6 is proved.
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Lemma 3.4 Let p € R such that p > 1 and let k € N. Forallk=1,2,3,4,..., ko,

Tk, @x € R
ko

Z ar, sin¥ (z) cos F ()

k=1

is continuous on (%, m,) .

Proof: If the function f(x) is continuous, then for all real constant « function a- f(z) is also
continuous. Thus we can consider simplifying assumption a; = 1. We choose any ¢, r € R.
By the continuity of sin,(z) on (%,7,), the fact that sin,(x) € (0,1) for x € (2, 7,) and
the continuity of z — 2% on (0,1) we have the continuity of sinf(z) on (%, m,).

Similarly by the continuity of cos,(z) on (%, 7,), the fact that — cos,(x) € (0,1) on (%, 7,)
and the continuity of z — 2" on (0, 1) we find that (— cos,(x))" is continuous on (%) . The
proof is comleted by notation that sum or product of finite number of continuous functions

is continuous function.

U

Lemma 3.5 Letp € R such thatp > 1 andletko e N, k=1,2,3,4,5,...,ky, ¢ € R,
rk>0,ak,bk€]R.
For

ko
fi(z) = Z ar, sin* () cos ¥ ()
k=1

defined on (0,%2) and

fa@) = b sind (z) (— cos,(x))™

defined on (%2, m,) the function

is continuous on (=7, ).

Proof: By Lemma 3.1 the function fi(x) is continuous and by Lemma 3.4 the function
fo(z) is continuous. Since cosy (%) = 0 for any r > 0 and sinf(%) = 1 for all r € R

0= lim fi(z)= lim+f2(x) =0,

s T
==L z— -2

and function f(z) is continuous, which conclude the proof.
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Theorem 3.7 Let p € (1,2). If p' ¢ N, then sin,(-) belongs CP1(0,7,), but it does not
belong CP1H1(0, 7).

Proof: By Theorem 3.2 sin,(-) belongs C'(0,7,) C C*(R). Using Theorem 3.3 and (28)
and considering the substitution (30)

on—2 . n 1—qk,n -
sin(™ (z) = Zk:_12 Qg sty () cosy ™" () for z € (0,7%), (38)
b 2 b sing" (z) (= cosy(x)) T for v € (T2, 7).

By Lemma 3.5 if 1 — gx,, > 0, then sinz()") (x) is continuous. Modify (35) for n instead of
n+1,ie.

Ghn=Jp—1)+n=2=-7)(-)+q2=0U+1p—n+1,
where 7 € N denotes number of taking cosg(x) into derivative to obtain k-th member of
(38) from sin, (). It is obvious that j < n — 2. Since 1 > g,

1 > m=24+lp+1—n>G+p+1—n,
n > (n—1)p,
n—np > —p,
n(l—p) > —p.
Since p € (1,2)
n<L:p’.
p—1

If p’ ¢ N, then sin,(-) € C1(0,7,) by Lemma 3.5. If we taking sin;[pq)(x) into derivative
again, we get certainly for some ky j = [p/] — 1

i1 = (PP = ) = W0 = 1) > ~ 25 -1 =p > 1,

. 1=qp 1141 . . < i, [p')1+1
which means cos, """ (%) is not defined and since sin, """ (2) = 1

. . iy [p']+1 I=qpy,[p'141
lim sin, """ (z) cos, O (z) = +o0.
Tp +
T3

Hence sinﬂp/]“)(z) can not be defined at z = %2 and proof is complete.
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P xin [ (0.7) | (-F.F)[ R [(0,m) |

2 2

p=2 C> C> c>| C>
p =2k EeN\{1} | C*= C> ct| 1
p=2k+1 keN| C> CP ct] 1
pe(1,2) PEN| C= C? c? | OVl
peR\N p>2| C® cri+t | ot | (1

Table 1: The continuity of n-th derivative of sin,(x)

4 Explicit expression of sin,(z)

This section is devoted to a few ways of expression sin,(z) in the term of power series.
We use inverting of power series of arcsin,(z), i.e. (11) for this purpose. Since this series is
defined only on (0, 1), function sin,(z) is defined only on (0, %2
consider p € N such that p > 1.

Using (9) to invert power series (11) for p € N such that p > 1 and for z € (0,1)

Y (np+1)(np+2)-...- (np+0) (@)(@)t

1
(np+1)-al = sltlul ... a a

). In whole section we will

bnp+1 -

(39)
where 0 =s+t+u+.... Forn € Nif k£ 4 np+ 1 then ay = 0 and if K = np + 1 then

F(n+%)

App1 = .
F(1> (n-p+1)-n!

P

(40)

Since I'(z +1) =2 -T'(z) forn € N

(n-1+2) (n—2+1) ... (1+1) -0 (%) (p(n = 1)+ D(p(n =2 +1)...1

anp+1: = -
r()m-p+1)-n (p-mt1)pr - n!

(41)

Theorem 4.1 Let a,, = 0 is no-th coefficient of (11), then b,, = 0 in the power series for
sin, () .

Proof: Let us assume that for any ng € N is a,, = 0. From (11) if for all ¢ € N the index
[ #i-p—+1, then a; = 0. Now we use a condition from (9), i.e.

l-s+2-t+3-u+...=n—-1, (42)

where we denote my = s, mg =t, mg=u,....If a,, =0, then the corresponding member
of (9) is equal to zero since we multiply by a,,. It follows that we must not consider such
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my for which a;y1 = 0. Thus we can rewrite (42) as
D My +2p-mo,+3p-ms,+...=np—1.
Divide this equation by p > 1

n—1

my +2-mgy +3-mg, = (43)

Since a,, =0 for alli € N, ng #i-p+1 and

)

—1
¢ 7.
p

But for all © € N, m,, € N, which implies that there is no acceptable member combination
for condition of (9). Hence b,, = 0 and proof is complete.

O
Let us note that since b,, are Taylor coefficients, it correspond to the fact, that if for all
keN, k<2"2is g, > 0, then
sin{(0) = Y7, ar,sing™"(0) cos, “"(0) = 0,

Due to Theorem 4.1 we can compute only coefficients b;,,1 for 7 € N. Let us express few
coefficients. From (39), (40) and (41) it is easily seen that

_ 1 _
b= L ~ 1,
1
b - 1 [ _ptl (G _ 1
p+1 (pr1)-al T 11 a1 p(p+1)
2 1
b — 1 (2p+1)(2p+2) (apt1 )\~ _ (2p+1) [ a2pin _ 1 ptl
2p+1 (2p+1).a§p+1 2! ai 1! a p2(p+1) 2!(2p+1)p?

. p2—2p—1
4p4+6p3+2p2 I

which are also given in [15]. Further two coefficients are

b _ 1 [ Gp+1)(Bp+2)(3p+3) [ ap+1 3 + (Bp+1)(3p+2) [ ap+1 a2p+1 \ _ 3p+l [ aspi1
3p+1 — (3p+1)a?p+1 3! al 11! ai al 1! al
_ (3p+2)(p+1) 1 1 ptl (2p+1)(p+1)
= — T e T OP ) e amene T e

4pP+11p*42p° —13p% —7p—1
36p7+102pS+102p°+42p%+6p3

and
b _ L apr) e (p ) apt) (apn Nt apr ) (ap+2)(4p+3) ((apir \? (azes
p+1 — (4p+1)a411p+1 4! ai 2!1! ai ai +
+ 1 [ @p+D)(4p+2) ([ azpia 2 + WptDUEp+2) (apir) (aspir ) Aptl (ddpis
(4p+1)afllp+1 2! al 11! al al 1! ay
_ Cpr)(Ep3)e+D) 1 ! +1
= s ey Gp VP +3) - ppte e T

(p+1)2 1 (2p+1)(p+1) (3p+1)(2p+1)(p+1)
+ 2+ D) e T @2 o Grre) G

_ 36p8—124p”4+27p%4-206p° —15p* —140p3 —71p? —14p—1
576p10+42352p9+3816p8+3120p7 +1344p6 +288p5+24pt
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Computing of these coefficients is quite difficult. In section 2 we introduce Bell polynomials,
which we use to express coefficients b,,+1. Comparing (10) and (9) we get following theorem

Theorem 4.2 Letp € N such thatp > 1, n € N and b,p41 1s coefficient of series expansion
of sin,(x). Then
- (np + k)! (_1)k apt+1 G2pt1 App+1
bn == . Bn , ey .
=D (np+ 1) nl TR )

k=1

Proof: We use formula (9) and we get considering (43) with substitution o = m, +ma, +
mgp 4+ ...

bm,H:; Z (_1)g(np+1)(np+2)-...-(np+g) (apH)mp(%)mzp

T
(np + 1)a}P* mylmap! . .. aq aq

Mp,M2p,...

Since a; = 1 for all p € N such that p > 1

1 (mp+1)(np+2)-...-(np+o0)
bop+1 = —1)7 e e
P = Z (1) TR (ap1)™ (azps1)
Mp,M2p,...
For any given ¢ = ¢ we denote
L(my, map, ..., Myy) = Boolean [my,+2ma,+...+n-my,, = nAm,+ma,+...+my, = 0],

which ensures compliance with (42) and we obtain

n

1 S (e (np+1)(np+2)-...-(np+00) T] (@)™

np+1 < mylma,! . .. pole
psM2py.-e
~ < - (np+09)! (=1)7 n! - ms
= L(m,,...,m, . . Qspr1) 7
mpzzom;() m;o (mp ») (np+1)! n! mylma,! ... g (@sps1)
_ (np + a9)! ) (=1)° ) (apH A2p+1 aanrl)
(np + 1)! n! S | ] R 71 B

Sum over all o € N such that ¢ < n gives us desired formula, e.g.

n

B (np+o)! (=1)7 Qpt1 G2pr1  Opptl
b"”“_z(npﬂ)!' B )

o=1

which complete the proof.
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There is also other way to invert power series by using Bell polynomias. Directly by The-
orem 2.1 we get for k =1

n—1
- n—1 i —n—i
97(1 V= ( 0 ) Z(—l) 91" "Buo1444(0, 91,92, 93, 94 - - ) -

=0
Hence
—1 i ,—1—
95 = Z?:o(_l) 91" Bii(0, 92,95, .. .) = g%’
1 i —2—i - -
gé ) = Z;ZO(QT]_) 912 B1+i,i(07927937"') :.912 0+<_1)gl 3B2,1(07927g37"')
- e m
-1 2 i ,—3—1
gé ) = 273:0(—]_> g1 3 -4BQ+i,i(07 92,93, - - ) 5
- gl_ -0+ (_]‘>gl_ B3,1(0a92ag37 e ) + (_1>291_ B472(0,92,937 o )
9 2
e B0 ST ICHCRE S YL XY )

For inversion of arcsin,(z) we have for g1 = a1, o = a2, g3 = a3,

—_ 1 —_
b= L - 1,
a
b2 = —a—% = _CLQ:O,
2
a Q.
bg = _a_%+2ﬁ = —as.

In the same way we can compute other coefficient. Let us note, that Theorem 4.1 hold here
too, but theire aplication is more complicated because of properties of Bell polynomials.
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5 Conclusion

The main motivation for this work is to show that power series expansion of function
sin,(z) is convergent on some neighborhood of zy = 0. Section 4 deals with a number of
ways we can express sin,(z) in the term of power series without considering the domain
of convergence of these series. The most natural way is using Taylor series expansion, but
we need sin,(-) € C*. In section 3 is given Theorem 3.4, which allows us to realize the
expansion at x = 0 for even p, such that p # 2. It does not solve problem of convergence
too, but let us mention a hypothesis.

Hypothesis 5.1 Let p =2(i+ 1), i € N. Then we can expand sin,(z) into Taylor series
at x =0, 1.e.

sin) (0 sin) (0 sin(™ (0
f(x) = sin,(0) + f'( )(x — o) + ;( )(x —z0)?+ ...+ I;L—‘()(x —x9)",
which converges for n — 400 to sin,(x) at least on (—1,1) and at most on (=7, Z2).
The maximal interval (—%2, %) follows from the fact that Theorem 3.4 holds only on
(=%, 7). The minimal interval is given by the fact that by Theorem 3.4 sin}(,”)(O) can be

express in form P(np!a), where o < n — 2 and P(p®) denote a polynomial in p, which have

degree .
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