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Anotace

V této disertacéni préaci zkoumame rizné verze Thomassenovy hypotézy, ktera
iika, ze kazdy 4-souvisly hranovy graf je hamiltonovsky. Ukazujeme zndmé
pozitivni vysledky davajici ¢astecna feseni Thomassenovy hypotézy i znamé

vyvraceni silnéjsich hypotéz.
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Kapitola 1

Uvod

Hamiltonovské vlastnosti jsou jednou ze zakladnich otézek teorie grafu. Na-
chéazeji siroké uplatnéni v praxi napriklad pti planovani vyroby, v poc¢itacovych
sitich nebo dopravnich problémech. Thomassenova hypotéza patii k dulezitym
a intenzivné zkoumanym problémum této oblasti. Dokladem této skutecnosti
je napiiklad i to, ze ptrehledovy clanek (ktery je soucdsti této prace) obsa-
huje 67 referenci. Tématika, ktera je v praci zkoumana, zahrnuje Siroké spek-
trum otéazek. Za vSechny jmenujme konstrukce snarki, grafy na plochéach, hy-
perkostry, uzavérové operace a charakterizace grafovych tiid. Rozsah téchto
problému a dikazovych technik se neustdle rozsifuje v nadéji, ze novy thel

pohledu piinese néjaky posun - at uz dikaz, nebo nalezeni protipiikladu.

Préace je zpracovana formou souboru sedmi praci, které jsou publikovany
¢i zaslany k publikaci. V komentari jsou vysledky, které jsou predmétem diser-

tace, oznaceny hvézdickou.



Kapitola 2

Zakladni terminologie

Znaceni pouzité v této praci vychazi z knihy [3].

Graf je usporddand dvojice G = (V(G), E(G)), kde V(G) je konetnd
mnozina a £(G) je podmnozina mnoziny vsech dvojic vzéjemné ruznych prvku
z V(G). Povolime-li vice (koneény pocet) ruznych hran mezi stejnou dvojici
uzlu, fikdme, ze G = (V(G), E(G)) je multigraf. Mnozinu hran mezi jednou
dvojici uzli nazveme multihrana. Po¢et hran v multihrané e nazveme multipli-

citou multihrany e.

Okoli uzlu z v grafu G budeme znacit Ng(x) a dile zavedeme Ng[z] =
Ng(z) U{z}. Oznacime dg(z) = |Ng(x)| stupen uzlu z € V(G) a definujeme
mnozinu Vi (G) = {x € V(G)|dg(z) = k}. Volnd hrana je hrana, kterd ma
jeden uzel stupné 1. Klika je uplny podgraf nikoliv nutné maximalni. Induko-
vany podgraf F grafu G je podgraf, pro ktery kazda hrana grafu G mezi uzly
podgrafu F' je soucasné hranou podgrafu F. Podgraf indukovany mnozinou
uzlu M znacime (M). Grafem bez K, 3 rozumime graf, ktery neobsahuje K 3
jako indukovany podgraf. Stejnou vazbu budeme pouzivat i pro dalsi podgrafy.
Graf, ktery se skladd z kruznice C} s k uzly a uzlu sousediciho se vSemi uzly
kruznice Cj, (nazveme ho stied), nazveme k-kolo a oznac¢ime Wy. Sledem na-
zveme posloupnost uzli takovou, ze kazdé 2 po sobé jdouci uzly jsou spojené
hranou. Tahem nazveme sled, v némz se zadna hrana nepouziva dvakrat. Hra-

novy graf H grafu (multigrafu) G, znacime H = L(G), je graf s mnozinou
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uzlu V(H) = E(G), v némz jsou uzly spojené hranou pravé tehdy, kdyz
odpovidajici hrany v G maji spoletny uzel. Graf G nazveme hranovym gra-
fem (hranovym grafem multigrafu), jestlize existuje graf (multigraf) H tak, ze
G = L(H). Rekneme, ze uzel u je simplicidlni uzel v G, jestlize jeho okoli
N¢(u) indukuje dplny graf. Rekneme, ze graf G je cyklicky hranové k-souvisly,
jestlize neobsahuje hranovy ez R takovy, ze |R| < k a soucasné alespon 2 kom-
ponenty G — R obsahuji kruznici. Rekneme, ze graf G je esencidlné hranové
k-souvisly, jestlize neobsahuje hranovy ez R takovy, ze |R| < k a soucasné ale-
sponi 2 komponenty G — R obsahujf hranu. Jestlize {z,y} C V(G) je uzlovy fez
grafu G a K, K jsou komponenty G —{x,y}, pak podgrafy (V(K;)U{z,y})a
a (V(Ky) U{z,y})e nazveme bikomponenty grafu G urcené {z,y}.

Kruznici (cestu) v grafu G nazveme hamiltonovskou, jestlize obsahuje vSech-
ny uzly grafu GG. Graf nazveme hamiltonovskym, jestlize ma hamiltonovskou
kruznici. Graf G nazveme hamiltonovsky souvislym, jestlize pro kazdou dvojici
uzlu x,y € V(G) existuje hamiltonovska cesta s koncovymi uzly z,y. Graf G
nazveme k-hamiltonovsky souvislym, jestlize G — X je hamiltonovsky souvisly
pro kazdou mnozinu uzla X C V(G) s |X| = k. Graf G je 2-hranové hamil-
tonovsky souvisly, jestlize gratf G + X ma hamiltonovskou kruznici obsahujici
v8echny hrany z X pro kazdou X C E*(G) = {zy|z,y € V(G)}s1 < |X| < 2.
Rekneme, Ze uzavieny tah (kruznice) T' v grafu G je dominantni, jestlize kazda
hrana v G' m4 alespon jeden uzel v T'. Jestlize kruznice (resp. tah) obsahuje
alespon jeden uzel dané hrany e, fekneme, ze hranu e dominuge. Jestlize tah,
ktery dostaneme odebranim prvni a posledni hrany tahu 7', dominuje vSechny
hrany grafu G, fekneme, ze tah T je vnitrné dominantni (zna¢ime IDT z ang-
lického internally dominating trail). Jestlize tah, ktery dostaneme odebréanim
prvni hrany tahu 7', dominuje vSechny hrany grafu G, ozna¢ime ho HIDT (z

anglického half internally dominating trail).

Pokud graf G méa pro kazdy uzel z hamiltonovskou cestu P takovou, ze
x je jeji koncovy uzel, nazveme graf G P-souvislym. Pro podmnoziny X a YV
mnoziny V(G) takové, ze X NY = (), oznacéime E¢(X,Y) mnozinu hran mezi
X aY,addleeq(X,Y) = |Eq(X,Y)|. Kruznici C grafu G nazveme Tutteovou
kruznict grafu G, jestlize (a) C' je hamiltonovska nebo (b) [V (C)| > 4 a kazda

komponenta G — C' méa nejvyse tii sousedni uzly na C. Graf je k-regularni,



jestlize vSechny uzly grafu maji stupen k. Graf, ktery je 3-regularni, oznac¢ime
také jako kubicky. Graf je hranové k-obarvitelny, jestlize hrany lze obarvit
k barvami tak, ze zadné dvé hrany se spolecnym uzlem nemaji stejnou barvu.
Druhou mocninu grafu G dostaneme spojenim vSech uzlu ve vzdélenosti 2 hra-
nami a budeme ji znacit G?. Bud K koneény systém mmnozin. Prinikovyj graf
(pranikovy multigraf) systému K nazveme graf (multigraf), ve kterém kazdou
mnozinu z K reprezentuje jeden uzel a uzly jsou spojené hranou (multihra-
nou s multiplicitou i) pravé tehdy, kdyz mnoziny korespondujici uzlum maji

neprazdny prunik (s ¢ prvky).



Kapitola 3

Charakterizace podtrid grafu
bez K 1.3

3.1 Charakterizace hranovych grafii multigra-

fa

Krausz [38](1943) dokazal nasledujici charakterizaci hranovych grafu multigrafi.
Krauszovym pokrytim grafu G nazveme pokryti grafu G klikami, pro které
plati:
(1) kazda hrana je v alespon jedné klice,

(71) kazdy uzel je préavé ve dvou klikach.

Véta 3.1 [38]. Nepréazdny graf G je hranovy graf multigrafu praveé tehdy,
kdyz existuje Krauszovo pokryti grafu G.

Jestlize G je hranovy graf multigrafu a £ = {Kj, ..., K,,} je Krauszovo
pokryti G, pak multigraf H takovy, ze G = L(H), muze byt ziskan z K jako
prunikovy multigraf systému mnozin {V (K1), ..., V(K,,)}.

Bermond a Meyer [6](1973) dokdzali charakterizaci hranovych grafi mul-

tigrafu pres zakazané podgrafy.

Véta 3.2 [6]. Necht G je graf. Pak nasledujici podminky jsou ekviva-

lentni:



Obréazek 3.1

(a) Graf G je hranovy graf multigrafu.

(b) Graf G neobsahuje jako indukovany podgraf zadny z grafii na obrazku
3.1.

(¢) Z grafu G dostaneme hranovy graf, jestlize nahradime uzlem kazdou

maximalni mnozinu M, pro kterou plati x,y € M < (Ng[z] = Ngly]).

Kliku C grafu G nazveme normalizovanou, pokud kazdy uzel z € V(G) \
V(C) bud lezi mimo Ng(C'), nebo existuje rozdéleni C' na 3 disjunktni podkliky
K, Ky, K3 takové, ze C — (Ng(x)) = Ky, a pro uzly y, z z ruznych klik K;
plati, ze Ng[y] # Nelz].

Véta 3.3 [6]. Graf G je hranovy graf multigrafu pravé tehdy, kdyz neob-
sahuje jako indukovany podgraf K 3 ani G5 na obrazku 3.1 a navic mnoZina
maximalnich klik, které nejsou normalizované, pokryva kazdy uzel grafu G

nejvyse dvakrat (kazdy uzel G je v nejvyse dvou takovych klikach).

Vzor hranového grafu multigrafu neni urcen jednoznacné. Zverovic [63]
(1997) dokéazal nésledujici vétu. Obdobnou vétu pro hranové grafy dokézal
Whitney jiz v roce 1932. Zdkladni graf multigrafu (podle basic graph - Zverovic

[63]) je graf, ktery vznikne nahrazenim kazdé jeho multihrany hranou. Volnd
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multihrana je multihrana, které v zékladnim grafu odpovidé volna hrana. Mul-
tihvézdou nazveme multigraf, jehoz zédkladni graf je izomorfni s grafem K ;,7 >
2. Stfed multihvézdy S nazveme uzel z, ktery je spojen hranami se vsSemi
ostatnimi uzly S. Ostatni uzly multihvézdy S nazveme listy. Pokud stied z je
jediny uzel S, pro ktery plati dg(x) # ds(z), tekneme, ze S je volnd multihvézda
a uzel xr nazveme kotenem. Multigraf, jehoz zakladni graf je izomorfni s C se
nazyva multitrojuhelnik. Pokud pro pravé jeden uzel x v multitrojihelniku H
v grafu G plati dg(z) # dg(z), nazveme H volnyg multitrojiuhelnik a uzel z

nazveme korenem.
Ted zavedeme transformaci libovolné zvoleného multigrafu G ([63]).

Operace A. V libovolné zvolené maximalni (vzhledem k inkluzi) volné mul-

tihvézdé slou¢ime vsechny listy do jednoho uzlu.

Operace B. Pro libovolné zvoleny volny multitrojihelnik H s kofenem v
a mnozinou uzlu V(H) = v,z,y odstranime vSechny hrany mezi uzly v, z.
Nésledné doplnime hrany mezi uzly v,y tak, ze stupen v se pii transformaci

nezmeni.

Multigraf, ktery dostaneme z GG opakovanym pouzitim operaci A, B v libo-

volném poradi, dokud je to mozné, oznacime AB(G).

Véta 3.4 [63]. Budte H a H' souvislé multigrafy, jejichz hranové grafy
jsou izomorfni. Pak multigrafy AB(H) a AB(H’) jsou vzdy izomorfni, ledaze
jeden z H, H' je multitrojihelnik a druhy neizomorfni multitrojihelnik nebo

multihvézda.

Zajimavy dusledek Zverovicovy véty je ukdzén v [54]*. Priddni velmi pfi-
rozené podminky, ze simplicialni uzel v hranovém grafu odpovida volné hrané

v multigrafu, davéd jednoznacny vzor pro hranové grafy multigrafi.

Véta 3.5 [54]*. Bud G souvisly hranovy graf multigrafu. Pak existuje az
na izomorfismus jednoznacné urceny multigraf H takovy, ze G = L(H) a uzel
e € V(G) je simplicidlni v G pravé tehdy, kdyz korespondujici hranae € E(H)

je volna hrana v H.



Tento vzor je velmi dulezity pro dikaz véty o uzavéru grafu bez K 3 za-
chovavajicim 1-hamiltonovskou souvislost, budeme ho znacit H = L} (G) a
pro vzor H hranového multigrafu GG jednozna¢né urceny podle véty 3.5 a hranu
a € E(H) odpovidajici uzlu a € V(G) oznacime a = LX;(G)(CL).

Dulezitou ttidou z hlediska vyuzitelnosti uzavéru jsou hranové grafy mul-
tigrafu bez trojihelniki. Charakterizacemi této tiidy se zabyvaji Kloks, Krat-
sch a Miiller [34]. Pouzivaji zna¢né nestandardni terminologii. Hranové grafy
multigrafu bez trojuhelniku napiiklad nazyvaji domina. Definuji je jako tiidu,
kde kazdy uzel grafu se nachazi nejvyse ve dvou maximalnich klikach. Z Krauz-

sovy charakterizace 1ze snadno dokdzat nésledujici lemma.

Lemma 3.6. Graf G je domino pravé tehdy, kdyz existuje multigraf H
bez trojithelniki takovy, ze L(H) = G.

Dikaz. Nejprve ukdzeme, ze kazdé domino je hranovy graf multigrafu bez
trojuhelnikt. Oznacme systém klik v grafu G napliujici definici domina IC =
{K;,i = 1...m}. Systém klik K pokryvéd vSechny hrany v G, protoze jinak
nepokrytd hrana je v maximdlni klice, kterd dava spor s definici. Bud K’
systém klik, ktery dostaneme z K; doplnénim jednouzlovych klik pro vSechny
uzly, které jsou v pravé jedné maximalni klice (jsou to simplicidlni uzly grafu
(). Systém klik K’ je Krauzsovo pokryti grafu GG. Pokud by vzor odpovidajici
K’ obsahoval trojihelnik 7', kazd4 jeho hrana je v G ve dvou klikach K. Obraz

T je v G maximalni klika a dava spor s definici K.

Necht naopak G je hranovy graf multigrafu H bez trojihelniki. Protoze
v grafu H nejsou trojuhelniky, z definice hranového grafu odpovidaji vsechny
kliky L(H) (tedy i maximalni) multihvézdam v H. Z toho vyplyvé, ze maxi-
malni kliky L(H) jsou podmoziny Krauzsovych klik L(H) korespondujicich
s H. Graf L(H) spliiuje definici domina. [ |

Kloks a kol. charakterizuji domina pres zakazané podgrafy.

Véta 3.7 [34].  Graf je domino pravé tehdy, kdyz je bez K 3, bez 4-kola a

bez druhé mocniny cesty s péti uzly.
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3.2 Charakterizace hranovych grafa

Pokud existuje Krauzsovo pokryti hranového grafu G multigrafu H takové, ze
korespondujici vzor H' je graf, graf G je podle definice hranovy graf a muzeme
takovym pokrytim hranové grafy grafi dokonce charakterizovat. Jedna se o nej-

starsi charakterizaci hranovych grafu vyslovenou Krauszem [38] jiz v roce 1943.

Véta 3.8 [38]. Neprazdny graf G je hranovy pravé tehdy, kdyz existuje
klikové pokryti K grafu G takové, ze kazda hrana je v pravé jedné klice v K

a kazdy uzel je pravé ve dvou klikach v K.

Nésledujici véta (zndmd jako Whitneyho véta) ukazuje jeden z rozdilu mezi

hranovymi grafy a hranovymi grafy multigrafu.

Véta 3.9 [60]. Budte G,G’ souvislé grafy, jejichz hranové grafy jsou izo-
morfni. Pak grafy G,G’ jsou vzdy izomorfni s vyjimkou pripadu, kdy jeden je
Cg a druhj K1,3-

Poznamenejme, ze diive uvedend podminka pro jednoznac¢ny vzor hra-
novych grafi multigrafii neni rozsitenim vzoru z Whitneyho véty na hra-
nové grafy multigrafu a existuje nekonecna tiida 2-souvislych hranovych grafi,
pro které se oba vzory lisi. Obrazek 3.2 ukazuje piiklad takovych grafu. Graf
G je hranovy graf a grafy Hy, Hy dva ruzné vzory G. Graf H; je jediny vzor G
podle véty 3.9, zatimco Hs je jediny vzor G podle véty 3.5. Nekonecnou tiidu
snadno dostaneme pokud jeden z trojihelniku grafu G prislusné nahradime

libovolné velkou klikou.

H, H, G

._<>_.

Obrézek 3.2

Charakterizaci hranovych grafii pomoci zakazanych podgrafi nasel Beineke
[4](1970).
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Véta 3.10 [4]. Graf G je hranovy praveé tehdy, kdyz neobsahuje indukovany

podgraf izomorfni s nékterym grafem na obrazku 3.3.

SRS
< < <P
SNV,

Obrazek 3.3

Doplnime jesté charakterizaci hranovych grafu grafu bez trojihelniku. Bod
(7ii) pochédzi od A.R. Rao, zbytek dokazali Beineke a Hemminger. Vse je v [5]
(1978).

Véta 3.11 [5].  Nasledujici tvrzeni jsou ekvivalentni pro souvislé grafy H
s alesponi ¢tyrmi uzly:
(1) H je hranovy graf grafu bez trojihelniku,
(17) dveé ruzné maximalni kliky grafu H maji spoleény nejvyse jeden uzel a
prunikovy graf maximalnich klik v H je bez trojihelnikii,
(7ii) vSechny uzly sousedni k obéma uzlim libovolné hrany indukuji v H
kliku a okoli kazdého uzlu Ize pokryt dvéma klikami,
(iv) H neobsahuje indukované podgrafy K, 3 a druhou mocninu cesty se ¢tyi-

mi uzly.
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Kapitola 4

Uzavérové operace na grafech
bez K 1.3

4.1 Obecny tvod

Uzavérové operace na grafech jsou velmi dulezité, protoze umoznuji rozsitovat
platnost vét z hranovych grafu (multigrafu) na sirs{ grafové tiidy. Nés zajimaji
predevsim hamiltonovské vlastnosti, ale tyto techniky lze vyuzit také v jinych
oblastech (napf. parovani). Hranové grafy multigrafu jsou vyhodné zejména
moznosti prejit ke vzoru. Casto je mozné pomoci uzavéru vzor omezit napiiklad
na grafy bez trojuhelniku. Uvedeme znamé korespondence pro hamiltonov-

skost, hamiltonovskou souvislost, P-souvislost a Tutteovy kruznice.

Souvislost mezi dominantnimi tahy a hamiltonovskymi kruznicemi dokazali
Harary a Nash-Williams [28] (1965).

Véta 4.1 [28].  Bud G graf s alespon tremi hranami. Pak L(G) je hamilto-

novsky pravé tehdy, kdyz G ma uzavieny dominantni tah.

Podobny argument ddva analogii pro hamiltonovskou souvislost (viz napf.
[46]).
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Véta 4.2 [46]. Bud G graf s alespon tremi hranami. Pak L(G) je hamilto-
novsky pravé tehdy, kdyz kdyz G ma ID'T' s koncovymi hranami ey, e5 pro kazdy
par hran ey, es € E(G).

Jen s velmi malou zménou lze ukazat obdobu pro P-souvislost.

Véta 4.3. Bud G graf s alespon tfemi hranami. Nésledujici tfi podminky
jsou ekvivalentni:
(1) Graf L(G) je P-souvisly.
(1) Graf G ma IDT s prvni hranou e pro kazdou hranu e € E(G).
(1ii) Graf G mda HIDT s prvni hranou e pro kazdou hranu e € E(G).

Cada a kol. [19]* dokézali nasledujici korespondenci. Uzavieny tah T' v grafu
H nazveme slaby Tutteiv uzavieny tah grafu H jestlize (a) Ey(T) = E(H),
nebo (b) |Ey(T)| > 4 aey(F,T) <3 pro vsechny F € Fy(T) = {F|F je kom-
ponenta H — T pro kterou |V (F)| > 2}. Kruznici C' v grafu bez K 3 nazveme
kruznici s (x)-vlastnosti, jestlize pro kazdy simplicidlni uzel = na kruznici C

kruznice C' obsahuje vSechny uzly Ng(x).

Véta 4.4 [19]*. Bud H graf bez trojiihelnikii. Jestlize H m4 slaby Tuttetiv
hranové maximalni uzavreny tah, pak L(H) ma Tutteovu maximalni kruznici

s (x)-vlastnosti.

7 hamiltonovskych vlastnosti nelze uzaveérové operace pouzit ptimo pro pan-
cyklicitu a silnéjsi vlastnosti, jak bylo ukazano napt. Brandtem a kol. [12](2000).
Pro hamiltonovskou souvislost, P-souvislost, délku nejdelsi kruznice, hamil-
tonovskost a existenci hamiltonovské cesty jsou znamé uzavérové operace,

pii kterych jsou tyto vlastnosti stabilni.

Necht G je tifda grafi. Uzdvérem na G budeme rozumét binarni relaci R
na G takovou, ze levy obor R je celd tiida G a pro kazdou dvojici [G1, G3]
relace R plati V(G1) = V(Gs) a E(G1) C E(G2).
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4.2 Uzavér se stabilni hamiltonovskosti

Patrné nejpouzivanéjsi uzaveér v oblasti grafi bez K3 je Ryjackuv uzaver
[52](1997).

Uzel z v grafu G nazveme k-uzaviratelny, jestlize jeho okoli v G indukuje
k-souvisly netplny graf. Pro 1-uzaviratelné uzly budeme pouzivat pouze ozna-
¢eni uzaviratelny uzel. Lokdlnim ziplnénim uzlu x nazveme graf G vytvoreny
z grafu G doplnénim hran (Ng(z)) na kliku. Ryjdékovgm uzdvérem grafu G,
znaceno clg(G), rozumime graf, ktery vznikne z grafu G opakovanym lokdlnim
zipliovanim uzaviratelnych uzlu, dokud je toto mozné. U grafu clgr(G) tedy
kazdé souvislé okoli (Ng(x)) je klika.

Oznacme ¢(G) délku nejdelsi kruznice v grafu G. Oznacme p(G) délku
nejdelsi cesty v grafu G. Body (i) — (ii1) nésledujici véty dokazal Ryjacek [52],
bod (iv) je dokdzan Brandtem a kol. [12].

Véta 4.5 [52], [12]. Bud G graf bez K 3. Pak
(1) clg(G) je jednoznacné definovan,
(11) existuje graf H bez trojihelniki tak, ze clgr(G) = L(H),
(ii1) ¢(G) = c(clr(@)),
(iv) p(G) = p(clr(G)),

Uzaver se také velmi dobfe chova vuéi kruznicim s (x)-vlastnosti.

Déle uvedenou vétu a jeji disledek vyuzili Cada a kol. [19]* ke zkouman{
hypotéz souvisejicich s Tutteovymi cykly na grafech bez K;3. Kruznici C
v grafu G nazveme Tutteovou maximdlni kruznici grafu G, jestlize C' je Tu-

tteova kruznice a maximéalni kruznice grafu G.

Véta 4.6 [19]*.  Bud G graf bez K; 3 a bud v uzaviratelny uzel v G. Jestlize
(" je kruznice s (x)-vlastnosti v grafu G}, pak G ma kruznici C' s (x)-vlastnost{

takovou, ze V(C) = V().

Dusledek 4.7 [19]*. Bud G graf bez K3 Jestlize clg(G) md Tutteovu
maximalni kruznici s (x)-vlastnosti, pak G m& Tutteovu maximalni kruznici

s (x)-vlastnosti.
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4.3 Uzaveéer se stabilni hamiltonovskou souvis-

losti

Hlavni néstroj popsany v této kapitole bude multigrafovy uzavér (zkracené

M-uzéveér) grafu bez K 3 zavedeny v [54]*.

Oznacime k-uzdvér grafu G, znaceny cly(G), graf vznikly z G rekurzivnim
zuplnovanim k-uzaviratelnych uzli, dokud je toto mozné. Graf je k-uzavreny,

jestlize G = cli(G). Pro nés jsou dulezité néasledujici vlastnosti.

Véta 4.8.  Pro kazdy graf G bez K, 3,
(i) [9] k(@) je definovédn jednoznacné pro kazdé k > 1,
(17) [9] cla(@G) je P-souvisly pravé tehdy, kdyz G je P-souvisly,
(1ii) [53]" cla(G) je hamiltonovsky souvisly pravé tehdy, kdyz G je hamilto-

novsky souvisly.

Pouzitim charakterizace hranovych grafu multigrafit od Bermonda a Meye-
ra [6] je snadné ukdzat, ze cly(G) neni hranovy graf multigrafu, protoze grafy
G2, G4 charakterizace na obrazku 3.1 jsou 2-uzaviené. Ale 2-uzavieny graf

neobsahuje zadny z 5 zbyvajicich zakézanych podgrafu charakterizace [54]*.

Bud J = uguy...up4q sled v G. Rekneme, ze J je dobry v G, jestlize k > 4,
J? C G aprokazdé i,0 < i < k—4 podgraf indukovany u;, ..., ;15 je izomorfni
s (G5 nebo G4 na obrazku 3.1.

Lemma 4.9 [54]*. Bud G souvisly 2-uzavreny graf bez K, 3, ktery nenf
mocnina kruznice, a bud J = ug...up4, dobry sled v G, k > 5. Pak
(1) do(uw;)) =4,i=3,....k — 2,

(19) uy...uy je cesta.

Dobry sled J je mazimdlni, jestlize pro kazdy dobry sled J' v G, J je
cast J', implikuje J = J'. Lze ukazat, ze jestlize je G souvisly, 2-uzavieny a

neni druhd mocnina kruznice, pak kazdy dobry sled je v néjakém maximalnim
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dobrém sledu a dva ruzné maximélni dobré sledy jsou uzlové disjunktni (viz
[54]%)-

Ted muzeme definovat M-uzdvér nasledujicim zpusobem.
Bud' G souvisly graf bez K 3, ktery neni druhd mocnina kruznice.
1. Poloz Gy = cly(G), i := 1.
2. Jestlize (G; obsahuje dobry sled, pak
(a) vyber maximalni dobry sled J = uguy . . . Uupy1,
(b) poloz Giy1 = cl(((Gi)3,)3,)
(¢)i:=1i+1 a jdi na (2).
3. Poloz ™ (G) = G;.

Pokud G je druhd mocnina kruznice, definujeme cI™(G) jako tiplny graf.

Véta 4.10 [54]*. Bud G souvisly graf bez K3 a bud cI™(G) M-uzdveér
grafu G. Pak
(i) (@) je jednoznacné definovén,
(i1) existuje multigraf H tak, ze cI”(G) = L(H),
(iii) cI™(G) je hamiltonovsky souvisly pravé tehdy, kdyz G je hamiltonovsky
souvisly,

(iv) (G je P-souvisly pravé tehdy, kdyz G je P-souvisly.

Graf G bez K3 nazveme M-uzavieny, pokud G = cl™(G). Pokud vez-
meme jednoznacné urceny vzor H hranového grafu multigrafu G' podle véty
3.5 muzeme M-uzaviené grafy snadno charakterizovat. Pfipomindame zave-
dené znacen{ takového vzoru H = L}/ (G), hranu @ € E(H) odpovidajicf uzlu

a € V(G) oznacime a = L;j(G)(a).

Véta 4.11 [54]*.  Bud G graf bez K, 3 a Ty, Ty, T3 grafy na obrdzku 4.1. Pak
G je M-uzavieny pravé tehdy, kdyz G je hranovy graf multigrafu a Ly} (G)
neobsahuje podgraf S (ne nutné indukovany) izomorfni s nékterym z grafi
11,15, nebo Ts.
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T1 T2 T3

Obrazek 4.1

Multigrafovy uzaveér lze dale zesilit a zachovat pti tom stabilitu hamilto-
novské souvislosti a P-souvislosti. Publikovan byl uzavér pro hamiltonovskou
souvislost, ale obdobnym zptusobem lze zesilit i uzaveér pro P-souvislost. Uvede-
me ho prvni kvuli vétsi jednoduchosti jako ukazku metody. Zakladnim néstro-

jem pro vyzkum v této oblasti je nasledujici véta.

Véta 4.12 [12].  Bud z uzaviratelny uzel grafu G bez K, 3 a bud'te a,b dva
ruzné uzly grafu G. Pak pro kazdou nejdelsi cestu P’'(a,b) s koncovymi uzly
a,b v grafu G existuje v grafu G cesta P takovd, ze V(P') = V(P) a P ma
alespon jeden koncovy uzel z mnoziny {a,b}. Navic v grafu G je cesta P(a,b)
s koncovymi uzly a,b takovd, ze V(P) = V(P') kromé moznych nasledujicich
dvou situaci (az na symetrii mezi a,b):
(1) existuje indukovany podgraf F C G izomorfni s grafem S na obrazku 4.2
takovy, ze uzly a,x maji stupen 4 v grafu F. V tom pripadé v grafu
G je cesta P, s koncovym uzlem b, pro kterou V(P,) = V(P’). Jestlize
navic b € V(F), pak v grafu G je také cesta P, s koncovym uzlem a
takova, ze V(P,) = V(P').
(17) x = a,ab € E(G). V tom pripadé graf G obsahuje cestu P, s koncovym
uzlem a, pro kterou V(P,) = V(P') i cestu P, s koncovym uzlem b,
pro kterou V(B,) = V(P').
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Obrézek 4.2

Nyni muzeme definovat uzaver.

Pro dany graf G bez K 3, zkonstruujeme graf G nésledujicim zpusobem.

(i) Jestlize G je P-souvisly, polozime GT = clz(G).
(73) Jestlize G neni P-souvisly, rekurzivné provadime lokalni ziplnéni v ta-

kovém uzaviratelném uzlu, pro ktery vysledny graf stéle neni P-souvisly,

tak dlouho, dokud je to mozné. Ziskame posloupnost grafu Gy, ..., Gy
takovou, ze

e G; =G,

¢ Gip1 = (Gy);, pro néjaky uzaviratelny uzel x;,7 =1,...,k — 1,

e G neni P-souvisly,
e pro kazdy uzaviratelny uzel € V(Gy):,(Gy): je P-souvisly,

a polozime G* = Gj,.

Graf GF ziskany predchozi konstrukei nazveme P-uzdvér grafu G a graf G

rovny svému P-uzavéru nazveme P-uzavieny.

Véta 4.13*.  Bud G graf bez K,3 a bud G' jeho P-uzdvér. Pak GY m4

nasledujici vlastnosti:
(i) V(G) =V (GY) a E(G) c E(GTP),
(it) GT je ziskdn z grafu G posloupnosti lokélnich zipInéni v uzaviratelnych
uzlech,
(iti) G je P-souvisly prave kdyz Gt je P-souvisly,
(iv) GY = L(H), kde H je hranovy graf s nejvyse jednim trojiihelnikem,
(v) jestlize P nema hamiltonovskou cestu s koncovym uzlem a pro néjaky
a € V(G) a X je trojithelnik v H, pak LX/}(GP)(Q) € E(X).
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Duikaz. Body (¢)—(éii) plynou piimo z definice uzavéru. V diukazu nebudeme
pouzivat vzor hranovych grafi odvozeny z véty 3.9. Podle véty 4.10 je GF
M-uzavieny a tedy hranovy graf multigrafu. Pokud H = L;}(GT) obsahuje
multihranu eq, es, nejsou hrany eq, eo v grafu H v trojihelniku podle véty 4.11.
Z toho plyne, ze L(ey) je uzaviratelny uzel v grafu G a neexistuje podgraf S
takovy, ze ds(L(e1)) = 4. Podle véty 4.12 muzeme L(e;) uzaviit pii zachovani

P-souvislosti a dostavame spor s P-uzavienosti.

Predpokladejme, ze graf H obsahuje trojihelnik C', pro ktery neplati tvr-
zeni v bodu (v) véty. Pak obraz libovolné hrany C' v grafu G je uzaviratelny
uzel a podle véty 4.12 ho lze uzaviit pii zachovani P-souvislosti. To je spor s
definici G Jestlize graf H obsahuje dva riizné trojihelniky C;, Cy, podle véty
4.11 jsou hranové disjunktni a jeden z nich proto nespliuje tvrzeni v bodu (v)

véty. Podle predchoziho dostavame spor. [ |

Ted ukdzeme, ze na tiidé grafu bez K, 3 neexistuje uzdvér se stabilni P-sou-

vislosti na tiidu hranovych grafu grafu bez trojuhelniku.

Véta 4.14*.  Na tridé 3-souvislych hranovych grafii neexistuje uzaver cl
takovy, ze kazdy graf cl(G) je hranovy graf bez trojithelnikii a P-souvislost je

stabilni.

Dikaz. Predpokladejme, ze véta neplati a takovy uzavér existuje. Vezméme
graf H na obrazku 4.3 a podle obrazku oznac¢me i uzly zq,--- ,xs. Nejprve
ukdzeme, ze v grafu H neexistuje HIDT s prvni hranou xsxs (na obrazku
vyznacena silné pro lepsi orientaci) a tedy podle véty 4.3 graf G = L(H)
neni P-souvisly. Necht tedy naopak X je HIDT v grafu H s prvni hranou
x3rs. V grafu H jsou tii podgrafy izomorfni s Petersenovym grafem bez hrany.
Oznacéme je Py, P, (ty na obrazku dole) a Ps (ten na obrdzku nahofe). Protoze
Petersenuv graf nema hamiltonovskou kruznici, 1ze snadno odvodit, ze poza-
dovany X konéi v P3. Pro P; (resp. P,) pak existuje jedind moznost prichodu
- kruznice s uzlem x3 (resp. x5) prochazejici viemi uzly P, (resp. P») kromé
uzlu x4 (resp. xg). Tyto podminky nelze splnit soucasné. Graf G tedy neni

P-souvisly.
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Obréazek 4.3

Pokud se pokusime pfejit priddnim hran do grafu G na hranovy graf
grafu bez trojuhelniki, dostaneme podle véty 3.11, ze vSechny tii kliky hra-
nového grafu G odpovidajici uzlum trojuhelniku ve vzoru H je tteba uzaviit
do spoleéné kliky. Takovy graf je ale P-souvisly (potfebné cesty lze snadno
najit, v krajnim piipadé pomoci pocitace a jen oveérit spravnost), coz dava

spor.

Nekonecnou tiidu 3-souvislych hranovych grafii, které nelze prevést prida-
nim hran na hranové grafy grafii bez trojihelnika pii zachovani P-souvislosti,
dostaneme navysenim poc¢tu simplicidlnich uzlu v klikach se simplicialnimi uzly
grafu G = L(H). |

Ted uvedeme zesileni M-uzévéru pro hamiltonovskou souvislost dokdzané
Kuzelem a kol. [41]*.

Pro dany graf G bez K 3 zkonstruujeme graf GM nésledujici konstrukef.
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(i) Jestlize G je hamiltonovsky souvisly, polozime GM = clg(G).
(17) Jestlize G neni hamiltonovsky souvisly, rekurzivné opakujeme lokalni
zuplnéni v takovych lokalné souvislych uzlech, pro které vysledny graf

stale neni hamiltonovsky souvisly, dokud je to mozné. Ziskdame posloup-

nost grafu G, ..., G} takovou, ze
i Gl = G7
o (i1 = (Gy);, pro ngjaky uzaviratelny uzel z;,i =1,...,k — 1

e (G neni hamiltonovsky souvisly

e pro kazdy uzaviratelny uzel x € V(Gg):,(Gy): je hamiltonovsky
souvisly,

a polozime GM = Gj,.

Graf GM ziskany piedchozi konstrukef nazveme silng M-uzdvér (nebo zkracené
SM-uzdvér) grafu G, a graf G rovny svému SM-uzavéru nazveme SM-uzavieny.

Nésledujici véta dava prehled vlastnosti.

Véta 4.15 [41]*.  Bud G graf bez K, 3. Pak existuje graf GM takovy, ze
(1) existuje posloupnost uzli 1, ...,x,_1 € V(G) a grafy Gy, ...Gy takové,
ze G1 = G, Gi+1 = G;NZ = 1, ,k? - 1, a Gk = GM,
(ii) G je hamiltonovsky souvisly pravé tehdy, kdyz G je hamiltonovsky
souvisly,
(1i1) existuje multigraf H takovy, ze
(o) GM = L(H),
(8) H neobsahuje 2 trojiihelniky se spolecnou hranou a zadnou multi-
hranu s multiplicitou vétsi nez 2,

(v) H je bud’ bez multihran a obsahuje nejvyse 2 trojiihelniky, nebo

neobsahuje zadny trojihelnik a nejvyse jednu multihranu,

(0) jestlize H obsahuje trojithelnik T, pak H ma IDT s koncovymi
hranami e, f pro kazdé e, f € E(H) se, fNT =10,

(e) jestlize H obsahuje multihranu ef, pak (e, f) je jedind dvojice,

pro kterou v H neni IDT s koncovymi hranami e, f.
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Nezname polynomialni algoritmus pro rozhodnuti zda je graf SM-uzavieny.
Nevime, zda néjaky SM-uzavieny graf obsahuje alespon jeden trojuihelnik.

Ryjacek a Vrana ukazali nasledujici vétu.

Véta 4.16 [54]*.  Na tridé 3-souvislych hranovych multigrafii neexistuje
uzaver cl takovy, ze kazdy graf cl(G) je hranovy graf a hamiltonovska souvislost

je stabilni.

Poznamenejme, ze definice uzavéru v ¢lanku [54]* je sice jind, ale argu-
ment dukazu (pfidédni hrany do zakdzaného podgrafu pro hranové grafy vede
k hamiltonovské souvislosti grafu) projde i pro nasi definici. Déle se podarilo
dokazat nékolik nasledujicich lemmat popisujicich strukturu SM-uzavienych

grafu.

Lemma 4.17 [54]*. Bud G SM-uzavieny graf a bud H = L,; (G). Pak H

neobsahuje trojihelnik s uzlem stupné 2 v H.

Lemma 4.18 [54]*. Bud G SM-uzavieny graf, bud H = L,}(G). Pak
H neobsahuje podgraf H izomorfni s kruznici Cs s uzlem stupné 2 v H a

s chordou.

Lemma 4.19 [54]*. Bud G SM-uzavieny graf a bud H = L;}(G). Pak
H neobsahuje kruznici C' délky 5 takovou, Ze nékteré dva uzly kruznice C
maji stupenn 2 v H a néktera hrana C' je v multihrané s multiplicitou 2 nebo

v trojuhelniku v H.

Lemma 4.20 [54]*. Bud G SM-uzavieny graf, bud H = L,;}(G) a bud F
graf s mnozinou uzli V(F) = {vy,vq,v3,v4, 05,2} a mnozinou hran E(F) =
{109, Vo3, V3V, VU5, VsVT, V3V, 201, 209} (Viz obrazek 4.4). Pak H neobsahuje

podgraf H izomorfni s grafem F takovy, ze Ny ({vy, vy, vs,v5}) C V(H).
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Obrazek 4.4

4.4 Uzavér se stabilni 1-hamiltonovskou sou-

vislosti

Z uvednych poslednich dvou uzavéru by se mohlo zdat, ze klicova pro cely
postup je snaha uzavirat ”co nejvice”. Posledni uzavér dokazany Ryjackem a

Vranou [55]* ukazuje, ze tomu tak zcela neni.

Bud G graf bez K; 3 a bud = € V(G) takové, ze G — x nenf hamiltonovsky

souvisly. Bud G, graf ziskany nasledujici konstrukei.

(1) Poloz Gy := G, i:=0.

(2) Jestlize existuje u; € V(G;) takové, ze u; je uzaviratelny v grafu G; —x a
soucasné (G;);, — neni hamiltonovsky souvisly, pak poloz Giy1 = (Gy);,
a jdi na (3),

jinak poloz éw = (5, a zastav.

(3) Nastav i :=1i+ 1 a jdi na (2).

Pak tekneme, ze G, je cédstecny x-uzdavér grafu G.

Podle nasledujici véty 4.21* je graf G, — 1 hranovym grafem multigrafu, a
tedy v ném existuje jednoznacéné uréené Krauszovo pokryti K = { K3, ..., K, }
takové, ze prunikovy multigraf systému mnozin {V(K3), ..., V(K,,)} je H, H =
L;;/ (G). Kdykoliv nadile v souvislosti s G, —x hovoffme o Krauszovych klikéch,

mame vzdy na mysli prvky tohoto pokryti K.

Veéta 4.21 shrnuje hlavni vlastnosti ¢astecného z-uzavéru grafu bez K 3 a

je nezbytné nutna pro opravnénost konstrukce nasledujictho uzavéru.
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Véta 4.21 [55]*.  Bud G graf bez K 3, bud = € V(G) takovy, ze G —x neni
hamiltonovsky souvisly a bud G, castecny x-uzaver grafu G. Pak G, — 1 je
SM-uzavreny hranovy graf a graf éw splituje jeden z nasledujicich bodii:
(1) G, je hranovy graf multigrafui;
(i4) z je stied indukovaného Ws a existuji uzly ui,up € Ng (x) takové,
ze
(a) {u1,us} je fez multigrafu G, — «,
(B) jedna z bikomponent multigrafu G, — r uréend {u1,us} je izo-
morfni s grafem K3 — e,
() multigraf (G, + {uy,us}) — & neobsahuje indukované Wy se stie-
dem x,
(0) multigraf (G, + {u1,us}) — = je SM-uzavieny;
(1) v grafu G, — x jsou Krauszovy kliky K1, Ky takové, ze
() Ng. (v) C K1 UKy,
(8) multigraf (V(G,), E(G,) U {azv|v € Ky U K,}) je hranovy graf

multigrafu.

Pokracujeme definici hlavniho uzavéru.

Bud G graf bez K; 3 a bud G graf ziskany nésledujici konstrukef:

(1) Jestlize G je 1-hamiltonovsky souvisly, poloz G = clz(G).

(2) Jestlize G neni 1-hamiltonovsky souvisly, vyber uzel x € V(G), pro kte-
ry G — x neni hamiltonovsky souvisly, a vyber ¢asteény z-uzaveér G,
grafu G.

(3) Jestlize G, splituje (i) véty 4.21 (tzn. z je stied indukovaného Wi
v grafu éx, vyber fez {u;,us} grafu G, — x, pridej hranu uyus do G,
(tzn. poloz G, := G, + uyuy) a pokracuj na (4).

(4) Jestlize G, je hranovy graf multigrafu, poloz G = G,. Jinak G, spliuje
(131) véty 4.21, tzn. nékteré dvé Krauszovy kliky K7, Ks v grafu G, —x
pokryvaji viechny uzly okoli Ng(z), a pak poloz G = (V(G,), E(G,) U
{zvjv € K1 U Ky})

Pak fekneme, ze vysledny graf G je 1HC-uzdvér grafu G.
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Nésledujici véta ukazuje zédkladni vlastnosti 1HC-uzavéru grafu G.

Véta 4.22 [55]*.  Bud G graf bez K, 3 a bud G jeho 1HC-uzdvér. Pak
(i) G je hranovy graf multigrafu,
(i1) pro nékteré x € V(G) je graf G — x SM-uzavieny,
(iii) G je 1-hamiltonovsky souvisly pravé tehdy, kdyz G je 1-hamiltonovsky

souvisly.

Dulezita z hlediska podobnosti s clg uzavérem a tedy i podobnych dukazu

je nasledujici véta.

Véta 4.23 [55]*. Bud G graf bez K,3. Pak existuje posloupnost grafi
Go, ..., Gy takova, ze
(i) Go =G,
(ii) V(Gi) = V(Git1) a soucasné E(G;) C E(Giy1) C E((Gy);,) pro néjaky
x; € V(G;) uzaviratelny v grafu G;,
(1ii) Gy, je 1HC-uzaver grafu G.
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Kapitola 5

Thomassenova hypotéza

5.1 Ekvivalentni verze Thomassenovy hypoté-

zy

Uz v roce 1981 byla zminéna na strané 12 [7] nésledujici hypotéza, kterd se
v roce 1985 objevila v [57], Thomassen ji vznesl v roce 1986 [58] a jejiz platnost

je stéale otevienou otazkou.

Hypotéza 5.1 [57]. (Thomassen (1986)) Kazdy 4-souvisly hranovy graf

je hamiltonovsky.

Hypotéza byla soustavné studovana a casem se ukazala byt ekvivalentni

s nasledujicimi hypotézami.

Hypotéza 5.2 [47]. (Matthews, Sumner (1984)) Kazdy 4-souvisly graf

bez K, 3 je hamiltonovsky.

Hypotéza 5.3 [1]. (Ash, Jackson (1984)) Kazdy cyklicky hranové

4-souvisly kubicky graf ma dominantni kruznici.
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Hypotéza 5.4 [23]. (Fleischner (1984)) Kazdy cyklicky hranoveé 4-sou-

visly kubicky graf ma hranové 3-obarveni nebo dominantni kruznici.

Ekvivalenci hypotézy 5.1 a hypotézy 5.3 dokazali Fleischner a Jackson
[25](1989). Naznacime postup dukazu. Bud H multigraf, bud v € V(H) ta-
kovy, ze d(v) > 4. Kubickou inflact multigrafu H nazveme graf, ktery vznikne
z H smazénim v, pfidanim kruznice k s d(v) uzly a spojenim novych uzlu na
puvodni sousedy v tak, ze vSechny nové uzly kruznice k maji stupen 3 v novém
grafu a ostatni uzly maji stejny stupen jako v H. Ekvivalence plyne z véty 4.1

a nasledujici véty.

Lemma 5.5 [25]. Bud H esencidlné hranové 4-souvisly graf s minimalnim
stupném §(H) > 3. Pak nékterd kubickd inflace H je esencidlné hranové

4-souvisla.

Poznamenejme, ze kubicka inflace se pouzivd i v dalsich dukazech, napf.
[41]*, [42]*.

Prvni krok k ukazani ekvivalenci hypotéz 5.2 a 5.1 udélal Plummer (1993)

[51], kdyz dokazal ekvivalenci hypotézy 5.3 s nésledujicimi dvéma hypotézami.

Hypotéza 5.6 [51]. Kazdy 4-souvisly 4-reguldrni graf bez K, 3 je hamilto-

novsky.

Hypotéza 5.7 [51]. Kazdy 4-souvisly 4-reguldrni graf bez K, 3, ve kterém

kazdy uzel lezi pravé ve dvou trojuhelnicich, je hamiltonovsky.

Ryjacek ukazal [52](1997) ekvivalenci hypotéz 5.2, 5.1. Ekvivalenci hypotéz
5.4, 5.1 ukdzal Kochol [35](2000) a pozdéji dokazal [37](2002), ze hypotézy jsou
ekvivalentni se zdanlivé slabsimi verzemi se sublinearnim defektem. Napiiklad
hypotéza 5.1 je ekvivalentni s hypotézou: "kazdy 4-souvisly hranovy graf G
s poctem uzlu n lze uzlové pokryt ny cestami s vyjimkou no uzlu tak, ze ny, ng

rostou méneé nez linedrné v zavislosti na n.” V soucasnosti jsou jiz zndmé ekviva-

vvvvv
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se podarilo ukazat ekvivalenci s nasledujici hypotézou Kuzelovi a Xiongovi
[43].

Hypotéza 5.8 [43]. Kazdy 4-souvisly hranovy graf multigrafu je hamilto-

novsky souvisly.
Pozdéji Ryjacek a Vrana [54]* rozsitili ekvivalenci az na grafy bez K 3.

Hypotéza 5.9 [54]*. Kazdy 4-souvisly graf bez K, 3 je hamiltonovsky sou-
visly.

V soucasnosti jednu ze zdanlivé nejsilnéjsich ekvivalentnich verzi ukazali
Kuzel, Ryjacek a Vrana [42]*.

Hypotéza 5.10 [42]*. Kazdy 4-souvisly graf multigrafu je 2-hranové ha-

miltonovsky souvisly.

Pomoci uzaveru 4.22* se podaftilo Ryjackovi a Vranovi rozsitit ekvivalentni

verze z predchozi.

Hypotéza 5.11 [55]*. Kazdy 4-souvisly graf bez K, 3 je 1-hamiltonovsky

souvisly.

Tyto hypotézy naznacuji moznou neplatnost Thomassenovy hypotézy (a
vsech ekvivalentnich verzi), protoze v piipadé platnosti je hranovy graf s ale-
spon péti uzly 2-hranové hamiltonovsky souvisly pravé tehdy, kdyz je 4-souvisly.

Nésledujici rozhodovaci problémy jsou pak polynomidlni.

1-HCL
Instance: Hranovy graf G

Otazka: Je G 1-hamiltonovsky souvisly?

2-E-HCL
Instance: Hranovy graf G

Otazka: Je G 2-hranové hamiltonovsky souvisly?
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Je znamo, ze rozhodnuti, zda je hranovy graf hamiltonovsky, je NP-tplné
[8]. Stejné tak je NP-tiplné rozhodnuti, zda graf je 1-hamiltonovsky souvisly
[42]* (respektive 2-hranové hamiltonovsky souvisly [50]*).

Pokud by takova situace byla i na hranovych grafech, Thomassenova hy-
potéza neplati, ledaze P=NP. Na druhou stranu rozhodnuti, zda je rovinny
graf hamiltonovsky, je NP-tiplné (viz napf. [8]) a rovinny graf s alespon péti

uzly je 2-hranové hamiltonovsky souvisly pravé tehdy, kdyz je 4-souvisly [50]*.

V roce 1956 Tutte dokézal [59], ze kazdy 4-souvisly rovinny graf ma hamil-
tonovskou kruznici. V dukazu poprvé pouzil Tutteovy cykly (poznamenejme,
ze maji na rovinnych grafech mirné jinou definici). V souc¢asné dobé je metoda
Tutteovych struktur hlavni dukazovou metodou hamiltonovskych vlastnosti
nejen pro rovinné grafy, ale i pro grafy na dalsich plochéch (napi. torus, pro-
jektivni rovina). Jackson [31] (viz také [22], Hypotéza 2a.5) formuloval v roce
1992 nésledujici hypotézu s cilem pokusit se dokédzat Thomassenovu hypotézu

obdobnym zptusobem, jaky se pouziva pro grafy na plochéch.
Hypotéza 5.12 [31]. Kazdy 2-souvisly graf bez K, 3 md Tutteovu kruznici.

Presnéji navrhoval pokusit se o dukaz zdanlivé slabsi verze hypotézy pro vzo-

ry hranovych graft.

Hypotéza 5.13 [31]. Kazdy hranové 2-souvisly graf G mé eulerovsky pod-
graf H s alespon tremi hranami, pro ktery je kazda komponenta grafu G — H

pripojena nejvyse tremi hranami k H.

Ekvivalenci predchozich dvou hypotéz s hypotézou 5.1 ukézali Cada a kol.
[19]*. Zd4 se tedy, Ze pokus navrhovany Jacksonem je opravnény prinejmensim
ve smyslu nalezeni protipiikladu.

Zdéanlivé nejslabsi je nasledujici hypotéza. Ekvivalenci ukazali Broersma
a kol. v [16])*. Snark je cyklicky hranové 4-souvisly kubicky graf, ktery nema

hranové 3-obarveni, s délkou nejkratsi kruznice alespon 5.

Hypotéza 5.14 [16]*. Kazdy snark md dominantni kruznici.
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Na kubickych grafech ukézali ekvivalenci se zdanlivym zesilenim Fouquet
a Thuillier [27].

Hypotéza 5.15 [27]. Libovolna dvojice disjunktnich hran cyklicky hranové

4-souvislého kubického grafu lezi na dominantni kruznici.
Pozdéji ekvivalenci rozsifili Fleischner a Kochol [26].

Hypotéza 5.16 [26]. Libovolna dvojice hran cyklicky hranové 4-souvislého

kubického grafu lezi na dominantni kruznici.

Oznacme V;(H) = {z € V(H)|dy(x) = i} a bud H graf s 6(H) = 2 a
|Va(H)| = 4. Rekneme, ze H je Va(H)-dominovang, jestlize pro kazdé dve hrany
€1 = uvy, €a = Uy takové, ze Vo(H) = {uy, vy, us, v} graf H + {e1,eo} ma
dominantni uzavieny tah obsahujici ey, e5. Graf H nazveme silné Vo(H)-domi-
novany, jestlize H je V5(H)-dominovany a pro kazdou hranu e = uv takovou,
ze u,v € Vo(H) graf H + {e} mé dominantni uzavieny tah obsahujici e.

Bud F graf a bud A C V(F). Bud A rozdéleni neprazdné sudé X C A
na dvouprvkové podmnoziny. Oznac¢ime E(A) mnozinu vsech hran ajas ta-
kovych, Ze a1, as jsou ve stejné dvojici v A a F4 ozna¢ime multigraf s mnozinou
uzlt V(F4) = V(F) a mnozinou hran E(F4) = E(F) U E(A). Graf F na-
zveme slabé A-kontrahovatelny), jestlize pro kazdou neprazdnou sudou X C A
a pro kazdé rozdéleni A multigraf F'4 mé uzavieny dominantni tah obsahujici
vSechny hrany E(A).

Dalsich nékolik ekvivalentnich verzi je znamo pro podgrafy kubickych grafu.

Odkazy jsou na ¢lanky, ve kterych je dokazana ekvivalence.

Hypotéza 5.17 [40]. Libovolny podgraf H esencidlné hranové 4-souvislého
kubického grafu s §(H) =2 a |Vo(H)| = 4 je Vo(H )-dominovany.

Hypotéza 5.18 [42]*.  Libovolny podgraf H esencidalné hranoveé 4-souvislého
kubického grafu s 6(H) =2 a |Vo(H)| = 4 je silné Vo(H )-dominovany.

Hypotéza 5.19 [16]*. Kazdy cyklicky hranové 4-souvisly kubicky graf ob-
sahuje slabé A-kontrahovatelny podgraf F' s §(F') = 2.
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5.2 Pozitivni vysledky davajici castecné reseni

Thomassenovy hypotézy

Pokud omezime tiidu vzoru, je znamych nékolik vysledki. Nejprve probe-
reme konstrukci, kterd umoznuje prevést hamiltonovské vysledky z grafu na
plochédch na jejich hranové grafy. Konstrukei objevil Lai (1994) [44] a v témze

roce se objevila jesté v dalsim ¢lanku [17].

Véta 5.20 [44]. Kazdy 4-souvisly hranovy graf rovinného grafu je hamilto-

novsky.

Véta 5.21 [17].  Kazdy 4-souvisly hranovy graf grafu s nakreslenim v pro-

jektivni roviné je hamiltonovsky.

Lze ji prevést uplné stejnym zpusobem i dalsi vysledky z grafi na plochach
na jejich hranové grafy. Ukazeme jako ptiklad pouziti pro 2-hranovou hamilto-
novskou souvislost na rovinnych grafech. (Pouze vysvétlujeme zndmy postup
bez naroku na autorstvi.) Ziejmé nebude snadné pouzit néjaké rozsireni této
metody pro dukaz celé Thomassenovy hypotézy, protoze napiiklad existuji
grafy s nakreslenim v projektivni roviné, které jsou 4-souvislé a nejsou 2-hra-
nové hamiltonovsky souvislé (viz [50]*). Dalsi problém je, ze pro kubické grafy

konstrukce vytvori pouze jejich hranové grafy.

Véta 5.22. Kazdy 4-souvisly hranovy graf rovinného grafu je 2-hranoveé

hamiltonovsky souvisly.

Diikaz. Necht G je 4-souvisly hranovy graf rovinného grafu H. Poznamenej-
me, ze graf H je esencialné hranové 4-souvisly. Pro rovinné nakresleni H se-

strojime novy graf Gp nasledujici konstrukei.
(1) Odstranime z grafu H vsechny uzly stupné 1, podrozdélime vsechny
hrany (tzn. kazdou hranu nahradime cestou s jednim vnitinim uzlem)

a vysledny graf oznacime Gy.
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(17) Sestrojime graf Gp tak, ze pro kazdy uzel = takovy, ze dg,(x) > 3
doplnime do grafu G kruznici s uzly Ng(z) tak, ze v nakresleni G od-
povidajicimu rovinnému nakresleni H se zaddné hrany neprotinaji (po-
drobny popis s obrazky viz [44], [17]). Déle pro vSechny uzly y grafu
Gy odpovidajici uzlim stupné 2 grafu H spojime uzly Ng,(y) hranou
a odstranime uzel y. Nakonec odstranime vsSechny uzly z, pro které
de,(2) = 3.

(7i1) V grafu G pro vSechny uzly w stupné alespon 8 provedeme nésledujici
konstrukci.

(o) Podrozdélime vechny hrany s uzlem w v grafu Gi, doplnime
kruznici k se vSemi novymi uzly tak, ze v nakresleni odpovida-
jicimu rovinnému nakreslenim G se zadné hrany neprotinaji a
odstranime uzel w.

(8) Vezmeme maximalni parovani P v kruznici k takové, ze pro kazdy
blok B grafu G existuji alesponn dva pary, které maji sousedni
uzly jen na k nebo v uzlech odpovidajicich uzlum bloku B.
Pro kazdy par p;p; v parovani P odstranime hranu p;p; a slou¢ime
uzly p;, p; do jednoho. Pro vSechny uzly o na k, které nejsou v P
vybereme jednoho souseda p, uzlu o, odstranime hranu ops a
slouc¢ime uzly o, p;.

7 konstrukce je ziejmé, ze graf Gp je rovinny a lze ho doplnit pridanim
hran na hranovy graf G, ktery se od grafu G lisi v poc¢tu simplicidlnich uzlu
v nékterych klikach, ale kazda klika s neprazdnou mnozinou simplicidlnich uzla
v grafu G mé neprazdnou mnozinu simplicidlnich uzlu i v grafu G, (podrob-
nosti viz [44], [17]).

Ukazeme ze Gp je 4-souvisly. VSechny uzly Gp maji podle konstrukce
stupen alespon 4. Hranovy graf G, je 4-souvisly, protoze se lisi od G pouze
poctem simplicidlnich uzlu v klikach a podle konstrukce, kazda klika se sim-
plicidlnim uzlem ma alespon 4 uzly, které nejsou simplicialni. Vsechny podgrafy
odpovidajici klikdm v G, jsou 2-souvislé, takze fez R grafu G p velikosti nejvyse
3 obsahuje uzly, jejichz odpovidajici uzly v G jsou v jedné klice K. Pokud
2 ruzné komponenty K, Ky grafu Gp — R obsahuji uzly, jimz odpovidajici

v G nelezi v K, existuji mezi K7, Ky v grafu Gp podle konstrukce 4 uzlove
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disjunktni cesty. (Klika K m4 alespon 8 uzlu, které nejsou simplicidlni.) Spor.
Tedy jedna komponenta grafu Gp — R obsahuje pouze uzly, jimz odpovidajici
uzly v G lezi v klice K. Podle konstrukce snadno nalezneme, jak podgrafy

odpovidajici klice K vypadaji, a ovérime spor.

Podle hlavniho vysledku v [50] je Gp 2-hranové hamiltonovsky souvisly a

pridédni hran na tom nic nemeéni. [ |

Obdobny vysledek dokézali Lai, Shao a Zhan pro grafy kvazi bez K, 3 (z an-
glického quasi claw-free) tj. grafy, v nichz kazdy pér uzlu ve vzdalenosti 2 ma

spolecného souseda w sousediciho pouze s uzly v mnoziné N[u] U N|v].

Véta 5.23 [45].  Kazdy 4-souvisly hranovy graf grafu kvazi bez K3 je

hamiltonovsky souvisly.

Pro hranové grafy a grafy bez K 3 s vyssi souvislosti se podafilo dokazat
postupné nasledujici véty. Existenci hranice pro k-souvislost hranovych grafu,

kterd zajistuje hamiltonovskou souvislost stanovil Zhan [62](1991).

Véta 5.24 [62]. Kazdy T-souvisly hranovy graf multigrafu je hamiltonovsky

souvisly.

Ryjackuv uzdveér ukdzal existenci hranice pro k-souvislost grafi bez K 3,

kterd zajistuje hamiltonovskost.
Véta 5.25 [52]. Kazdy T-souvisly graf bez K, 3 je hamiltonovsky.
Predchozi vysledky zesilili Hu, Tian a Wei [30](2005).

Véta 5.26 [30]. Bud G 6-souvisly hranovy graf multigrafu s nejvyse 29
uzly stupné 6. Pak G je hamiltonovsky souvisly.

Véta 5.27 [30]. Bud G 6-souvisly graf bez K3 s nejvyse 29 uzly stupné
6. Pak G je hamiltonovsky.

34



Prvni hranice k-souvislosti zarucujici hamiltonovskou souvislost pro grafy
bez K 3 byla stanovena Brandtem [11], ktery dokézal, ze kazdy 9-souvisly graf

bez K 3 je hamiltonovsky souvisly.

Vysledek byl pozdéji zlepsen Hu, Tian and Wei [30].
Véta 5.28 [30]. Kazdy 8-souvisly graf bez K 3 je hamiltonovsky souvisly.
Dusledkem véty 5.26 a M-uzavéru je nasledujici véta.

Véta 5.29 [54]*.  Bud G 6-souvisly graf bez K, 3 s nejvyse 29 uzly stupné
6. Pak G je hamiltonovsky souvisly.

Dalsi zlepseni pro 6-souvislé grafy hranové grafy s dodatecnou podminkou
(s moznosti rozsifeni M-uzavérem) dokazal Zhan [61]. VEtsi posun piinesla az

prace Kaisera a Vrany [33]*.

Véta 5.30 [33]*. Bud G 5-souvisly graf bez K3 s minimalnim stupném

alespon 6. Pak G je hamiltonovsky souvisly.

Mirné okrajovou oblasti vyzkumu jsou zakazané dvojice pro hamiltonovské
vlastnosti vyzadujici 4-souvislost. Zminime je zde predevsim, protoze davaji
urcity vhled pro platnost hypotézy na malych grafech stejné jako posledni smér
vyzkumu v této kapitole, generovani iplnych databdzi malych snarku pomoci
pocitace. Piimy vysledek dokazali Ryjacek a Vrana [55] pomoci 1HC-uzavéru.
Jednoznaéné urceny graf s uzly stupné 4,2,2,2 2 (anglicky ¢asto nazyvany hour-

glass) oznacime Hy.

Véta 5.31 [55]*.  Kazdy 4-souvisly graf bez K, 5 a bez Hy je 1-hamiltonovsky

souvisly.

Znamé jsou jesté vysledky odvozené od zakdzanych dvojic pro hamilto-
novskou souvislost u 3-souvislych grafi. Odebrani uzlu ze 4-souvislého grafu
snizi stupen souvislosti nejvyse o jedna a muzeme proto tyto vysledky primo

pouzit i pro 1-hamiltonovskou souvislost a 4-souvislé grafy. Oznacme Pj cestu
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s poctem uzlu k. Oznac¢me N, ;1 graf slozeny trojuhelniku a tif cest délek 7, j, k
po dvou s prazdnym prunikem takovych, ze kazda cesta mé s trojihelnikem
spolecny pravé jeden uzel a to koncovy. Oznacme H; graf slozeny ze dvou
trojuhelniku spojenych praveé jednou cestou délky ¢. Piiklady popsanych grafu

jsou na obrazku 5.1.

H, Niia H,

Obréazek 5.1

Véta 5.32 [21]*.  Jestlize G je 3-souvisly bez X aY pro X = K;3aY =
Py, Ni13 nebo Ny o9, pak G je hamiltonovsky souvisly.

Véta 5.33 [15].  Jestlize G je 3-souvisly bez X aY proX = Ky 3 aY = Hj,
pak G je hamiltonovsky souvisly.

Velmi zajimavy pokus pro testovani hypotéz jak pozitivné tak negativné
je generovani databazi vsech malych snarku. V soucasnosti se Brinkmannovi
a kol. [13] podafilo vygenerovat viechny snarky s nejvyse 36 uzly. Slaby snark

je cyklicky hranové 4-souvisly kubicky graf, ktery neméa hranové 3-obarveni.
Pozorovani 5.34 [13].  Neexistuji protipiiklady na hypotézu 5.16 mezi

snarky s nejvyse 36 uzly, slabymi snarky s nejvyse 34 uzly a obecnymi ku-

bickymi cyklicky hranoveé 4-souvislymi graly s nejvyse 26 uzly.
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5.3 Vyvracené hypotézy implikujici Thomasse-

novu hypotézu

4D () (I ) () I ()

Obrazek 5.2

S Thomassenovou hypotézou castecné souvisi nasledujici hypotéza, kterou
vyslovil Chvéatal v [18]. Pocet komponent grafu G' ozna¢ime w(G). Graf G je
t-tuhy (t € R,t > 0), jestlize |S| > t*w(G —S) pro kazdou S C V(G) takovou,
ze w(G—S) > 1. Tuhost 7(G) grafu G je nejvetsi ¢islo ¢, pro které je G t-tuhy.

Hypotéza 5.35 [18]. (Chvatal (1973)) Existujet takové, ze kazdy t-tuhy

graf je hamiltonovsky.

V soucasné dobé je znamo, ze hypotéza neplati pro t = 2. Protipiiklad
nalezli Bauer a kol. v [2]. Konstrukce je naznacend na obrazku 5.2. Horni
dva uzly jsou spojené hranami se vSemi zbylymi uzly grafu. Oblast nakreslend
kolem uzlu predstavuje kliku na vSech uzlech uvnitr.

Ackoliv obecné zustava hypotéza oteviend, pro nékteré specidlni tiidy grafu
se ji podarilo dokazat. Souvislost k(G) grafu G je nejvétsi ¢islo k, pro které je
G k-souvisly. Z naseho hlediska je dulezity néasledujici vysledek Matthewse a

Sumnera v [47], ktery umoznuje prevést v grafech bez K 3 tuhost na souvislost.

Véta 5.36 [47]. Pro kazdy graf G bez K, 3 plati: 7(G) = 35(G).
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Ptipomenme, ze v soucasnosti je podle véty 5.30 a predchoziho véty kazdy
3-tuhy graf bez K3 hamiltonovsky souvisly. Dalsi obdobné vysledky mimo

nasi oblast zajmu lze nalézt napiiklad v [14].

V roce 2002 vyslovil Fleischner v [24] hypotézu BMC (bipartizing matching
conjecture), ktera se pokousi spojit Thomassenovu hypotézu s dalsimi slavnymi
hypotézami. Méjme kubicky graf G s dominantni kruznici D. Budeme znacit
(G, D), abychom vyjadrili, kterou dominantni kruznici v .G méme na mysli.
Oznacime {qi,...,q} = V(G) — V(D), a pro uzel v € V(G) oznacime E,
mnozinu hran obsahujicich uzel v. Potlacenim uzlu u € V(G) stupné 2 budeme
rozumét odstranéni uzlu u z grafu GG a spojeni sousednich uzlu u v G hranou.
Bud M C E(G) — E(D) parovan{ v grafu (G, D). Definujeme graf G tak,
ze z grafu G odstranime M a potlacime vzniklé uzly u stupné 2. Pokud G je
kubicky a V(M) = V(G), definujeme Gy = ().

Bipartizujici parovani pro (G, D) je parovani M C E(G) — E(D) takové,
ze graf G je bipartitni a E,, N M # () pro i = 1,..., k. Definujeme G, jako
bipartizujici jestlize V(Gyr) = 0.

Hypotéza 5.37 [24]. Kazdy cyklicky 4-souvisly kubicky graf G, ktery neni
hranové 3-obarvitelny, ma pro kazdou dominantni kruznici D dvé disjunktni

bipartizujici parovani.

V élanku [29] sestrojil Hoffmann-Ostenhof protipiiklad na 5.37 a upravil

hypotézu do nasledujici formy.

Hypotéza 5.38 [29]. Kazdy cyklicky 4-souvisly kubicky graf G ma alespon
jednu dominantni kruznici D takovou, ze (G, D) m4 dvé disjunktni bipartizujici

parovanti.

Bud A podmnozina pfirozenych ¢isel. Graf G nazveme A-pokrytelny, jestli-
ze G' ma podgraf se vSemi uzly sudého stupné, ktery obsahuje alespon jednu
hranu kazdého hranového fezu grafu G, pro ktery plati |T| € A. Mnozinu
A nazveme pokrytelnou, jestlize kazdy graf je A-pokrytelny. V élanku [32]
Kaiser a Skrekovski vyslovili hypotézu, ze N + 3 = {4,5,6,...} je pokryteln4.
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Cada a kol. v [20]* sestrojili nekonecnou t¥idu protipifklada pro A = {4,5}
a zminénou hypotézu tim vyvratili. Pro iplnost uvadime, ze Thomassenova
hypotéza lze vyjadrit timto jazykem nasledujicim zpusobem (zminéno v [20]*).

Kazdy cyklicky 4-souvisly kubicky graf G' je N + 3-pokrytelny.

V roce 1967 Kotzig (viz [10]) polozil otazku, zda kazdy 4-regularni graf ma
dekompozici na dva hamiltonovské cykly. Nezavisle v roce 1969 Nash-Williams
v [49] polozil stejnou otazku (jinak formulovanou), zda je kazdy 4-souvisly
4-regularni graf hamiltonovsky (po odebrani hamiltonovské kruznice by pak
ze 4-souvislosti zbyla ve 4-regularnim grafu druhd). Protiptiklad nasel Me-
redith [48] jiz v roce 1973 a je po ném pojmenovan - Meredithuv graf. Je

na obrazku 5.3.

Obréazek 5.3
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Kapitola 6
Zaveér

Tato prace neni prehledem vysledku kolem Thomassenovy hypotézy, ale po-
kusem o jeji objasnéni. Nejedna se o pokus neuspésny, pouze neukonceny.
Soucasti postupu nedilné tvori dokazovani slabsich hypotéz i vyvraceni sil-
néjsich hypotéz, stejné jako dukazy ekvivalenci hypotéz zdanlive slabsich ¢i

silngjsich. Dulezitou soucasti prace je i prehled vsech dosazenych vysledku.

Ukézali jsme jak zdénlive nejslabsi verzi hypotéz, ktera tikd, ze kazdy snark
ma dominantni kruznici, tak verze zdanlivé velmi silné:
(1) Kazdy 4-souvisly graf bez K 3 je 1-hamiltonovsky souvisly.
(17) Kazdy 4-souvisly hranovy graf multigrafu je 2-hranové hamiltonovsky
souvisly.
(17i) Kazdy 2-souvisly graf bez K 3 ma Tutteovu kruznici.

(7v) Libovolny podgraf H esencidlné hranové 4-souvislého kubického grafu.
sO0(H)=2al|Va(H)| =4 je silné V5 (H)-dominantni.

Dale jsme ukazali ¢astecna teseni:
(1) Kazdy 5-souvisly graf bez K3 s minimdlnim stupném alespon 6 je
hamiltonovsky souvisly.
(i1) Kazdy 4-souvisly graf bez K 3 a bez Hy je 1-hamiltonovsky souvisly.
(1i1) Kazdy 4-souvisly hranovy graf roviného grafu je 2-hranové hamiltonov-

sky souvisly.
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Snaha o nalezeni protipiikladu vedla k vyvraceni hypotézy, ze kazdy graf je
N + 3-pokrytelny.

K dosazeni vysledku byly vyuzity nové dukazové techniky:
(i) uzaver grafu bez K3 na hranové grafy multigraftt zachovavajici 1-ha-
miltonovskou souvislost,
(i7) uzdver grafu bez K; 3 na hranové grafy multigrafu zachovavajici hamil-
tonovskou souvislost,
(74i) uzaver grafi bez K 3 na hranové grafy zachovéavajici P-souvislost,

(1v) jednozna¢né definovany vzor hranovych grafu multigrafu.

V soucasné dobé nezname techniku, kterd by piimo mohla vést k dukazu
Thomassenovy hypotézy nebo k jejimu vyvraceni. Hlavni motivaci souc¢asného
usili o pokrok v této oblasti je zlepSovani postupu a dukazovych technik, nikoliv
vysledkt samotnych. Hlavnim cilem této prace je ukazat na piikladech takové
zlepSovéani (nikoliv samotny dukaz hypotézy, i kdyz se i o néj pokousime).
Zacina se rozvijet zkoumani souvislosti s grafy na plochach a technika ”zobec-
nénych koster”. Problém je v soucasnosti intenzivné studovan a je mozné, ze

se v blizké budoucnosti dockame vyrazného posunuti hranic znamého.
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Kapitola 7

Shrnuti

Thomassenova hypotéza se ¢asem ukézala jako zasadni problém v teorii grafu.
V soucasné dobé je publikovéano pres dvacet ekvivalentnich hypotéz se Sirokym
zabérem od hamiltonovskych vlastnosti pres dominantni tahy az po Tutteovy

struktury.

V této préci jsme ukazali ekvivalence jak se zdanlive slabsimi hypotézami,
tak hypotézami zdanlivé velmi silnymi. Zdanlivé oslabovani ekvivalentnich hy-
potéz smétuje hlavné na vlastnosti podtiid kubickych grafi. Zdanlivé zesi-
lovani vede k rozsifovani ekvivalentnich hypotéz na grafy bez Kj 3, zesilovani

na silnéjsi vlastnosti nebo k oslabovani podminky souvislosti grafu.

Déle jsme ukézali ¢astecna teseni spocivajici ve vysloveni dodatecnych
podminek na vzor hranovych grafi, zesileni podminky na souvislost, nebo
vysledky z oblasti zakazanych dvojic indukovanych podgrafii. Snaha o nalezeni

protiprikladu vedla k vyvraceni hypotézy, ze kazdy graf je N 4 3-pokrytelny.

K dosazeni vysledku byly vyuzity nové dikazové techniky v oblasti uzaveéru
grafu bez K, 3 a v oblasti jednoznacné korespondence vzoru hranovych grafu
multigrafu. Dukazy vyuzivaji nové charakterizace podttid grafu bez K 3 zejmé-

na grafi bez K 3, u kterych kazdé 2-souvislé okoli uzlu indukuje kliku.
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Kapitola 8
Summary

Thomassen’s conjecture turned out to be a fundamental problem in graph the-
ory. Currently, more than twenty equivalent conjectures have been published
with a wide range from hamiltonian properties through dominating trails to

Tutte structures.

In the present thesis we show both equivalences with seemingly weaker
conjectures and equivalences with seemingly very strong conjectures. Appa-
rent weakening of the equivalent conjectures is oriented mainly towards the
properties of subclasses of cubic graphs, while apparent strengthening leads
to extending the equivalent conjectures to claw-free graphs, to strengthening
the conjectures to stronger properties or to weakening of the connectivity as-

sumption on the graph.

Furthermore, we have shown partial solutions consisting in imposing addi-
tional conditions on the root graph or in strengthening the connectivity con-
dition, and we also present results on pairs of forbidden subgraphs. Our effort
to find a counterexample led to disproving a conjecture, that every graph is
N + 3-coverable.

The results were obtained using new proof techniques for closures of claw-
free graphs and for uniqueness of the root graph of a line graphs of a mul-
tigraph. The proofs use new characterizations of subclasses of claw-free graphs,
especially claw-free graphs in which every 2-connected neighbourhood induces

a clique.
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Kapitola 9
Zusammenfassung

Thomassen-Vermutung hat sich im Laufe der Zeit als ein grundlegendes Pro-
blem der Graphentheorie erwiesen. Es sind derzeit iiber 20 aquivalente Ver-
mutungen publiziert, die durch ein breites Spektrum von hamiltonschen Ei-

genschaften, dominanten Wegen und Tutte-Strukturen charakterisiert sind.

In dieser Arbeit zeigen wir Aquivalenz mit sowohl scheinbar schwécheren
als auch scheinbar sehr starken Vermutungen. Eine scheinbare Schwéchung der
Vermutung ist durch Eigenschaften von Unterklassen der kubischen Graphen
charakterisiert. Eine scheinbare Verscharfung der Vermutung entschpricht einer
Verallgemeinerung auf klauenfreie Graphen und eine Schwéchung der Bedin-

gung fir Zusammenhang des Graphen.

Dariiber hinaus haben wir partielle Losungen gezeigt, die zusatzliche Be-
dingungen beinhalten wie starkeren Bedingungen fiir Zusammenhang des Gra-
phen. oder Paare von verbotenen Untergraphen. Ein Versuch, ein Gegenbe-
ispiel zu finden, hat zum Widerlegen der Vermutung tiber N+ 3-Abdeckbarkeit
gefiihrt.

Um diese Ergebnisse zu erreichen, haben wir neue Beweistechniken im Be-
reich der Hiillen fiir klauenfreie Graphen eingephiert Wir haben auch eine
eindeutige Korrespondenz von Kantengraphen ausgenutzt. In Beweisen haben
wir dazu noch eine neue Charakterisierung von klauenfreien Graphen, in jeden
jede zweifach zusammenhangende Nachbarschaft eine Clique induziert, benu-
tzt.

44



Literatura

[1] P. Ash, B. Jackson: Dominating cycles in bipartite graphs, in J. A. Bondy,
U.S.R. Murty (Eds.), Progress in Graph Theory, Academic Press, New
York, (1984), 81-87.

[2] D. Bauer, H.J. Broersma and H.J. Veldman: Not every 2-tough graph is
Hamiltonian, Discrete Applied Mathematics 99 (2000), 317-321.

[3] M. Behzad, G. Chartrand and L. Lesniak-Foster: Graphs and digraphs,
Prindle, Weber and Schmidt (1979).

[4] L.W. Beineke: Characterizations of derived graphs, J. Combin. Theory
Ser. B 9 (1970), 129-135.

[5] L.W. Beineke and R.L. Hemminger: Line graphs and line digraphs, in
Selected Topics in Graph Theory (W. B. Lowell and R. J. Wilson, eds.),
Academic Press, New York, (1978), 271-305.

[6] J.C. Bermond, J.C. Meyer: Graphe representatif des arretes d’'un mul-
tigraphe, J. Math. Pures et Appl., 52 (1973), 299-308.

[7] J.C. Bermond, C. Thomassen: Cycles in digraphs - a survey, J. Graph
Theory 5, (1981), 1-43.

[8] A.A. Bertossi: The edge hamiltonian path problem is NP- complete, In-
form. Process. Lett. 13 (1981), 157-159.

[9] B. Bollobés, O. Riordan, Z. Ryjacek, A. Saito, R.H. Schelp: Closure and
hamiltonian- connectivity of claw-free graphs, Discrete Math. 195 (1999),
67-80.

45



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

J. Bosdk: Hamiltonian lines in cubic graphs, Theory of Graphs (Internat.
Sympos., Rome, 1966), (1967), 3546, Gordan and Breach, New York.

S. Brandt: 9-connected claw-free graphs are Hamilton-connected, J. Com-
bin. Theory Ser. B 75 (1999), no. 2, 167-173.

S. Brandt, O. Favaron and Z. Ryjacek: Closure and stable hamiltonian
properties in claw-free graphs, J. Graph Theory, 34, (2000), (1),30-41.

G. Brinkmann, J. Goedgebeur, J. Hagglund, K. Markstrom: Generation
and Properties of Snarks, arXiv:1206.6690v1 [math.CO].

Broersma, H.J.: On some intriguing problems in hamiltonian graph theory
— a survey, Discrete Math (2002) 251, 47-69.

H. Broersma, R. J. Faudree, A. Huck, H. Trommel, H. J. Veldman, Forbi-
dden subgraphs that imply Hamiltonian-connectedness, J. Graph Theory,
40(2), (2002) 104-119.

H. Broersma, G. Fijavz, T. Kaiser, R. Kuzel, Z. Ryjacek a P. Vrana: Con-
tractible subgraphs, Thomassen’s conjecture and the Dominating Cycle
Conjecture for Snarks, Discrete Mathematics 308 (2008), 6064-6077.

Z.-H. Chen, H.-J. Lai, Cycles in line graphs, Proceedings of the Twenty-
fiftth Southeastern International Conference on Combinatorics, Graph
Theory and Computing (Boca Raton, FL, 1994), Congr. Numer. 105
(1994), 129-133.

V. Chvatal: Tough graphs and Hamiltonian circuits, Discrete Math. 5
(1973), 215-228.

R. Cada, S. Chiba, K. Ozeki, P. Vrdna, K. Yoshimoto: Equivalence of

Jackson’s and Thomassen’s conjectures, Preprint, v recenznim tizeni.

R. Cada, S. Chiba, K. Ozeki, P. Vrana, K. Yoshimoto: {4, 5} is not covera-
ble - a counterexample to Kaiser-Skrekovski conjecture, SIAM J. Discrete
Math, prijato k publikaci.

46



[21]

22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

J. R. Faudree, R. J. Faudree, Z. Ryjacek, P. Vrana: On forbidden
pairs implying Hamilton-connectedness, J. Graph Theory (2012), doi:
10.1002/jgt.21645.

R. J. Faudree, E. Flandrin, Z. Ryjacek: Claw-free graphs - a survey, Dis-
crete Math. 164 (1997), 87-147.

H. Fleischner: Cycle decompositions, 2-coverings, removable cycles and
the four-color disease, in J. A. Bondy, U.S.R. Murty (Eds.), Progress in
Graph Theory, Academic Press, New York, (1984), 233-246.

Herbert Fleischner: Bipartizing matchings and Sabidussi’s compatibility
conjecture, Discrete Mathematics 244 (2002), 77-82.

H. Fleischner, B. Jackson: A note concerning some conjectures on cyc-
lically 4-edge-connected 3-regular graphs, in Graph Theory in Memory
of G. A. Dirac (L.D. Andersen, I.T. Jakobsen, C. Thomassen, B. Toft,
and P. D. Vestergaard, Eds.), Annals of Discrete Math., Vol. 41, 171-177,
North-Holland, Amsterdam, 1989.

H. Fleischner, M. Kochol: A note about the dominating circuit conjecture,
Discrete Mathematics 259 (2002), 307-309.

J.-L. Fouquet, H. Thuillier: On some conjectures on cubic 3-connected
graphs, Discrete Mathematics 80 (1990), 41-57.

F. Harary, C. St.J.A. Nash-Williams: On eulerian and hamiltonian graphs
and line graphs, Canad. Math. Bull. 8 (1965), 701-709.

A. Hoffmann-Ostenhof: A counterexample to the bipartizing matching
conjecture, Discrete Mathematics 307 (2007), 2723 — 2733.

7. Hu, F. Tian, B. Wei: Hamilton connectivity of line graphs and claw-free
graphs, J. Graph Theory 50 (2005), no. 2, 130-141.

B. Jackson, Concerning the circumference of certain families of graphs,
Memorandum 1076, Univ. of Twente, Enschede (1992),87-94.

47



[32]

[33]

[36]

[37]

[38]

[41]

[42]

T. Kaiser, R. Skrekovski: Cycles intersecting edge-cuts of prescribed sizes,
SIAM J. Discrete Math. 22 (2008), 861-874.

T. Kaiser, P. Vrana, Hamilton cycles in 5-connected line graphs, European
J. Combin. 33 (2012), no. 5, 924-947.

T. Kloks, D. Kratsch, H. Miiller: Dominoes. Proceedings of 20th Inter-
national Workshop on Graph-theoretic Concepts in Computer Science
(WG'94), (eds. EEW. Mayr, G. Schmidt, G. Tinhofer), LNCS 903,
Springer-Verlag, 1995, Berlin, pp. 106-120.

M. Kochol: Equivalence of Fleischner’s and Thomassen’s conjectures, J.
Combin. Theory, Ser. B 78 (2000), 277-279.

M. Kochol: Stable dominating circuits in snarks, Discrete Math. 233
(2001), 247-256.

M. Kochol: Equivalences between hamiltonicity and flow conjectures, and
the sublinear defect property, Discrete Math. 254 (2002), 221-230.

J. Krausz: Demonstration nouvelle d’'un theoreme de Whitney sur les
resecaux (Madarsky s francouzskym piehledem), Mat. Fiz. Lapok, vol. 50
(1943), 75-85.

M. Kriesell: All 4-connected line graphs of claw-free graphs are Hamilto-
nian connected, J. Combin. Theory Ser. B 82 (2) (2001), 306-315.

R. Kuzel: A note on the dominating circuit conjecture and subgraphs
of essentially 4-edge-connected cubic graphs, Discrete Mathematics 308
(2008), 5801-5804.

R. Kuzel, Z. Ryjacek, J. Teska, P. Vrana: Closure, clique covering and de-
gree conditions for Hamilton-connectedness in claw-free graphs, Discrete
Mathematics 312 (2012), 2177-2189.

Roman Kuzel, Zdenék Ryjacek, Petr Vrana: Thomassen’s conjecture im-
plies polynomiality of 1-Hamilton-connectedness in line graphs, Journal
of Graph Theory 69 (3) (2012), 241-250.

48



[43] R. Kuzel, L. Xiong: Every 4-connected line graph is hamiltonian if and
only if it is hamiltonian connected, In: R. Kuzel: Hamiltonian properties
of graphs. Ph.D. Thesis, U.W.B. Pilsen, 2004.

[44] H.-J. Lai: Every 4-connected line graph of a planar graph is Hamiltonian,
Graphs Combin. 10 (3) (1994), 249-253.

[45] H.-J. Lai, Y. Shao, M. Zhan: Every 4-connected line graph of a quasi
claw-free graph is hamiltonian connected, Discrete Math. 308, (2008),
5312-5316 .

[46] D. Li, H.-J. Lai, M. Zhan: Eulerian subgraphs and Hamilton-connected
line graphs, Discrete Appl. Math. 145 (2005), 422-428.

[47] M. M. Matthews, D. P. Sumner: Hamiltonian result in K s3-free graphs,
J. Graph Theory 8 (1984), 139-146.

[48] G. H. J. Meredith: Regular 4-Valent 4-Connected Nonhamiltonian Non-
4-FEdge-Colorable Graphs, J. Combin. Theory Ser. B 14 (1973), 55-60.

[49] C. St. J.A. Nash-Williams: Combinatorial mathematics and its applicati-
ons, (Oxford, 1969), Academic Press, London, 191-200.

[50] K. Ozeki, P. Vrana: 2-edge-Hamiltonian-connectedness of 4-connected

plane graphs, Preprint, v recenznim fizeni.

[51] M. D., Plummer: A note on hamilton cycles in claw-free graphs, Congres-
sus Numerantium 96, (1993), 113-122.

[52] Z. Ryjacek: On a closure concept in claw-free graphs, J. Combin. Theory
Ser. B 70(1997), 217-224.

[53] Z. Ryjacek, P. Vrdna: On stability of Hamilton-connectedness under the
2-closure in claw-free graphs, Journal of Graph Theory 66 (2011), 137-151.

[54] Z. Ryjacek, P. Vrdna: Line graphs of multigraphs and Hamilton-
connectedness of claw-free graphs, Journal of Graph Theory 66 (2011),
152-173.

49



[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

7. Ryjacek, P. Vrana: On 1-Hamilton-connected claw-free graphs, Pre-

print, v recenznim fizeni.

F.B. Shepherd: Hamiltonicity in claw-free graphs, J. Combin. Theory (B),
53 (1991), 173-194.

C. Thomassen: Conjecture 2.6, in B. R. Alspach, C. D. Godsil (Eds.),
Cycles in Graphs, Annals of Discrete Mathematics, Vol. 27, North-
Holland, Amsterdam (1985), 463.

C. Thomassen: Reflections on graph theory, J. Graph Theory 10, (1986),
309-324.

W. T. Tutte, A theorem on planar graphs, Trans. Amer. Math. Soc. 82
(1956), 99-116.

H. Whitney: Congruent graphs and the connectivity of graphs, Amer. J.
Math. 54 (1932), 150-168.

M. Zhan: Hamiltonicity of 6-connected line graphs, Discrete Appl. Math.
158, (2010), 1971-1975 .

S. Zhan: On hamiltonian line graphs and connectivity, Discrete Math. 89
(1991), 89-95.

LE. Zverovich: An analogue of the Whitney theorem for edge graphs of
multigraphs, and edge multigraphs, Discrete Math. Appl. 7 (1997), 287-
294.

50



Kapitola 10

Seznam publikovanych praci

1. Hajo Broersma, Gasper Fijavz, Tomas Kaiser, Roman Kuzel, Zdenék
Ryjacek a Petr Vrana: Contractible Subgraphs, Thomassen’s Conjecture
and the Dominating Cycle Conjecture for Snarks, Discrete Mathematics
308 (2008), 6064-6077. (IF 0.519)

2. Zdzislaw Skupien, Zdenék Ryjacek a Petr Vrana: On cycle lengths in
claw-free graphs with complete closure, Discrete Mathematics 310 (2010),
570-574. (IF 0.519)

3. Zdenék Ryjacek a Petr Vrana: On stability of Hamilton-connectedness
under the 2-closure in claw-free graphs, Journal of Graph Theory 66
(2011), 137-151. (IF 0.524)

4. Zdenék Ryjacek a Petr Vrana: Line graphs of multigraphs and Hamilton-
connectedness of claw-free graphs, Journal of Graph Theory 66 (2011),
152-173. (IF 0.524)

5. Hajo Broersma, Zdenék Ryjacek a Petr Vrana: How many conjectures
can you stand? — a survey, Graphs and Combinatorics 28 (2012) 57-75.
(IF 0.319)

6. Roman Kuzel, Zdenék Ryjacek a Petr Vrana: Thomassen’s conjecture
implies polynomiality of 1-Hamilton-connectedness in line graphs, Jour-
nal of Graph Theory 69(3) (2012), 241-250 (IF 0.524)

7. Tomas Kaiser a Petr Vrana: Hamilton cycles in 5-connected line graphs,
European Journal of Combinatorics 33 (2012) 924-947. (IF 0.677)

51



8. Roman Kuzel, Zdenék Ryjacek, Jakub Teska a Petr Vrana: Closure,
clique covering and degree conditions for Hamilton-connectedness in
claw-free graphs, Discrete Mathematics 312 (2012), 2177-2189. (IF 0.536)

9. Jill R. Faudree, Ralph J. Faudree, Zdenék Ryjacek a Petr Vrana: On
forbidden pairs for Hamilton-connectedness, J. Graph Theory (2012),
doi: 10.1002/jgt.21645. (IF 0.524)

10. Mirka Miller, Joe Ryan, Zdenék Ryjacek, Jakub Teska a Petr Vrana:
Stability of hereditary graph classes under closure operations, Journal
of Graph Theory, doi: 10.1002/jgt.21692. (IF 0.524)

11. Roman Cada, Shuya Chiba, Kenta Ozeki, Petr Vrana, Kiyoshi Yoshi-
moto:{4,5} is not coverable — a counterexample to Kaiser-Skrekovski
conjecture, SIAM J. Discrete Math, prijato k publikaci.

Citace v publikovanych ¢lancich

Préace [1] je citovand v ¢lanku
1. J. Barat, M. Kriesell: What is on his mind? Discrete Mathematics, 310
(2010), no. 20, 2573-2583.
Préce [2] je citovana v ¢lanku
2. M. Ferrara, T. Morris, P. Wenger: Pancyclicity of 4-Connected, Claw-

Free, Pjp-Free Graphs, Journal of Graph Theory 71 (2012), Issue 4,
435-447.

Préce [4] je citovana v ¢lancich
3. M. Li, X. Chen, H. Broersma: Hamiltonian connectedness in 4- connected

hourglass-free claw-free graphs. J. Graph Theory 68 (2011), 285-298.

4. W. Yang, H. Lai, H. Li, X. Guo: Collapsible graphs and Hamiltonian
connectedness of line graphs, Discrete Appl. Math. 160 (2012), no. 12,
1837-1844.

5. M. Ferrara, T. Morris, P. Wenger: Pancyclicity of 4-Connected, Claw-
Free, Pjp-Free Graphs, Journal of Graph Theory 71 (2012), Issue 4,
435-447.

52



Préce [7] je citovand v ¢lancich

6.

10.

11.

J. Barat, M. Kriesell: What is on his mind? Discrete Mathematics, 310
(2010), no. 20, 2573-2583.

W. Yang, H. Lai, H. Li, X. Guo: Collapsible graphs and Hamiltonian
connectedness of line graphs, Discrete Appl. Math. 160 (2012), no. 12,
1837-1844.

. W. Yang, L. Xiong, H.-J. Lai and X. Guo: Hamiltonicity of 3-connected

line graphs, Applied Mathematics Letters 25 (2012), 1835-1838.

. Y. Chen, S. Fan, H. Lai: On 3-connected hamiltonian line graphs, Dis-

crete Math. 312 (2012), no. 11, 1877-1882.

M. Ferrara, T. Morris and P. Wenger: Pancyclicity of 4-connected, claw-
free, Pjp-free graphs, Journal of Graph Theory 71 (2012), 435-447.

R. Cada, S. Chiba: Circumferences of 2-factors in claw-free graphs, Dis-
crete Math, http://dx.doi.org/10.1016/j.disc.2012.08.005.

Citace v ¢lancich zaslanych k publikaci

Préce [2] je citovand v ¢lancich

12.

13.

M. Ferrara, S. Gehrke, R. Gould, C. Magnant and J. Powell: Pancyclicity
of 4-connected claw, generalized bull-free graphs, http://math.ucdenver.

edu/~mferrara/publications/generalized bull_pancyclic_submit.pdf.

J. Carraher, M. Ferrara, T. Morris, M. Santana: Pancyclicity of 4-co-
nnected, claw-free, N (i, j, k)-free graphs, http://www.math.illinois.edu/
REGS /reports12/Carraher-Ferrara-Morris-Santana.pdf.

Préce [4] je citovand v ¢lanku

14.

J. Carraher, M. Ferrara, T. Morris, M. Santana: Pancyclicity of 4-co-
nnected, claw-free, N (i, j, k)-free graphs, http://www.math.illinois.edu/
REGS /reports12/Carraher-Ferrara-Morris-Santana.pdf.

Préce [7] je citovand v ¢lancich

93



15. M. Ferrara, S. Gehrke, R. Gould, C. Magnant and J. Powell: Pancyclicity
of 4-connected claw, generalized bull-free graphs, http://math.ucdenver.

edu/~mferrara/publications/generalized _bull_pancyclic_submit.pdf.

16. K. Ozeki, Z. Ryjacek and K. Yoshimoto: 2-factors with bounded number
of components in claw-free graphs, http://comb.math.keio.ac.jp/ozeki/
20120RY .pdf

Préce [9] je citovana v ¢lanku

17. Q. Bian, R. J. Gould, P. Horn, S. Janiszewski, S. L. Fleur, P. Wrayno: 3-
connected { K 3, Py }-free graphs are hamiltonian connected, http://www.

math.harvard.edu/~phorn/pap/p9paperd-5.pdf

o4



Autorské prohlaseni

Préce, které jsou predmétem disertace, vznikly ve spolupréci raznych kolek-
tivll spoluautort. Nize podepsani spoluautofi timto prohlasuji, Ze autorsky
podil uchazece P. Vrany je u v8ech téchto praci podstatny a miniméalné rovny

procentnimu podilu.
V Plzni dne "’/U ‘7[’ Z. {;’ 7 ‘{Z
R. Cada ,\/\\
T. Kaiser \m
R. Kuzel L \ »/"/ﬂ,//)
7. Ryjéacek %75621/9 ZLZZ /éé 3_7

P. Vrina % Lz’ ;/J?///Z/Z w4






Kapitola 12

Prilohy

1. Hajo Broersma, Gasper Fijavz, Tomas Kaiser, Roman Kuzel, Zdenék
Ryjacek a Petr Vrana: Contractible Subgraphs, Thomassen’s Conjecture
and the Dominating Cycle Conjecture for Snarks, Discrete Mathematics
308 (2008), 6064-6077. (IF 0.519)

2. Zdenék Ryjacek a Petr Vrana: Line graphs of multigraphs and Hamilton-
connectedness of claw-free graphs, Journal of Graph Theory 66 (2011),
152-173. (IF 0.524)

3. Hajo Broersma, Zdenék Ryjacek a Petr Vrana: How many conjectures
can you stand? — a survey, Graphs and Combinatorics 28 (2012) 57-75.
(IF 0.319)

4. Roman Kuzel, Zdenék Ryjacek a Petr Vrana: Thomassen’s conjecture im-
plies polynomiality of 1-Hamilton-connectedness in line graphs, Journal
of Graph Theory 69(3) (2012), 241-250. (IF 0.524)

5. Toméas Kaiser a Petr Vrana: Hamilton cycles in 5-connected line graphs,
European Journal of Combinatorics 33 (2012) 924-947. (IF 0.677)

6. Roman Cada, Shuya Chiba, Kenta Ozeki, Petr Vrana, Kiyoshi Yoshi-
moto: Equivalence of Jackson’s and Thomassen’s conjectures, Preprint,

v recenznim fizeni.

7. Zdenék Ryjacek, Petr Vrana: On 1-Hamilton-connected claw-free graphs,

Preprint, v recenznim tizeni.

o7






Available online at www.sciencedirect.com

. : DISCRETE
ScienceDirect MATHEMATICS

% 5 N
ELSEVIER Discrete Mathematics 308 (2008) 6064—6077

www.elsevier.com/locate/disc

Contractible subgraphs, Thomassen’s conjecture and the dominating
cycle conjecture for snarks

Hajo Broersma?, Gasper Fijavz®, Tomas Kaiser®%*, Roman Kuzel®4, Zden&k Ryjacek 9,
Petr Vrana®

4 Department of Computer Science, University of Durham, Science Laboratories, South Road, Durham, DHI 3LE, England, United Kingdom
b Faculty of Computer and Information Science, University of Ljubljana, TrZaska 25, 1000 Ljubljana, Slovenia
¢ Department of Mathematics, University of West Bohemia, Czech Republic
d Institute for Theoretical Computer Science (ITI), Charles University, P.O. Box 314, 306 14 Pilsen, Czech Republic

Received 6 July 2004; received in revised form 13 November 2007; accepted 14 November 2007
Available online 26 December 2007

Abstract

We show that the conjectures by Matthews and Sumner (every 4-connected claw-free graph is Hamiltonian), by Thomassen
(every 4-connected line graph is Hamiltonian) and by Fleischner (every cyclically 4-edge-connected cubic graph has either a 3-
edge-coloring or a dominating cycle), which are known to be equivalent, are equivalent to the statement that every snark (i.e. a
cyclically 4-edge-connected cubic graph of girth at least five that is not 3-edge-colorable) has a dominating cycle.

We use a refinement of the contractibility technique which was introduced by Ryjacek and Schelp in 2003 as a common
generalization and strengthening of the reduction techniques by Catlin and Veldman and of the closure concept introduced by
Ryjacek in 1997.
© 2007 Elsevier B.V. All rights reserved.

Keywords: Dominating cycle; Contractible graph; Cubic graph; Snark; Line graph; Hamiltonian graph

1. Introduction

In this paper we consider finite undirected graphs. All the graphs we consider are loopless (with one exception
in Section 3); however, we allow the graphs to have multiple edges. We follow the most common graph-theoretic
terminology and notation, and for concepts and notation not defined here we refer the reader to [2]. If F', G are graphs
then G — F denotes the graph G — V (F) and by an a, b-path we mean a path with end vertices a, b. A graph G is
claw-free if G does not contain an induced subgraph isomorphic to the claw K 3.

In 1984, Matthews and Sumner [8] posed the following conjecture.

Conjecture A (/8]). Every 4-connected claw-free graph is Hamiltonian.
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rkuzel@kma.zcu.cz (R. KuzZel), ryjacek @kma.zcu.cz (Z. Ryjacek), vranaxxpetr@quick.cz (P. Vrdna).
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Since every line graph is claw-free (see [1]), the following conjecture by Thomassen is a special case of
Conjecture A.

Conjecture B ([12]). Every 4-connected line graph is Hamiltonian.

A closed trail T in a graph G is said to be dominating, if every edge of G has at least one vertex on T, i.e., the
graph G — T is edgeless (a closed trail is defined as usual, except that we allow a single vertex to be such a trail). The
following result by Harary and Nash-Williams [6] shows the relation between the existence of a dominating closed
trail (abbreviated DCT) in a graph G and Hamiltonicity of its line graph L(G).

Theorem 1 ([6]). Let G be a graph with at least three edges. Then L(G) is Hamiltonian if and only if G contains a
DCT.

Let k£ be an integer and let G be a graph with |E(G)| > k. The graph G is said to be essentially k-edge-connected
if G contains no edge cut R such that |R| < k and at least two components of G — R are nontrivial (i.e. containing at
least one edge). If G contains no edge cut R such that |R| < k and at least two components of G — R contain a cycle,
G is said to be cyclically k-edge-connected.

It is well-known that G is essentially k-edge-connected if and only if its line graph L(G) is k-connected. Thus, the
following statement is an equivalent formulation of Conjecture B.

Conjecture C. Every essentially 4-edge-connected graph contains a DCT.

By a cubic graph we will always mean a regular graph of degree 3 without multiple edges. It is easy to observe
that if G is cubic, then a DCT in G becomes a dominating cycle (abbreviated DC), and that every essentially 4-edge-
connected cubic graph must be triangle-free, with a single exception of the graph K. To avoid this exceptional case,
we will always consider only essentially 4-edge-connected cubic graphs on at least five vertices.

Since a cubic graph is essentially 4-edge-connected if and only if it is cyclically 4-edge-connected (see [5],
Corollary 1), the following statement, known as the Dominating Cycle Conjecture, is a special case of Conjecture C.

Conjecture D. Every cyclically 4-edge-connected cubic graph has a DC.

Restricting to cyclically 4-edge-connected cubic graphs that are not 3-edge-colorable, we obtain the following
conjecture posed by Fleischner [4].

Conjecture E ([4]). Every cyclically 4-edge-connected cubic graph that is not 3-edge-colorable has a DC.

In [10], a closure technique was used to prove that Conjectures A and B are equivalent. Fleischner and Jackson [5]
showed that Conjectures B—D are equivalent. Finally, Kochol [7] established the equivalence of these conjectures with
Conjecture E. Thus, we have the following result.

Theorem 2 ([5,7,10]). Conjectures A-E are equivalent.

A cyclically 4-edge-connected cubic graph G of girth g(G) > 5 that is not 3-edge-colorable is called a snark.
Snarks have turned out to be an important class of graphs, for example in the context of nowhere zero flows. For more
information about snarks see the paper [9]. Restricting our considerations to snarks, we obtain the following special
case of Conjecture E.

Conjecture F. Every snark has a DC.

The following theorem, which is the main result of this paper, shows that Conjecture F is equivalent to the previous
ones.

Theorem 3. Conjecture F is equivalent to Conjectures A—E.

The proof of Theorem 3 is postponed to Section 4.
As already noted, every cyclically 4-edge-connected cubic graph other than K4 must be triangle-free. Thus, the
difference between Conjectures E and F consists in restricting to graphs which do not contain a 4-cycle. For the proof
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of the equivalence of these conjectures in Section 4 we first develop in Section 2 a refinement of the technique of
contractible subgraphs that was developed in [11] as a common generalization of the closure concept [10] and Catlin’s
collapsibility technique [3], and in Section 3 a technique that allows us to handle the (non)existence of a DC while
replacing a subgraph of a graph by another one.

2. Weakly contractible graphs

In this section we introduce a refinement of the contractibility technique from [11] under a special assumption
which is automatically satisfied in cubic graphs. We basically follow the terminology and notation of [11].

For a graph H and a subgraph F C H, H|r denotes the graph obtained from H by identifying the vertices of F as
a (new) vertex vr, and by replacing the created loops by pendant edges (i.e. edges with one vertex of degree 1). Note
that H|r may contain multiple edges and |E(H|r)| = |E(H)|. For a subset X C V(H) and a partition .4 of X into
subsets, E(A) denotes the set of all edges aja; (not necessarily in H) such that a; and a, are in the same element
of A, and HA denotes the graph with vertex set V(HA) = V(H) and edge set E(HA) = E(H) U E(A) (here the
sets E(H) and E(A) are considered to be disjoint, i.e. if e; = ajay € E(H) and ey = ajay € E(A), then ey, e; are
parallel edges in H Ay,

Let F be a graph and A C V(F). Then F is said to be A-contractible, if for every even subset X C A (i.e. with
| X | even) and for every partition A of X into two-element subsets, the graph F A has a DCT containing all vertices of
A and all edges of E(A). In particular, the case X = @ implies that an A-contractible graph has a DCT containing all
vertices of A.

If H is a graph and F C H, then a vertex x € V(F) is said to be a vertex of attachment of F in H if x has a
neighbor in V(H) \ V (F). The set of all vertices of attachment of F in H is denoted by Ay (F). Finally, dom,,(H)
denotes the maximum number of edges of a graph H that are dominated by (i.e. have at least one vertex on) a closed
trail in H. Specifically, H has a DCT if and only if dom;,(H) = |E(H)]|.

The following theorem shows that a contraction of an A i (F)-contractible subgraph of a graph H does not affect
the value of dom,, (H).

Theorem 4 ([11]). Let F be a connected graph and let A C V (F). Then F is A-contractible if and only if
dom,,(H) = dom,,(H|F)
for every graph H such that F C H and Ay (F) = A.

Specifically, F is A-contractible if and only if, for any H such that F C H and Ay (F) = A, H has a DCT if and
only if H|r has a DCT (the “only if” part follows by Theorem 4; the “if”” part can be easily seen by the definition of
A-contractibility).

Let F be a graph and let A C V(F). The graph F is said to be weakly A-contractible, if for every nonempty
even subset X C A and for every partition A of X into two-element subsets, the graph F A has a DCT containing all
vertices of A and all edges of E(A).

Thus, in comparison with the contractibility concept as introduced in [11], we do not include the case X = . This
means that we do not require that a weakly A-contractible graph has a DCT containing all vertices of A.

Clearly, every A-contractible graph is also weakly A-contractible. It is easy to see that if F' is weakly A-contractible
and |A| > 3, then dr(x) > 2 for every x € A.

Examples. 1. The graphs in Fig. 1 are examples of graphs that are weakly A-contractible but not A-contractible
(vertices of the set A are double-circled).

2. The triangle C3 is A-contractible for any subset A of its vertex set.

3. Let C be acycle of length £ > 4,let x, y € V(C) be nonadjacent and set A = V(C), X = {x, y}and A = {{x, y}}.
Then there is no DCT in C containing the edge xy € C A and all vertices of A. Hence no cycle C of length at least
4 is weakly V (C)-contractible.

If H is a graph and F C H, then H_F denotes the graph with vertex set V(H_r) = V(H)\ (V(F)\ Ay (F)) and
with edge set E(H_r) = E(H) \ E(F) (equivalently, H_F is the graph determined by the edge set E(H) \ E(F)).
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Fig. 1.

Our next theorem shows that, in a special situation, weak contractibility is sufficient to obtain the equivalence of
Theorem 4.

Theorem 5. Let F be a graph and let A C V(F), |A| = 2. Then F is weakly A-contractible if and only if
domy, (H) = dom,, (H|F)

for every graph H such that F C H, Ag(F) = A, dy_,(a) = 1 for everya € A, and |V(K) N A| > 2 for at least
one component K of H_F.

Proof. The proof of Theorem 5 basically follows the proof of Theorem 2.1 of [11].

Let F be a graph and let H be a graph satisfying the assumptions of the theorem. Then every closed trail T in
H corresponds to a closed trail in H|f, dominating at least as many edges as 7. Hence immediately dom,,(H) <
domy,(H|F).

Suppose that F is weakly A-contractible and let 7’ be a closed trail in H |z such that 7/ dominates dom,, (H | )
edges and, subject to this condition, 7’ has maximum length. If vy & V(T’), then T’ is also a closed trail in H,
implying domy, (H|r) < dom,,(H), as requested. Hence we can suppose v € V(T').

If T’ is nontrivial, i.e. contains an edge, then the edges of T’ determine in H a system of trails P = {Py, ..., P},
k > 1, such that every P; € P has end vertices in A (note that all trails in PP are open since dy . (a) = 1 for all
a € A). Sincedy_(a) = 1foralla € A, every x € A is an end vertex of at most one trail from P, and we set
X = {x € Ay (F)|x is an end vertex of some P; € P} and A = {Ay, ..., A}, where A; is the (two-element) set of
end verticesof P;,i =1,...,k.

If T’ is trivial (i.e., a one-vertex trail), then we consider a component K of H_ for which |V(K) N Ay (F)| > 2.
Let x1,x0 € V(K)NAg(F). If V(K) \ {x1, x2} # @ then, since K is connected, K contains a path of length at least
2 with end vertices x1, x2, but then we have a contradiction with the maximality of 7. Hence V (K) = {x1, x»} and
E(K) = {x1x2}, and we set P| = x1x3, P = {P;}, X = {x1,x2} and A = {{x1, x2}}. Note that in both cases the set
X is nonempty.

By the weak A-contractibility of F, F A has a DCT Q, containing all vertices of A and all edges of E(.A). The trail
Q determines in F a system of trails Q1, ..., Qg such that every Q; has its two end vertices in two different elements
of A. Now, the trails Q; together with the system P form a closed trail in H, dominating at least as many edges as 7".
Hence dom;, (H|r) < domy, (H), implying dom, (H|r) = domy,(H).

Next suppose that F' is not weakly A-contractible (possibly even disconnected). Then, for some nonempty X C A
and a partition A of X into two-element sets, F A has no DCT containing all vertices of A and all edges of E(A).
Let A = {{x], x{}, ..., {x;, x/'}}, and construct a graph H with F C H by replacing the edges of E(A) by k vertex
disjoint x/, x/'-paths P; of length at least 3, i = 1, ..., k, and by attaching a pendant edge to every vertex in A \ X.
Since X # {, at least one component K of H_r is a path with end vertices in A, implying [V (K) N A| > 2. Since
F# has no DCT containing all vertices of A and all edges of E(A), H has no DCT. However, clearly H|r has a DCT
and we have dom,,(H) < dom,,.(H|r). N

In the special case of cubic graphs, we have the following corollary.
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Corollary 6. Let F be a graph with §(F) = 2, A(F) < 3 and |A| > 2, where A = {x € V(F) | drp(x) = 2}. Then
F is weakly A-contractible if and only if

domy,(H) = domy,(H|F)
for every cubic graph H suchthat F C H, Ag(F) = A, and |V (K) N A| > 2 for at least one component K of H_F.

Proof. Clearly dy , = 1 for every a € A, since H is cubic. If F is weakly A-contractible, then dom,, (H) =
domy, (H|r) immediately by Theorem 5. For the rest of the proof, it is sufficient to modify the last part of the proof
of Theorem 5 such that the constructed graph H is cubic. To achieve this, it is sufficient to use a copy of the graph
in Fig. 2(a) instead of each of the paths P;, and a copy of the graph in Fig. 2(b) instead of each of the pendant edges
attached to the vertices a; € A\ X. Then there is a component K of H_r with |V (K) N A| > 2 since X is nonempty.
The graph H|r has a closed trail dominating all edges except for the edges different from e; in the copies attached to
the vertices in A \ X, while in H there is no such closed trail. W

We say that a subgraph F C H is a weakly contractible subgraph of H if F is weakly Ay (F)-contractible. We
then have the following corollary.

Corollary 7. Let H be a cubic graph and let F be a weakly contractible subgraph of H with §(F) = 2. Then H has
a DC if and only if H|f has a DCT.

Proof. First note that in a cubic graph every closed trail is a cycle and that a cubic graph with a DC must be essentially
2-edge-connected. Since H is cubic and 6 (F) = 2, Ay (F) = {x € V(F) | dr(x) = 2} and the weak contractibility
assumption implies F is connected. If every component of H_ r contains one vertex from A g (F), then clearly neither
H nor H|F is essentially 2-edge-connected (since H is cubic) and hence neither H nor H|r has a DCT. The rest of
the proof follows from Corollary 6. W

Example. Let H be the graph obtained from three vertex-disjoint copies Fi, F», F3 of the graph F; from Fig. 2(a) by
adding edges xx5, x| x3, x5x5, x{'x5, x{'x%, xJx5. Then H is cubic, F1 C H is weakly contractible, H|r, has a DCT,
but H has no DC. This example shows that the assumption § (F) = 2 in Corollaries 6 and 7 cannot be omitted.

3. Replacement of a subgraph

In this section we develop a technique to replace certain subgraphs by others without affecting the (non)existence
of a DCT.

Let G be a graph and let F C G be a subgraph of G. Let F’ be a graph such that V(F )NV (G) = @,1et A’ C V(F')
be such that |A’| = |Ag(F)| and let ¢ : Ag(F) — A’ be a bijection. Let H be the graph obtained from G_g and F’
by identifying each x € Ag(F) with its image ¢(x) € A’. We say that the graph H is obtained by replacement (in G)

of F by F' modulo ¢ and denote H = G[F % F].
-1
Note that if H = G[F B F'] then also clearly G = H[F’ LN E]. . .
Let F be a graph and let A = {aj,...,ax} C V(F). Let A be a set with A N V(F) = 0, |A| = |A|,
and set A = {ay,...,ax}. Then F* denotes the graph with vertex set V(fA) = V(F) U A and with edge set
E(fA) = E(F)U{qga;li =1,...,k} (..., fA is obtained from F by attaching a pendant edge to every vertex of A).
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The following observation shows that, under certain conditions, the replacement in a graph G of a weakly
contractible subgraph by another one affects neither the existence nor the nonexistence of a DCT in G.

Proposition 8. Let G be a graph with 5(G) > 1 and let F C G be a weakly contractible subgraph of G such that
|E(F)| > 1, dg_, (x) = 1 for every x € Ag(F) and G % F"9". Let F', |E(F")| > 1, be a weakly A'-contractible

graphforan A’ C V(F'), and let ¢ : Ag(F) — A’ be a bijection. Then G has a DCT if and only if G[F 4 F'] has
a DCT.

Proof. Set H = G[F £ F’]. For |Ag(F)| = 0 the assumptions G % Fhoth and §(G) > 1 imply that G is

disconnected and neither G nor H has a DCT. If |Ag(F)| = 1 orif |Ag(F)| = 2 and |V(K) N Ag(F)| = 1 for

every component K of G_p, then neither G nor H can have a DCT since |E(F)| > 1, |E(F')| > 1,dg_,(x) =1

forevery x € Ag(F) and G fAG(F). Thus, we can assume that |Ag(F)| > 2 and there is a component K of G_fr

such that |[V(K) N Ag(F)| > 2. Then, by Theorem 5, G has a DCT if and only if G|r has a DCT. Similarly, H has a
DCT if and only if H|rs has a DCT, but the graphs G|r and H|p are, up to the number of pendant edges at vp (vgr),
isomorphic. W

In the special case of cubic graphs, we obtain the following consequence.

Corollary 9. Let G be a cubic graph and let F C G be a weakly contractible subgraph of G with §(F) = 2. Let
F’ be a graph with §(F') = 2 and A(F') < 3, let A’ = {x € V(F')|dp/(x) = 2} and suppose that F' is weakly
A'-contractible. Let ¢ : Ag(F) — A’ be a bijection. Then the graph H = G[F > F' is cubic and G has a DC if
and only if H has a DC.

Proof. Clearly Ag(F) = {x € V(F)|dr(x) = 2} and since G is cubic, we have dg_,(x) = 1 for every x € Ag(F)

and G # FA9) Since @ is a bijection, H is cubic. By Proposition 8, G has a DCT if and only if H has a DCT, but
in cubic graphs every DCTisaDC. W

Now we consider a similar question if F and/or F’ are not contractible. We restrict our observations to cubic
graphs.

A connected graph F without multiple edges with A(F) < 3 will be called a cubic fragment. For any cubic
fragment F andi = 1,2 weset A;(F) = {x € V(F)|dr(x) =i}and A(F) = A1(F) U A>(F) (note thatif F C H,
F is connected and H is cubic, then F is a cubic fragment and Ay (F) = A(F)). A cubic fragment F is said to be
essential if |V (F) \ A1(F)| > 2. It is easy to observe that if F is an essential cubic fragment, the set V(F) \ Aj(F)
induces (in F) a connected subgraph with at least one edge.

For a cubic fragment F we now introduce the concept of an F-linkage. An F-linkage will be allowed to contain
loops. A loop on a vertex v is considered as an edge joining v to itself, and is denoted by an element vv of the edge
set. Edges of an F'-linkage that are not loops will be referred to as open edges.

Let F be a cubic fragment and let B be a graph with V(B) C A(F), E(B) N E(F) = ¥, and with components
Bi, ..., Bx. We say that B is an F-linkage, if E(B) contains at least one open edge and, foranyi =1, ...,k,

(i) every B; is a path (of length at least one) or a loop,
(1) if B; is a path of length at least two, then all interior vertices of B; are in A (F),
(iii) if B; is a loop at a vertex x, then x € Ay (F).

Let F be a cubic fragment and let B be an F-linkage. Then F? denotes the graph with vertex set V (F8) = V (F)
and edge set E(F?) = E(F)U E(B). Note that E(B) and E(F) are assumed to be disjoint, i.e. if 1] = x1x € E(F)
and iy = x1x3 € E(B), then hy, hy are parallel edges of the graph FB.

Let F1, F» be cubic fragments with |A(F1)| = |A(F)| and let ¢ : A(F1) — A(F>) be a bijection. For any
Fi-linkage B, ¢(B) denotes the graph with vertex set V(¢(B)) = {¢(x)|x € V(B)} and edge set E(¢(B)) =
{o(x)p(y)|xy € E(B)} (note that the sets E(F>) and E(¢(B)) are again considered to be disjoint, and we admit
x =y in which case p(x)@(x) is a loop at ¢(x)). Note that ¢(B) is an F>-linkage.

Let F1, F> be cubic fragments with |[A(F7)| = |A(F>)| and let ¢ : A(F;) — A(F>) be a bijection. We say that ¢
is a compatible mapping if
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@ @(Ai(F) = Ai(F),i = 1,2,
(i) if B is an Fi-linkage such that F' lB has a DC containing all open edges of B, then FZ‘/’ ® has a DC containing all
open edges of ¢ (B).

For a compatible mapping ¢ : A(F1) — A(F>) we will simply write ¢ : F| — F;.

Let F1, F, be cubic fragments and let ¢ : A(F1) — A(F32) be a bijection such that ¢(A; (F1)) = A;(F2),i =1,2.
It is easy to observe that if F; is weakly A(F>)-contractible then ¢ is compatible, and if moreover Fj is weakly A(F1)-
contractible then both ¢ and ¢! are compatible (note that B cannot contain a path of length at least 2 in this case —
this is clear for |A(F;)| < 2, and for |A(F;)| > 3 this follows from the fact that weak A(F;)-contractibility of F; then
implies A(F;) = Ax(F;)).

The following example shows that the compatibility of a mapping ¢ does not imply ¢~
are not weakly contractible.

!'is compatible if the F;’s

2

j9

Jj = 1,2,3, 4. By a straightforward check of all possible F;-linkages B and the corresponding DC’s in F' IB and in

FPB)
2

Example. Let F, F> be the graphs in Fig. 3 and let ¢ : A(F;) — A(F>) be the mapping that maps a} on a

, we easily see that there are, up to symmetry, the following possibilities.

E(B) DCin F DC in F{®
allai allaiyxal1 a%afwuvza%

a faé not existing not existing
alla%, aéai allazlaiyxall a%a%afwuvza%
a%aé, a%a% not existing a%a%a%uwza%
allaé, aéa%, a%ai allaéaéaiyxall a%a%a%aiwuvza%
allai, aia%, a%aé a}aia%a%xa} a%aia%a%uwza%
allai, aéaé allaiyaéaéxall a%aiwua%a%vza%
alla%, a%ai not existing a%a%uva%aiwza%

We conclude that ¢ : A(F|) — A(F,) is a compatible mapping, but there is no compatible mapping of A(F;) onto
A(F1). Note that this mapping ¢ will play an important role in the proof of our main result in Section 4.

The following result shows that the replacement of a subgraph of a cubic graph modulo a compatible mapping does
not affect the existence of a DC.

Theorem 10. Let G be a cubic graph and let C be a DC in G. Let F C G be an essential cubic fragment
such that G — F is not edgeless, and let F' be a cubic fragment such that V(F') N V(G) = @ and there is a

compatible mapping ¢ : F — F'. Then the graph G' = G[F £ F'] is a cubic graph having a DC C’ such that
E(C)\ E(F) = E(C")\ E(F").

(Note that if both ¢ and ¢~! are compatible and both F and F’ are essential, then G has a DC if and only if
G = G[F % F'lhasaDC.)
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Proof. By the compatibility of ¢, A1(F") = ¢(A1(F)) and Ax(F") = ¢(A2(F)), hence G’ is cubic. Let C be a DC
in G. We show that G’ has a DC C’ with E(C) \ E(F) = E(C") \ E(F').

We first observe that E(C) N E(F) # @. Since F is essential, there is an edge xy € E(F) with dp(x) > 2 and
drp(y) > 2. Then one of x, y (say, x) is on C. Since dr(x) > 2, x has a neighbor x1 in F, x; # y. Then, since
dg(x) = 3, the edge xy or xx7 is in E(C) N E(F).

Let Cr and C_F denote the subgraph of C induced by the edge set E(C)NE(F) and E(C)NE(G_F), respectively.
Since E(C) N E(F) # ¥ and G — F is not edgeless, C_F is a nonempty system of paths. Let Py, ..., P be the
components of C_fr. Then:

e the end vertices of every P; are in A(F),
e the interior vertices of every P; are in Aj(F) orin V(G) \ V(F),

wherei =1, ..., k.
We define an F-linkage B as follows:

(i) for every P;, let Pl.B be the path obtained from P; by replacing every maximal subpath of P; with all interior
vertices in V(G) \ V (F) by a single edge (with both vertices in A(F)),
(1) for every vertex x € A(F) \ V(C_F) which is on Cr (note that such a vertex x must be in A>(F)), let e, be a
loop at x,
(iii) B is the graph with components {PiB|i =1,...,k}U{ex|x € Ap(F)\ V(C_p) NV (O)}.

It is immediate to observe that the graph F5 has a DC C? containing all open edges of B. By the compatibility of
@, the graph (F")*®) has a DC C’ B containing all open edges of the graph ¢(B).
Let C'., denote the subgraph of C'? induced by the edge set EC'"®YN E(F"). Then C., is a system of paths, and

the edges in E(C,) U E(C_F) determine a cycle C" in G’ = G[F £ F'] with E(C)\ E(F) = E(C") \ E(F).
Note that, by the construction, V(C) N A(F) C V(C’) N A(F’) (this is clear for vertices x with dc_p(x) > 1, and for
vertices x with dc_, (x) = O this follows from the fact that both C B and C'® dominate all loops in B and in ¢(B),
respectively).

It remains to show that C’ is a DC in G’. Thus, let xy € E(G’).

Ifx,y € V(G)\ V(F') = V(G) \ V(F), then x or y is on C_p, implying x or y is on C’ since C_p C C’.If
x,y € V(F')\ A(F'), then x or y is on CJ,,, implying x or y is on C’ since Cl,, C C".

Up to symmetry, it remains to consider the case x € A(F') = ¢(A(F)).If x € V(C), then also x € V(C’) since
V(C)N A(F) C V(C') N A(F’), as observed above. Hence we can suppose that x ¢ V(C), implying y € V(C).
If y € A(F’), then similarly y € V(C’) and we are done; hence y & A(F’). Then either y € V(F’) \ A(F’), or
y € V(G) \ V(F’). But then, in the first case y is on C’F, since C’ is dominating in (F)*B) and in the second case
y is on C_p since C is dominating in G. In either case this implies y € V(C’). R

The following result shows that the existence of a compatible mapping is not affected by a replacement of a
subgraph by another one modulo a compatible mapping.

Proposition 11. Let X, F be essential cubic fragments such that there is a compatible mapping v : X — F. Let
F1 C F be an essential cubic fragment, and let F, be a cubic fragment such that V(F) NV (F>) = @ and there is a

compatible mapping ¢ : F| — F,. Let F' = F[F; £ F5). Then there is a compatible mapping ' : X — F'.
Proof. For any x € A(X) set

¥ (x) ifx € yNAF) \ A(F))),
(Y (x) ifx €y ' (AF) N A(F)).

Then ' : A(X) — A(F’) is a bijection, and ¥’ : A;(X) — A;(F'),i = 1, 2, by the compatibility of v and ¢. Let B
be an X-linkage such that X2 has a DC containing all open edges of B. By the compatibility of v, the graph FV ()
has a DC C containing all open edges of vy (B). We need to show that (F’ )¥'B) has a DC containing all open edges
of ¥'(B). We will construct a cubic graph H such that F C H, H has a DC that coincides with C on F, and the
structure of H — F implies that an application of Theorem 10 to H yields the required DC in (F’ AL

Let By, ..., Bx be the components of ¥ (B), and choose the notation such that

v'(x) = {
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Fig. 4.

o Bi.....B, (p = Darepaths, V(B}) = (x.....x} (ie. B isof length £;), j = 1...... p;

e if none of By, ..., By is a loop, then £ = 0, otherwise Bpy1,..., Bpye are loops, V(Bpij) = {xpyj},
j=1,...,¢

o if A(F)\ V(¥ (B)) =0, then f =0, otherwise A(F) \ V(¥ (B)) = {Xpyeq1,---» Xptesr)-

Thus, we have k = p + £ and V(¥ (B)) = Uerf(V(Bj)).

Let Q;, R;. (s > 2), Sj and T; be the graphs shown in Fig. 4. We construct a cubic graph H containing F by the
following construction:

o take the graph F with the labeling of vertices of A(F') defined above;

e foreach B; with1 < j < p,£; =1, take one copy of Q; and fori = 0, 1 identify x’l = qj. iij. € A1(F) or add
the edge x}q; if x;. € A, (F), respectively,

e foreach B; with1 < j < p, £; > 1, take one copy of R‘;. fors = £; and

— fori = 0 and i = ¢; identify x§. = r;. if x; € A1 (F) or add the edge x r;. if x; € Ay (F), respectively,

1
j
— for1 <i < ¢; — 1identify x|, = ri;
e foreach B; with p+1 < j < p + £ (if £ > 0) take one copy of S;, add the edge x;s;, and if £ > 2, then for
J = p+2addthe edge vj_juj;
e foreachx; withp+£+1<j < p+L£+ f (if f > 0)do the following:
—if x; € A{(F), take one copy of §;, identify x; = s; and if f > 2, then for j > p + £ + 2 add the edge v;_u;
(ifxj_1 € A1(F)), or the edge w;_ju; (if x;_1 € Ax(F)), respectively;
— if x; € A2(F), take one copy of Tj, identify x; = ¢t; and if f > 2, then for j > p + £ + 2 add the edge v;_jw;
(ifxj—1 € A1(F)), or the edge w;_jw; (if x;_1 € A(F)), respectively;
— if xpye41 € A2(F), thenrelabel wpyo41 as up oy and if xp 404 p € A2(F), then relabel wp ey as vpiey r;
e if £ #£ 0, then
— for £1 = 1 remove the edge q?al and add the edges 6]?14p+] and a1vpye,
— for £; > 1 remove the edge r?rl1 and add the edges r?um_l and rl1 Upies
o if f 0, then
— for £; = 1 remove the edge blqll and add the edges byu p4¢41 and qll Vp et fs

— for £; > 1 remove the edge rfl_lrf‘ and add the edges rfl_lup+g+1 and rfl Vpttdf-

Then H is a cubic graph, F C H, Ay (F) = A(F), and it is straightforward to check that H has a DC C¥ such
that E(CH) N E(F) = E(C) N E(F).

Let r denote the subgraph of C H induced by the edge set E(C") N E(H_F). Then the structure of the graphs
0j, R;, S; and T implies the following properties of C H o
eifl<j<pandi=0o0ri =Ej,thendC§F(xj.) =1,
eifl <j<pandl <i<¢(— l,thendcfp(x;) =2,
eif{>0and p+1<j<p+¢ then dCHF(.Xj) = 0 and x; has no neighbor on CfF,
eif f>0andp+L€+1<j<p+L+ f,then dCHF(.Xj) = 0 and all neighbors of x; in H_f are on CfF.
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Set H = H[F] £ F>]. By the compatibility of ¢ and by Theorem 10, H’ has a DC CH//such th/at
E(CH)\ E(Fy) = E(CH")\ E(F)). Specifically, F' ¢ H' and E(C")\ E(F') = E(CH)\ E(F). Let CH andCH,
denote the subgraph of C¥" induced by E(CH') N E(F’) and E(CH") N E(H' ), respectively. Then Cf’/F, =CcH_,

and from the above properties of C# r we obtain the following properties of C }{,/:
eifl <j<pandi=0o0ri=¢; thend . (x}) =1,
F ) .
eifl<j<pandl <i<¢{;—1,then dc”/ (x;) = 0 and all edges of F’ with at least one vertex in NF/(x;.) have
F/
at least one vertex on CH /,
eif{ >0andp+1<j< p+£,thendcy/(xj) =2,
F/
eif f>0andp+¢+1=<j<p+ L€+ f,theneither dc;’,'(xf) =2,0r dcg,’(xf) = 0 and all neighbors of x; in
F" are on C ;’,,.
This implies that C I{f// together with the open edges of /' (B) determines the required DC in (F’) v'(B) containing
all open edges of ¥/(B). M

For a cubic fragment F' with A(F) = A (F) we will simply write 'O _FrF 1, F> are cubic fragments with
A(F;)) = Ay(Fj),i = 1,2and ¢ : A(F1) — A(F») is a bijection, then g denotes the bijection ¢ : A(F}) — A(F)
defined by ¢p(a) = ¢(a), a € A(Fy).

In the proof of Proposition 14 we will also need the following statement showing that the existence (or
nonexistence) of a compatible mapping is not affected by adding pendant edges to vertices of attachment.

Proposition 12. Let F|, F, be cubic fragments with |A(F1)| = |A(F2)| and A(F;) = Ax(Fy), i = 1,2, and let
¢ : A(F1) = A(F,) be a bijection. Then ¢ is compatible if and only if ¢ : A(F1) — A(F3) is compatible.

Proof. Set A(f 1) = {ai1, ..., ax}. Suppose first that ¢ is compatible and let B be an F]-linkage such that there is a

DC C in (F})® containing all open edges of B. Since A(F|) = A(F}), all components of B are paths. We define an
Fi-linkage B as follows:

(i) ajaj € E(B),i # j,if and only if B has a component which is an a;, aj-path,

(ii) aja; € E(B) if and only if ; € A(Fy) \ V(B).

(This means that vertices in A(F) corresponding to internal vertices of paths in B will not be in V (B), and vertices
corresponding to vertices not in V(Elwill have loops in B.) .

Since C dominates all edges of F; (including the edges a;a; with a; € V(B)), it is straightforward to see that
removing from C the edges of B and the pendant edges of {a;a;,i = 1, ...,k} N E(C), and adding the open edges
of B results ina DC C in F IB , containing all open edges of B. Using the compatibility of ¢ we obtain a DC in FZ") (B)
containing all open edges of ¢(B), and adding the pendant edges and all edges of @(B) yields a required DC in

(F)? ).

Conversely, let @ : A(F)) — A(F>) be compatible and let B be an Fi-linkage. Since A(F1) = Aa(Fy), B
contains no paths of length more than one. Suppose the notation is chosen such that E(B) = {ajaz,...,
Ap_102p, A2 p+1A2p+1, - - - » A2p+eA2p+e), Where 2p+£ < k. Then we define B as the graph which has as components
the path a1a2p 4041 ...araz and GGif p > 1) the edges az;_1a2;, i = 2, ..., p. The rest of the proof is similar to that
above. H

4. Equivalence of Conjectures A—F

Before proving our main result, Theorem 3, we first prove several auxiliary statements that describe the structure
of potential counterexamples to Conjecture D.

Proposition 13. If Conjecture D is not true, then there is an essential cubic fragment F such that

@) [A2(F) = |A(F)| =4,
(i) there is a cyclically 4-edge-connected cubic graph G such that F C G,
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(iii) there is no compatible mapping ¢ : C4 — F.

Proof. Let G be a counterexample to Conjecture D, i.e. a cyclically 4-edge-connected cubic graph having no DC, let
e =uv € E(G) and set F = G — {u, v}. Then F is an essential cubic fragment with |A>(F)| = |A(F)| = 4. Let,

-1
to the contrary, ¢ : C4 — F be a compatible mapping and set G’ = G[F LN C4]. Then G’ is isomorphic to one

of the graphs in Fig. 5, and hence G’ has a DC. But then, by Theorem 10, the graph G = G'[C4 £ FlhasaDC, a
contradiction. H

Proposition 14. Let F be an essential cubic fragment such that

M) [A2(F)| = [A(F)| =4,

(ii) there is a cyclically 4-edge-connected cubic graph G such that F C G,
(iii) there is no compatible mapping ¢ : C4 — F,
(iv) subject to (1), (ii) and (iii), |V (F)| is minimal.

Then F is essentially 3-edge-connected and contains no cycle of length 4.

Proof. Recall that a cubic graph is cyclically 4-edge-connected if and only if it is essentially 4-edge-connected
(see [5)).

We first show that F is essentially 3-edge-connected. Suppose the contrary. By definition, F is connected. Denote
A(F) = {a1, az, a3z, a4}, and let f; denote the edge in E(G) \ E(F) incident with a;, i = 1,2,3,4. If F has a cut
edge e, then some nontrivial (i.e. containing at least one edge) component of F' — e contains at most two vertices a;,
but then e together with the corresponding edges f; is an essential edge cut in G of size at most 3, a contradiction.
Hence F' has no cut edge. (Note that F' has also no cut vertex since G is cubic.)

Thus, let R = {e1, e2} C E(F) be an essential edge cut of F, and let F|, F> be nontrivial components of F — R.
Denote ¢; = b}b? with b/ € V(F;),i,j = 1,2.If |V(F)) N A(F)| = 1, then we set V(Fj) N A(F) = {x} and
observe that the edges e, e and the only edge of G_F incident to x form an essential edge cut of G of size 3, a
contradiction. We obtain a similar contradiction for |V (F1) N A(F)| = 0; hence |V (F1) N A(F)| > 2. Symmetrically,
[V(F2) NA(F)| = 2, implying |V (F1) N A(F)| = |V(F2) N A(F)| = 2. Thus, we can suppose that the notation is
chosen such that a;, ap € V(F) and a3, as € V(F>). _

If [V(F1)| > 4, then there is a compatible mapping ¢ : C4 — F; by the minimality of F. Let C be a copy of

Cs and set H = F[F (p—l> 6]. Then |V(H)| < |V (F)| and, by the minimality of F, there is a compatible mapping
Y : C4 — H. By Proposition 11 (with X = C4, F = H, F| = Cand F; = F1), there is a compatible mapping
Y Cy— H[E £ F1] = F, a contradiction. Hence |V (F1)| < 4 and, symmetrically, |V (F2)| < 4.

Now, since G is cyclically 4-edge-connected, either {a, ax} N {bl, bé} = (J, or (up to symmetry), a; = b} and
a) = bé. Hence Fj is a single edge or a cycle of length 4. Similarly, F> is a single edge or a cycle of length 4. Thus,
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F is isomorphic to one of the graphs shown in Fig. 6. However, it is straightforward to check that for each of these
graphs there is a compatible mapping ¢ : C4 — F, a contradiction. Thus, F is essentially 3-edge-connected.
Next we show that

() F contains no subgraph F, F # F, with |V (F)| > 4 and |A»(F)| = |A(F)| = 4.
Thus, let F besucha subgraph. By the minimality of F, there is a compatible mapping ¢ : C4 — F.LetCbea copy of

-1
Csandset H = F[F LN ]. By the minimality of F, there is a compatible mapping v : C4 — H. By Proposition 11
(with X .= Cy4, F .= H, F| = c ang o= f), there is a compatible mapping ¥’ : C4 — H[E B F] =F,a
contradiction. Hence there is no such F.

Finally, we show that F' contains no cycle of length 4. Let, to the contrary, Y C F be a copy of C4 (note that
possibly V(Y) N A(F) # ). Let F be the graph obtained from F by attaching a pendant edge to each vertex in
A(F), and let F| and F, be the graphs shown in Fig. 3 (recall that we already know there is a compatible mapping
¢: F| > F). Let Y be the (only) subgraph of Fsuchthat Y C Y and Y is isomorphic to F>, let T be a copy of F}

andlet ¢ : T — Y be a compatible mapping. Set F' = F[Y (2N T](.e,F = F [T % YY), and let F’ be the graph
obtained from F by removing the four pendant edges. Then F’ is a cubic fragment with |A(F)| = |A2(F')| = 4.

We show that there is no compatible mapping v : C4 — F’. Let, to the contrary, ¥ : C4 — F' be compatible By
adding pendant edges to A(C4) and A(F’) and by Proposition 12, there is a compatible mapping v : C4 — F'. Thus,
we have ¥ : C4 — F,T CcF and @ : T — Y. By Proposition 11, there is a compatible mapping w C, — F.By
removing the pendant edges and by Proposition 12 we obtain a compatible mapping ' : C4 — F, a contradiction.
Thus, there is no compatible mapping ¥ : C4 — F’.

By the minimality of F, the graph F’ (and hence also 7/) cannot be a subgraph of a cyclically 4-edge-connected
cubic graph. Thus, there is an edge cut R’ of F such that |R’| < 3 and at least one component X’ of F' — R’ contains
a cycle and has minimum degree 2 (if such an R’ does not exist then, identifying the vertices of degree 1 of T with
vertices of a C4, we get a cyclically 4-edge-connected cubic graph containing 7/, a contradiction). However, there is

-1

no such edge cut in F. Since F = F[Y LN T1], R’ contains the edge e = xy € E(T) with dr(x) = dr(y) = 3 and
some two edges f1, f» € E(f/) \ E(T). Suppose the vertices of T are labeled such that A{(T) = {ai, a2, a3, aa},
E(T) ={aix,axx,aszy,asy, xy}and ay, az, x € V(X'). Then R” = {f1, f2, a3y, a4y} is an edge cut in F' such that
|R”| = 4 and X' + e is a component of F — R". Let e1 (e, e3, e4) denote the pendant edge of Y which corresponds
to the edge a1x (axx, azy, asy) € E(T), respectively, in the mapping ¢. Then R = {f1, f2, e3, e4} is an edge cut of
F such that the component X of F — R containing X’ and Y has |V (X)| > 4 and |A>(X)| = |A(X)| = 4.

By (x) (and since F % C4, implying ej, ex € E(F)), F contains no such graph as a proper subgraph; hence
X = F. But then {ey, e2} is an edge cut of F, contradicting the fact that F is essentially 3-edge-connected. Hence F
contains no cycle of length 4. W

Proposition 15. If Conjecture D is not true, then there is an essential cubic fragment F such that

(1) F contains no cycle of length 4,

(i) there is a cyclically 4-edge-connected cubic graph G such that F C G,
(i) |A2(F)| = |A(F)| = 4 and A(F) is independent,
(iv) there is a compatible mapping ¢ : F — Ca.

Proof. By Propositions 13 and 14, there is an essential cubic fragment H such that H contains no cycle of length
4, |A2(H)| = |A(H)| = 4, there is a cyclically 4-edge-connected cubic graph G such that H C G, and there is
no compatible mapping ¢ : C4 — H. Let H be minimal with these properties. Since A(H) = A»(H), by the
nonexistence of a compatible mapping ¢ : C4 — H, H is not weakly A (H )-contractible. Hence there is a nonempty
even set X C A(H) and a partition A of X into two-element subsets such that H A has no DCT containing all
vertices of A(H) and all edges of E(A). Set A(H) = {ay, a3, a3, as} and suppose the notation is chosen such that
A = {{a1, a2}} if |X| = 2 or A = {{a1, a2}, {a3, a4}} if |X| = 4. Then the graph H? has no DC containing all open
edges of B for either E(B) = {a1a», azas, asas} or E(B) = {ajaz, azas}.

Let H, H' be two copies of H (with a corresponding labeling A(H') = {a}, a}, a3, a}}), and let F be the cubic
fragment obtained from H and H’ by adding the edges aja| and axa). Recall that H contains no cycle of length 4.
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Since H is essentially 3-edge-connected by Proposition 14, the set {a1, a2, a3, a4} (and hence also {a{, a}, a}, ay})
is independent. Hence F also contains no cycle of length 4, and the set A(F) = {a3, aa, aé, ag} is independent. It
remains to prove that there is a compatible mapping ¢ : F — Cj.

First we show that the graph F B has no DC containing all open edges of B for E(B) = {azas, asays, agaﬁ"}. To
the contrary, let C be such a DC. Then (E(C) N E(H)) U {ajaz} is a DC in HE containing all open edges of B for
E(B) = {a1a2, aza3, asas}, and (E(C) N E(H")) U {a{a}, ajay} is a DC in H' containing all open edges of B’
for E(B') = {aa}, aja)}, which is not possible. Thus, there is no such DC in FB. Symmetrically, FB' has no DC
containing all open edges of B’ for E(B') = {a}a}, ayay, azas}. Let Y be a copy of C4 with vertices labeled b3, b, b},
by such that b3by ¢ E(Y) and bb, ¢ E(Y). Then it is straightforward to check that YB" has aDC containing all open
edges of B” for all Y-linkages B” except for the cases E(B") = {b3b3, babs, bib,} and E(B") = {b}b}, byb),, b3bs)}.
Hence the mapping ¢ : A(F) — A(Y) that maps a; on b; and a; on b}, i = 3, 4,is a compatible mapping. M

Note that we do not know any example of a cubic fragment with the properties given in Proposition 15. Moreover,
we believe that such a graph in fact does not exist.
Now we are ready to prove the main result of this paper, Theorem 3.

Proof of Theorem 3. Clearly, Conjecture E implies Conjecture F. By Theorem 2, it is sufficient to show that
Conjecture F implies Conjecture D. Thus, suppose Conjecture D is not true, and let F' be an essential cubic fragment
as given by Proposition 15. Let G be a counterexample to Conjecture D, i.e. a cyclically 4-edge-connected cubic graph
without a DC. For any cycle C of length 4 in G, choose a compatible mapping of F on C, and let G’ be the graph
obtained by recursively replacing every cycle of length 4 by a copy of F. Then G’ is a cubic graph of girth g(G’) > 5
and, by Theorem 10, G’ has no DC. Moreover, G’ is cyclically 4-edge-connected since any cycle-separating edge cut
in G’ of size at most 3 would imply the existence of such an edge cut in G. If G’ is not 3-edge-colorable, G’ is a snark
and we are done. Otherwise, we use the following fact and construction by Kochol [7].

Claim ([7]). If a cubic graph G contains the graph H of Fig. 7 as an induced subgraph, then G is not 3-edge-
colorable.

We use the claim as follows. Let xy € E(G’), let x’, x” (y', y”) be the neighbors of x (of y) different from y (x),
respectively, and let G}, i = 1,2, 3, be three copies of the graph G’ — x — y (where x/, x/’, y/, y/ are the copies of
X', x",y',y"in G)),i = 1,2, 3. Then the graph G obtained from G/, G, G’ and H by adding the edges x| v3, x{'v4,
Y1X5, Y1x5, ¥5x3, y5 x5, y3v1 and y3 vy is a cyclically 4-edge-connected graph of girth g(G) = 5. By the claim, G is
not 3-edge-colorable. It remains to show that G has no DC.

Let, to the contrary, C be a DC in G. Then it is easy to check that for some i € {1, 2, 3}, the intersection of C with
G is either a path with one end in {x/, x/'} and the second in {y/, y!'}, or two such paths. But, in both cases, the path(s)

can be easily extended to a DC in G/, a contradiction. W
5. Concluding remarks
1. Note that our proof of the equivalence of Conjecture F with Conjectures A-E is based on properties (compatible

mappings) that are specific for the C4. This means that our proof cannot be directly extended to obtain higher girth
restrictions.
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2. We pose the following conjecture and show it is equivalent to Conjectures A—F.

Conjecture G. Every cyclically 4-edge-connected cubic graph contains a weakly contractible subgraph F with
8(F)=2.

Theorem 16. Conjecture G is equivalent to Conjectures A-F.

Proof. We first show that Conjecture G implies Conjecture D. Suppose Conjecture G is true and let G be a minimum
counterexample to Conjecture D. Hence G has no DC. Let F C G be a weakly contractible subgraph of G with
8(F) = 2and set A = Ag(F). Note that A # ¢ since §(F) = 2. By Corollary 7, the graph G|r has no DCT. If
|A] < 3, then every edge in G_F has at least one vertex in A since G is essentially 4-edge-connected. But then G|r
has a (trivial) DCT, a contradiction. Hence |A| > 4.

We use the following operation (see [5]). Let H be a graph, let v € V(H) be of degree d = dy(v) > 4, and let
X1, ..., Xq be an ordering of the neighbors of v (allowing repetition in case of multiple edges). Let H’ be the graph
obtained by adding edges x;y;, i = 1,...,d, to the disjoint union of the graph H — v and the cycle y;y2 ... y4y1.
Then H’ is said to be an inflation of H at v. The following fact was proved in [5].

Claim (/5]). Let H be an essentially 4-edge-connected graph of minimum degree 5(G) > 3 and let v € V(H) be of
degree d(v) > 4. Then some inflation of H at v is essentially 4-edge-connected.

Now let G’ be an essentially 4-edge-connected inflation at vy of the graph obtained from G|r by deleting its
pendant edges. Then G’ is a cubic graph having no DC (since otherwise G|r would have a DCT). Since no cycle of
length ¢ > 4 is weakly contractible, F' is not a cycle, and since §(F) = 2, we have |Ag(F)| < |E(F)|. But then
|E(G")| < |E(G)|, contradicting the minimality of G.

For the rest of the proof, it is sufficient to show that Conjecture D implies Conjecture G. Indeed, if C is a dominating
cyclein G, e = uv € E(C) and A = {u, v}, then the graph F with V(F) = V(G) and E(F) = E(G) \ {e} is a
weakly A-contractible subgraphof G. W

It should be noted here that the last part of the proof of Theorem 16 is based on a construction with |A| = 2,
which forces G — F be empty (G_F is a one edge graph) since G is cubic and cyclically 4-edge-connected. It is
straightforward to observe that the following stronger statement implies Conjectures A—G. However, we do not know
whether these statements are equivalent.

Conjecture H. Every cyclically 4-edge-connected cubic graph G contains a weakly contractible subgraph F with
|AGg (F)| = 4.
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1. NOTATION AND TERMINOLOGY

In this article, by a graph we mean a finite simple undirected graph G =(V(G), E(G));
whenever we allow multiple edges we say that G is a multigraph.

For a vertex x € V(G), dg(x) denotes the degree of x in G, Ng(x) denotes the neigh-
borhood of x in G (i.e. Ng(x)={ye V(G)| xye E(G)}) and Ng[x] denotes the closed
neighborhood of x in G (i.e. Ng[x]=Ngx)U{x}). For x,ye V(G), distg(x,y) denotes
the distance of x,y in G. A universal vertex of G is a vertex that is adjacent to all other
vertices of G. By a clique we mean a (not necessarily maximal) complete subgraph of
G; a(G) denotes the independence number of G and k(G) denotes the (vertex) connec-
tivity of G. By the square of a graph G we mean the graph G? with V(G*)=V(G) and
E(G*)={xy e V(G)|distg(x,y) <2}

If G, H are (multi-)graphs, then HC G or H HEDG means that H is a subgraph or
an induced subgraph of G, respectively, and H>~G stands for the isomorphism of H
and G. The induced subgraph of G on a set M C V(G) is denoted (M)g.

A path with endvertices a,b will be referred to as an (a,b)-path. If P is a path and
ueV(P), then u~ and u™t denote the predecessor and successor of u on P. A path on
k vertices is denoted Py.

For a graph G and a,b € V(G), p(G) denotes the length of a longest path in G, p,(G)
the length of a longest path in G with one endvertex at a € V(G), and p,;(G) the length
of a longest (a,b)-path in G. A graph G is homogeneously traceable if, for any a € V(G),
G has a hamiltonian path with one endvertex at a (i.e. for any a € V(G), p,(G)=|V(G))),
and G is Hamilton-connected if, for any a,b€V(G), G has a hamiltonian (a,b)-path
(i.e. for any a,b e V(G), pap(G)=|V(G))).

A walk (in G) is a sequence of vertices ujuy...u; such that u;u; 1 € E(G), i=
1,...,k—1.ForawalkJ=ujuy ...u; we denote V(J)={uy,uz, ..., u;} the corresponding
set of vertices, and |V(J)|=[{u1,uz,...,ux}| (thus, |V(J)|=k if and only if J is a path).
Finally, G is claw-free if G does not contain an induced subgraph that is isomorphic
to the claw K 3.

For further concepts and notations not defined here we refer the reader to [4].

2. INTRODUCTION

A vertex xe V(G) is eligible if Ng(x) induces a connected non-complete graph, and x
is simplicial if the subgraph induced by Ng(x) is complete. The local completion of G
at a vertex x is the graph G} obtained from G by adding all edges with both vertices in
Ng(x) (note that the local completion at x turns x into a simplicial vertex, and preserves
the claw-free property of G).

The closure cl(G) of a claw-free graph G is the graph obtained from G by recursively
performing the local completion operation at eligible vertices as long as this is possible.
We say that G is closed if G=cl(G).

The following was proved in [14].

Theorem A (Ryjacek [14]). For every claw-free graph G:
(1) cl(G) is uniquely determined,

Journal of Graph Theory DOI 10.1002/jgt
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FIGURE 1. Forbidden subgraphs for line graphs.

(1) cl(G) is the line graph of a triangle-free graph,
(iii) cl(G) is hamiltonian if and only if G is hamiltonian.

Note that the fact that cl(G) is a line graph can be seen e.g. also from the well-known
Beineke’s characterization of line graphs in terms of forbidden induced subgraphs.

Theorem B (Beineke [1]). A graph G is a line graph (of some graph) if and only if
G does not contain a copy of any of the graphs in Figure 1 as an induced subgraph.

A class C is stable if G eC implies cl(G) €C. A graph property = is stable in a stable
class C if, for any GeC, G has = if and only if cl(G) has =.

Thus, Theorem A says that hamiltonicity is a stable property in the class of claw-free
graphs.

Zhan [17] proved the following.

Theorem C (Zhan [17]). Every T-connected line graph of a multigraph is Hamilton-
connected.

Using the fact that hamiltonicity is a stable property, combining Theorems A and C
the following was obtained.

Theorem D (Ryjacek [14]). Every 7-connected claw-free graph is hamiltonian.

The line graph of the multigraph H in Figure 2 shows that Hamilton-connectedness
is not stable in 3-connected claw-free graphs (there is no hamiltonian (u1,u»)-path in
L(H), where uj,u, are the vertices of L(H) that correspond to the edges u,u in H).
Thus, the closure technique does not give a similar result for Hamilton-connectedness.

The existence of a connectivity bound for Hamilton-connectedness in claw-free
graphs was established by Brandt [5] who proved that every 9-connected claw-free
graph is Hamilton-connected. This result was later on improved by Hu et al. [8] as
follows.

Theorem E (Hu et al. [8]). Every 8-connected claw-free graph is Hamilton-
connected.

In the same article, Zhan’s result (Theorem C) was improved as follows.
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FIGURE 2. A graph with non-Hamilton-connected line graph.

Theorem F (Hu et al. [8]). Let G be a 6-connected line graph of a multigraph with
at most 29 vertices of degree 6. Then G is Hamilton-connected.

On the other hand, the following conjectures by Matthews and Sumner (Conjecture G)
and by Thomassen (Conjecture H) are still wide open.

Conjecture G (Matthews and Sumner [16]). Every 4-connected claw-free graph is
hamiltonian.

Conjecture H (Thomassen [16]). Every 4-connected line graph is hamiltonian.

Note that Theorem A immediately implies that Conjectures G and H are equivalent.
More equivalent versions of these conjectures (among others, on cycles in cubic graphs),
can be found e.g. in [7].

Another equivalence was established by Kuzel and Xiong [10] (see also [11]), who
proved that Conjectures G and H are equivalent with the following statement.

Conjecture I (Kuzel and Xiong [10]). Every 4-connected line graph of a multigraph
is Hamilton-connected.

It is natural to pose the following question.
Conjecture J. Every 4-connected claw-free graph is Hamilton-connected.

For a similar reason as with the extension of Theorem D to Hamilton-connectedness,
the closure technique as introduced in [14] does not establish the equivalence of
Conjecture J with the previous ones.

In Section 4 we develop a closure concept for Hamilton-connectedness from which, as
immediate applications, we obtain the following statements (see Theorems 15 and 17).

(i) Every 6-connected claw-free graph with at most 29 vertices of degree 6 is
Hamilton-connected.
(i1) Every T-connected claw-free graph is Hamilton-connected.
(ii