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1. Introduction
The flow-induced vibration causes very interesting effects namely in the case of slender engi-
neering structures. The airflow around the structure induces a wide spectrum of the non-linear
aero-elastic processes. The beating effects which emerge due to vortex shedding may represent
(almost) periodic load. This type of excitation is dangerous to the functionality and safety of
structures. When the vortex frequency becomes close to the structure eigenfrequency, i.e., when
the lock-in regime occurs, the quasiperiodic beatings constitute regular load and possibly cause
significant fatigue in the material of the structure. Unfortunately, the non-linear character of
slender or soft structures is often neglected in the engineering practice. This could lead to a
significant underestimation of the overall response properties because the non-linear physical
systems of such type are prone to the effect of the sub- or super-harmonic synchronization.

The sub- or super-harmonic synchronization effect represent cases when the driving fre-
quency is close to integer multiples or fractions of the eigenfrequency of the structure. Due to
non-linear effects, such load can induce significant vibration of the structure in the dominant
eigenmode and can cause undesired or even dangerous effects.

The quasiperiodic phenomena of the resonance which occurs in the basic aero-elastic model
and its stability properties were theoretically investigated by the authors in the past [3]. The
recent study of the authors [4] concentrates on the stability assessments of the sub- or super-
harmonic synchronization and its effect on the free component of the system response. The both
works use the harmonic balance method for analytical investigation and their results depend on
the fulfilment of the relevant assumptions. The authors also tried to illustrate some properties of
the system using the numerical study in [1]. On the analysis of numerically obtained resonance
curves, the authors shown dependence of the sub- and super-harmonic synchronization effect on
the value of the excitation amplitude. It has been shown that due to the synchronization effect
loses the response its beating character in a vicinity of integer multiples of the eigenfrequency of
the structure and exhibits stationary response. The effect was better visible for lower excitation
amplitudes, where the width of affected frequency interval was wider than it was for higher
amplitudes. The super-harmonic synchronization effect (for driving frequency close to integer
fractions of the dominant eigenfrequency) was much lower than the sub-harmonic one.

The present contribution studies numerically effect of the sub-harmonic, resonant and super-
harmonic excitation on the frequency content of the response. This way it tries to measure
effects of individual excitation modes on the character of the response, namely the influence of
the sub- and super-harmonic excitation on the dominant eigenmode vibration.
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The commonly used Single-Degree-of-Freedom (SDOF) or the more complicated Two-
Degree-of-Freedom (TDOF) section models of a structure in the air stream represent a rea-
sonable compromise between complexity and ability to characterise the dynamic processes.
Such type of models is used often in the aerodynamic wind tunnel experiments and well serve
their purpose. However, it appears that in many cases when the TDOF model is used, one of the
components is dominant and, thus, the second one can be neglected. It reveals that majority of
the resulting SDOF systems can be modelled by the van der Pol-Duffing or generalized van der
Pol type equations or their combination adjusting degree of individual non-linear terms or their
coefficients. This hypothesis is generally accepted, see, e.g., [2].

The paper is organized as follows. First, the generalized van der Pol model is described
and modified to separate the forced and induced parts of the response. Then the resonance
properties of the model are discussed. In Section 3, the individual sub- and super-harmonic
cases are briefly mentioned. Results are summarized in the last section.

2. Mathematical model
Vibration of a slender structure in an airflow is usually modelled using the generalized van der
Pol equation with a harmonic right hand side. The inclusion of the fourth order term in the
description of the damping allows to better describe the lock-in regime and the corresponding
most important limit cycles, from whose one is stable (attractive) and the other is unstable
(repulsive). Consequently, the governing equation reads

ü− (η − νu2 + ϑu4)u̇+ ω2
0u = ω2

0P cosωt, (1)

where u is the response of the system, ω2
0 = K/m is the eigenfrequency of the associated linear

system with stiffness K and concentrated mass m, η, ν, ϑ are positive coefficients of linear
viscous and non-linear damping, ω2

0P is the amplitude of the harmonic excitation (excitation
force per unit mass, frequency ω). P can be interpreted as an amplitude of the air pressure
variation during vortex shedding.

Following [4], the solution in the sub- or super-harmonic cases can be written in the form

u = v + Fn cosωt , Fn = P/(1− n2), (2)

where n = 2, 3, . . . for sub-harmonic cases and n = 1/2, 1/3, . . . for super-harmonic cases. The
solution u consists from a harmonic forced term (Fn cosωt) and an auto-oscillation compo-
nent v which represents the (possible) sub- or super-harmonic effects induced by the equation.
The auto-oscillation part does not occur in a linear case. This approach neglects the damping,
however, the introduced inaccuracy is acceptable, see the discussion in [4].

Introduction of Eq. (2) into (1) results in the following differential relation for the comple-
menting auto-oscillation component v:

v̈ + ω2
0v(t) =

(
η − ν(v + F cosωt)2 + ϑ(v + F cosωt)4

)
(v̇ − Fω sinωt)

+
(
ω2 − n2ω2

0

)
F cosωt . (3)

3. Numerical analysis
A thorough analysis was conducted to illustrate the general properties of the theoretical system.
Results obtained for particular setting of system parameters (η = 1, ν = 0.5, γ = 0.1, ϑ =
0.025) are described in this paragraph. The natural frequency of the oscillator is set as ω0 = 1
and thus the integer fractions and multiples of the natural frequency are easy to follow.
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Fig. 1. Numerically obtained resonance curves of the generalized van der Pol equation response u,
Eq. (1), and the corresponding auto-oscillation component v, Eq. (3), for the excitation amplitude P =
0.75 and n = 1/2, 1, 2, 3; η = 1, ν = 0.5, γ = 0.1, ϑ = 0.025, ω0 = 1

0 1 2 3 4 5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

-14

-10

-6

-2

2

n=2

ω

ω1

Fig. 2. Frequency properties of the auto-oscillatory
part v for n = 2.

The resonance curves for the selected
example are depicted in Fig 1. Each row
shows the complete plot on the left and a de-
tailed view of interval (0.7, 1.3) on the right
hand side. Four curves are shown in individ-
ual graphs. For each excitation frequency
ω they represent the maximal and minimal
values of the solution envelope curves for u
and v separately. When both minimal and
maximal envelope curves coincide, the re-
sponse is stationary. The response u does
not change within individual plots, as it is
apparent from Eq. (1), however, character of
the part v varies significantly with increas-
ing value of n. Fig. 2 shows dependence of
the frequency content of the response (verti-
cal axis, ω1) on the excitation frequency (horizontal axis, ω). The heat map in the logarithmic
scale shows amplified responses for ω1 ≈ 1 and 3 for almost all excitation frequencies (hori-
zontal), and also narrow peaks corresponding to selected excitation frequencies (vertical lines).

The most important results of the paper measure the influence of the sub- or super-harmonic
excitation to individual frequency components of the response. These characteristics are shown
in Fig. 3. The excitation intervals surrounding 2ω0 and 3ω0, ω0 = 1 s−1, are considered in the
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Fig. 3. Contributions of the individual frequency components 1, 2, 3 rad.s−1 in to the total auto-
oscillation part of the response to the sub-harmonic excitation

left and right hand plots, respectively. The curves show amplitudes of the frequency components
ω = 1, 2, 3 rad−1 of the auto-oscillation response in dependence on excitation frequencies. In
both plots is the component of the response in the eigenfrequency ω0 = 1 dominant (blue
curves). In the left plot for n = 2, the response component "2rad/s" (brown curve) exhibits
resonance for excitation ω = 2, however, the system is apparently not very sensitive. Similar
results are predicted also in [4]. More interesting is the case n = 3. The effect of the sub-
harmonic excitation is clearly visible in all three component curves in the right hand plot. Note
that the curves in Fig. 3 are approximative only because the actual resonance frequency is
generally shifted down from the nominal values due to non-linear effects.

Results for ω = 1/2, 1/3, . . . rad−1 are less apparent and are omitted due to space limitation.

4. Conclusions
The generalized van der Pol equation describes the state when the linear damping component
becomes negative and the stability of the system is maintained due to non-linear effects only. Its
selected resonance properties are identified numerically in the present contribution as a supple-
ment to the approximate analytical results by the authors published in the past. The quantitative
results support those theoretical, however, only a single value set was used and thus they serve
for illustrative purposes only.
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