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ABSTRACT 
This paper presents a simulation software for mechanical wave propagation phenomena and a visualization 
environment developed to help the analysis of the numerically synthesized dynamic solutions of boundary value 
problems of solid mechanics. The simulation software is used by researchers and engineers to study and gain 
insights into complex problems related to the mechanics of continuous media. The large amount of data 
generated by the numerical solution of wave propagation problems makes the interpretation of the results a hard 
daunting task without the support of techniques to graphically display these data. The visualization environment 
that was developed supports different visualization strategies of a variety of parameters and it has been used to 
improve the understanding of the simulation results and to validate the numerical simulator as well as the 
underlying mathematical-physical modeling. 
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1. INTRODUCTION 
The study of the mechanical wave propagation 
phenomena and their consequences usually requires 
computational methods for the resolution of complex 
problems in mechanics of continuous media, such as 
finite and boundary element methods. These 
computational methods consist of mathematical 
modeling and computer simulation of physical 
problems, which replace in many cases the use of 
costly prototypes and laboratory setups. However, 
the computer simulation produces a large amount of 
numerical data that makes the procedure of the 
analysis of the results an arduous and extremely 
difficult task without the support of data visualization 
techniques. With the support of visualization, 
researchers and engineers can more quickly validate 
the processes of mathematical modeling and 
computer simulation of the physical problems; and 

also they can more easily understand the results 
generated in the process of computer simulation, 
which allows a more efficiently study of the physical 
problems. 

2. RELATED WORKS 
The present work is concentrated on wave 
propagation in solid continua, particularly in 
unbounded domains. The problems to be solved are 
very complex and solution can only be accomplished 
by resorting to numerical methods. The numerical 
solution for two-dimensional wave problems can be 
found, exemplarily, in the works of Rajapakse and 
Wang [Raj93] and Barros et al. [Bar99]. More 
recently three-dimensional problems have been 
solved by Mesquita and his co-workers [Mes09]. 

3. MATHEMATICAL MODELING 
AND COMPUTER SIMULATION 
To illustrate the features of the simulation software a 
complex wave propagation problem will be 
numerically solved. The problem solution, that is, the 
displacement components of the wave field solution 
will be analyzed and interpreted with the aid of the 
visualization environment. The problem at hand can 
be depicted at Fig. 1. It represents a series of 50 
horizontal transversely isotropic (visco)elastic layers 
excited harmonically by a surface stress distribution 
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𝑡𝑡𝑧𝑧(𝑥𝑥, 𝑧𝑧 = 0). The problem has a stationary character 
and the analysis is performed in the frequency 
domain. The layers are supported by a transversely 
isotropic half-space. 

 
Figure 1. The geomechanical problems: horizontal 

layers on a half-space 
Every layer is governed by a set of differential 
equations, which can be expressed in terms of the 
horizontal 𝑢𝑢𝑥𝑥  and vertical 𝑢𝑢𝑧𝑧  displacement 
components as: 
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In Eq. 1, 𝑐𝑐𝑖𝑖𝑖𝑖  (𝑖𝑖𝑖𝑖 = 11, 13, 33, 44)  and 𝜌𝜌 are 
constitutive parameters of the elastic layer [Bar99]. 
The circular frequency is designated by 𝜔𝜔. The 
prescribed boundary conditions are the stress free 
surface outside the loaded area (−𝑎𝑎 < 𝑥𝑥 < 𝑎𝑎, 𝑧𝑧 =
0) and the Sommerfeld radiation condition at the 
layers and at the underlying half-space. 
As can be seen in Fig. 1, the constitutive parameters 
of all the layers and of the half-space are the same, 
except for layers 25 to 27, in which there is an abrupt 
change in this parameters. Fig. 1 also shows the 
variation of the constitutive parameter 𝑐𝑐11 throughout 
the layers. This parameter discontinuity generates a 
strong impedance change with significant influence 
on the wave propagation pattern, as will be discussed 
later on this article. 
A typical numerical expression for the harmonic 
wave displacement solution is given by [Bar99]: 

( )

( )

2

1

2

1

( , )  ( ) ( )  
2

( , )   
2

m m

m m

z z i x
x m m m m

m

z z i x
z m m

m

u x z A e B e e d

u x z A e B e e d

δξ δξ δζ

δξ δξ δζ

δ ω ξ ω ξ ζ
π

δ ζ
π

∞
−

=−∞

∞
−

=−∞

= −

= +

∑∫

∑∫
 

(2) 

4. COMPUTER VISUALIZATION 
To help the analysis and understanding of the 
simulation results, the simulated data are enriched 
with additional application domain specific 
information. 

Displacement and relative position 
Propagation of mechanical waves causes the particles 
of matter to oscillate around their resting position. In 
simulation results, these oscillations are generated by 
action of the displacement components. Thus the 
displacement of an oscillating particle from its 
equilibrium position at time instant (𝑡𝑡) is given by 
planar vector: 

( ) ,
, ,

,

Re( ) cos Im( ) sin
,

Re( ) cos Im( ) sin
x t x x

t x t z t
z t z z

d u t u t
d d d

d u t u t

 = −= ⇒ 
= −



  



 

(3) 
Where Re and Im stand for the real and imaginary 
parts of a complex number, respectively. 
The relative position of an oscillating particle, i.e., its 
new position after displacement, is given by 𝑃𝑃𝑡𝑡 =
𝑃𝑃 + 𝑑𝑑𝑡𝑡 = (𝑥𝑥𝑡𝑡 , 𝑧𝑧𝑡𝑡). Where 𝑃𝑃 = (𝑥𝑥, 𝑧𝑧) is the resting 
or equilibrium position and {𝑡𝑡 ∈ ℝ | 0 ≤ 𝑡𝑡 < 2𝜋𝜋}. 

Displacement trajectory 
When the oscillating particle movement is composed 
by overlapping simple harmonic motions of same 
frequency in both coordinate axes, then its oscillation 
describes an elliptical trajectory. As an ellipse can be 
drawn from its vertices, then the displacement 
trajectory of an oscillating particle can be represented 
by an ellipse whose vertices are the relative positions 
𝑃𝑃𝑡𝑡𝑘𝑘  to 𝑘𝑘 = {1, 2, 3, 4}, where 𝑡𝑡𝑘𝑘  is: 
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Aspect ratio 
Since the displacement trajectory is elliptical, then 
the characteristics of an ellipse can also be used to 
enrich the simulation results. One is the aspect ratio, 
that is, the ratio (𝑏𝑏/𝑎𝑎) of the semi-major (𝑎𝑎) and 
semi-minor (𝑏𝑏) axes of an ellipse, where: 
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Rotational movement sense 
The rotational movement sense (𝑅𝑅) of the elliptical 
trajectory of oscillating particles can be obtained by 
vector dot product between the normal vectors to the 
planes of the trajectories (𝑑𝑑𝑡𝑡1 × 𝑑𝑑𝑡𝑡2) and the medium 
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(𝑛𝑛�⃗ ); see Eq. 6. Thus, if result is negative, then 𝑅𝑅 is 
clockwise (CW); otherwise, if result is positive, then 
𝑅𝑅 is counter-clockwise (CCW). 
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Phase angle 
The phase angle of the waves on each oscillating 
particle in the z-axis coordinate is given by: 

1 Im( )tan ,
Re( )

z
z z

z

u
u

φ π φ π−  
= − ≤ ≤ 

 
 

(7) 

5. RESULTS AND DISCUSSION 
To illustrate the power and usefulness of the 
visualization strategy adopted, the numerical solution 
of the problem described in Section 3 is used as a 
case study. The problem is a two-dimensional, plain 
strain solution [Lai09], determined at the (𝑥𝑥, 𝑧𝑧) 
plane.  For the calculated solution the parameters are: 
𝑎𝑎 = 1𝑚𝑚, 𝜔𝜔 = 1 𝑟𝑟𝑎𝑎𝑑𝑑 𝑠𝑠⁄ , 𝜌𝜌 = 1𝑘𝑘𝑘𝑘 𝑚𝑚3⁄ , 𝑡𝑡𝑧𝑧 = 1𝑁𝑁, 
𝑐𝑐11 = 6𝑁𝑁 𝑚𝑚2⁄ , 𝑐𝑐13 = 4𝑁𝑁 𝑚𝑚2⁄ , 𝑐𝑐33 = 6𝑁𝑁 𝑚𝑚2⁄ , and 
𝑐𝑐44 = 1𝑁𝑁 𝑚𝑚2⁄  for all the layers and the half-space, 
except for layers 25 to 27 in which 𝑐𝑐11, 𝑐𝑐13, 𝑐𝑐33, and 
𝑐𝑐44 are reduced to 10%. The data are generated on a 
uniform rectilinear grid composed of 5,151 (101 x 
51) sampling points. 

Visualization of the displacement 
Fig. 2 depicts the vertical component of the 
displacement field (𝑥𝑥, 𝑧𝑧, 𝑢𝑢𝑧𝑧) within the solution 
range of the problem. The location (−𝑎𝑎 < 𝑥𝑥 < 𝑎𝑎,
𝑧𝑧 = 0) of the applied vertical excitation 𝑡𝑡𝑧𝑧  and the 
“fault”, that is the discontinuity in the constitutive 
parameters of layers 25 to 27, can be clearly 
recognized. Another issue that can be observed in 
these components is that there is no wave reflection 
at the end of calculation domains. On the other hand, 
the impedance discontinuity at layers 25 to 27 clearly 
causes wave transmission and reflection, distorting 
the wave pattern relative to the homogeneous 
domain. 

 
Figure 2. 𝒖𝒖𝒛𝒛 vertical component at time 𝟎𝟎.𝟏𝟏𝟏𝟏 ∙ 𝟐𝟐𝝅𝝅 

Visualization of the aspect ratio 
In homogeneous solids there are two broad classes of 
linear waves. The body waves and the surface or 
interface waves [Gra91]. Body waves such as the 
dilatational and shear waves present a rather 
rectilinear trajectory and they tend to cross a 2D 
homogeneous medium in a circular pattern, starting 
from the perturbation source. Surface waves such as 
the Rayleigh waves tend to have retrograde elliptical 
trajectories and are limited to the surroundings of 
surfaces. Fig. 3 shows an overview of the particle 
trajectory aspect ratio. Depending on the constitutive 
parameters of the medium, the values for the aspect 
ratio around 0.6 to 0.7 indicate the presence of 
Rayleigh waves [Gra91]. In Fig. 3, the elliptical 
Rayleigh wave trajectories are characterized by the 
color range going from green to yellow, as indicated 
in the scale (see black isolines). 

 
Figure 3. Aspect ratio of the elliptical trajectories 

Visualization of the displacement 
trajectory 
At the free surface (𝑥𝑥, 𝑧𝑧 = 0), as the analysis moves 
away from the energy source, the trajectories became 
elliptical and decrease very rapidly, as can be seen in 
Fig. 4a, depicting the trajectories within the range 
(40 ≤ 𝑥𝑥 ≤ 50, 0 ≤ 𝑧𝑧 ≤ 10). These rapidly decaying 
elliptical trajectories indicate the presence of 
Rayleigh waves. The trajectories at the range 
(−5 ≤ 𝑥𝑥 ≤ 5, 40 ≤ 𝑧𝑧 ≤ 50) are shown in Fig. 4b. 
The trajectories show a predominance of body 
waves, characterized by the almost-rectilinear 
character of the displacements. As the distance from 
the surfaces or interfaces increases, the body forces 
tend to dominate the propagation pattern. 

 

 

 
(a) Region A in Fig. 3  (b) Region B in Fig. 3 

Figure 4. Displacement trajectories 
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Visualization of the rotational movement 
sense 
The Rayleigh surface waves present a retrograde 
elliptical trajectory, as already described. Fig. 5 
indicates the rotation sense of the particle 
trajectories. It can be clockwise (blue) or counter-
clockwise (red). Now the trajectories along near the 
surface (𝑧𝑧 = 0) in the positive x-direction (𝑥𝑥 > 𝑎𝑎) 
are considered. Joining the information of Fig. 3, 
which states that aspect ratio of the elliptical 
trajectory near the surface has a value around 0.65, 
with the information of Fig. 4a, showing the elliptical 
character of the trajectory, and information of  Fig. 5, 
stating the particle rotation sense is counter-
clockwise, it may be established with a fair amount 
of confidence that the waves propagating at this 
region are predominantly Rayleigh waves. 

 
Figure 5. Rotational movement sense of the 

trajectories 

Visualization of the phase angle 
An analysis of Fig. 6, the vertical component, shows 
clearly two types of wave fronts. Near the surface 
(𝑧𝑧 = 0) and moving towards the edge of the domain, 
the wave front end to be plane. Plane wave fronts are 
typical of Rayleigh wave propagating in two 
dimensions. This picture helps corroborating that 
Rayleigh waves are the predominant propagating 
wave type near the surface and away from the energy 
source. The second type of wave front present an 
almost circular character and is typical of body 
waves, that is, dilatational and shear waves 
propagating in two dimensions [Gra91]. 

 
Figure 6. Phase angle of the 𝒖𝒖𝒛𝒛 vertical component 

6. CONCLUSIONS 
The developed simulation software has been applied 
to help analyzing the wave propagation pattern 
resulting from the numerical solution of a very 
complex geomechanical problem. The numerical 
tools implemented in the simulation software, 
together with previous knowledge on the properties 
of wave types in solids, allowed the problem analyst 
to understand the various wave types that propagated 
through the medium and also to determine the region 
of their respective predominance. With the 
visualization environment developed, researchers can 
now concentrate their efforts on developing 
computational methods and more easily analyze the 
simulation results. 
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