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ABSTRACT The article presents an analytical method for optimizing the geometry of the magnetic core of
a three-phase compensation choke. The method describes the process of identification the fringing magnetic
fields and the corresponding magnetic reluctances of the magnetic core, the flux density calculation even in
the case of the core supersaturation and the total losses estimation. It shows finding the trade-off between the
size/weight of the inductor and the magnetic core with respect to the overall losses and demonstrates their
minimization. Themathematical model for the flux’s identification is based on a standard iterative calculation
using the analogy to electrical circuits but includes a new approach to the calculation of fringing magnetic
fields caused by the air gapped magnetic core. The presented method is verified by the finite element method
(FEM) using the engineering calculation software ANSYS.

INDEX TERMS Compensation choke, coil, magnetic field, flux density, reluctance, power losses.

I. INTRODUCTION
The continual technological improvements in the area of
power electronic systems (electrical vehicles, energy storage
systems, renewable energy, energy distribution, consumer
electronic, lightning systems andmore electric aircraft) drives
development to a much higher desire for improvements of the
system properties like efficiency, robustness and the highest
possible power density [1].

In parallel with the development of ‘‘cutting – edge’’
technological systems, the demands on the annual global
energy consumption are also continuously rising. In this
context, it is very important to understand that even small
improvement in the energy efficiency and/or in the quality
of the electrical supply grid (reactive power compensation),
yields to a significant savings [2]. Due to these reasons the
development of a wide scope of methods and techniques
for power compensation and energy consumption have been
realized and verified. One of the most common is the use
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of passive compensators of the power using compensation
chokes and capacitors. The principles of operation and the
design methods of passive power compensator elements are
relatively well known and well described in [3], [4], and [5],
while in addition to compensating the reactive power, these
systems also have the role to prevent the parallel resonance
and amplification harmonic current occurring.

The compensation choke is an important component for
high-power industrial applications that require reactive power
suppression, e.g., metal-clad HV cables, long open-circuit
power lines, photovoltaic powerplant, etc. As this component
is a common and frequently used by the industry (millions
are sold each year), any increase in its efficiency means
significant savings in a global electricity consumption and
can thus contribute to meeting the EU’s commitments, which
have adopted very ambitious targets to reduce net green-
house gas emissions by a further 55% by 2030 compared
to 1990 levels [6], [7], [8].

Inductive components, their design and analysis have been
the subject of research during the development of vari-
ous power and industrial application. Literature provides
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numerous procedures to design the inductive components
and analyze their losses and power efficiency. The power
losses are usually classified into two groups: the iron core
losses and the I2R losses [9], [10], [11], [12], [13]. As the
iron core losses are caused by the eddy currents induced in
the core and by the magnetic agitation of the molecules in
the core and their resistance to being moved during alternat-
ing magnetization, the I2R losses are caused by the wind-
ing currents producing Joule heat. The research provided
within [14], [15], [16], [17], [18] is based mostly on the use
of the relations of power losses to the frequency of operation,
magnetic flux density and empirically expressed constants
dependent on the component geometry. As the proposed
approaches provide indicative values for the initial design,
they do not allow to analyze the magnetic circuit of the
inductor, so the power loss estimation may not be directly
related to the phenomena dealing with magnetic leakage field
and fringing flux [19], [20], [21].

This paper presents a procedure for optimizing the initial
electromagnetic design of a three-phase compensating choke
reflecting the optimal ratio between losses produced in the
iron core and the windings. The optimization method uses
the standard analytical model to analyze the magnetic core
improved with a detailed calculation of fringing magnetic
fields using an iterative calculation working even when the
magnetic circuit is oversaturated. The proposed method is
demonstrated using a case study and verified by the finite
element analyses (FEA).

II. CORE SHAPE AND WINDING LOSSES
Although the literature contains basic analytical design pro-
cedures for choke cores [22], [23], [24], [25], [26], [27], it is
not always possible to find the power losses optimization in
a particular geometry including the leakage and the fringing
magnetic fluxes [23]. The proposedmethodology is following
with the next stpes. We start with defining the choke core
topology (Figure1) described by independent dimensions a
and b. The aim is to find the optimal ratio between them
leading to the winding losses minimization.

FIGURE 1. Example of assembly of three phase compensation choke.

For one turn of the coil with perimeter oc and the cross-
section area Sc, we write (1).

Sc = ab

oc = 2 (a+ b) (1)

Combining (1) gives (2).

oc = 2
(
a+

Sc
a

)
(2)

Minimal oc is then found using the first derivative as
indicated in (3)

d
oc
da
= 0; H⇒ 2

(
a2 + Sc

a

)
= 0 H⇒ a =

√
Sc (3)

By inserting (3) back into (1) we get (4), which shows
that the square cross-section of the magnetic core leads to
the shortest possible coil turns and hence to the minimal
I2R losses.

a2 = ab H⇒ a = b (4)

Considering the square shape of the coil, Figure 2 shows
the winding composition having square corners to obtain
formulas as simple as possible. Conductors of radii rv are
assumed to form tightly wound coils. The conductor insu-
lation extends the distance between two adjacent turns and
therefore δ ≥ 2rv. Total number of turns N is distributed
within l layers with k turns at one layer. It is also assumed
that the last layer may not be completely occupied.

FIGURE 2. Schematic representation of the winding turns.

The length of the i-th quarter of one coil turn is found from
equation (5).

li = a+ 2 [rv + δ (i− 1)] (5)

The length of all quarter-turns is summed by (6):

lc4 =
∑N−mod(N ,k)

k

i=1
k [a+ 2 [rv + δ (i− 1)]]

+mod(N , k)
[
a+ 2

(
rv + δ

N − mod(N , k)
k

)]
(6)
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Substituting (7) back into (6) gives (8), which reflects the
total length of turns, i.e., the length of the winding conductor.

x = mod(N , k)

l =
N − mod(N , k)

k
(7)

Here the symbol mod(N , k) expresses the residue after
division, or in other words ‘‘modulo’’ which is the charac-
teristic for integer division. The total length of the conductor
is then:

lc = 4 [2lδx + (kl + x) (a+ 2rv)+ kδl (l − 1)] (8)

Thus, the value of the winding resistance can be calculated
using (9).

RDC (ϑ) = ρCu (ϑ)
lc
πr2v

,

ρCu (ϑ) = ρCu
(
20◦C

) [
1+ αCu

(
ϑ−20◦C

)]
(9)

If condition rv �
√
ρCu
/
π f µ0

holds, we may consider
the resistance as independent of the frequency. When higher
operational frequencies are expected, it is recommended to
approximate the resistance by (10).

RAC (f , ϑ) =



ρCu (ϑ)
lc

πδCu (ϑ) (2rv − δCu)
,

δCu (ϑ) ≤ rv

ρCu (ϑ)
lc
πr2v

(
1+

1
48

(
rv

δCu (ϑ)

)4
)
,

δCu (ϑ) > rv

δCu (ϑ) =

√
ρCu (ϑ)

/
π f µ0

ρCu (ϑ) = ρCu
(
20◦C

) [
1+ αCu

(
ϑ − 20◦C

)]
(10)

In this case, mainline frequency will result in the I2R losses
according to (11).

1Pj (ϑ)= 3I2RDC (ϑ) (11)

III. ANALYSES OF THE CHOCKE MAGNETIC CIRCUIT
A. THE AIR GAP RELUCTANCES
The magnetic circuit model is based on the system
reluctances or permeances description. Fig. 3 shows that an
accurate analytical description of either leakage or fringing
magnetic fields is a complex task and is therefore reasonable

FIGURE 3. Leakage magnetic field of the choke.

to use a geometric approximation [28], [29], [30]. The usual
and commonly used approximation elements are reported
in [1] and shown in Fig. 4. By comparing Fig. 3 and Fig. 4,
we find that the actual magnetic field follows trajectories
different from the trajectories prescribed by the descriptive
elements, fromwhich arose the need to create completely new
approximation elements.

For example, the element Pg assumes a homogeneousmag-
netic field having parallel flux lines in the whole analyzed
volume. In the real situation, the air gap guides the flux lines
at different angles and thus increases their overall length.

FIGURE 4. Geometric elements describing magnetic flux within inductor
air gap.

The flux lines within P1 and P3 arise from a point, i.e., from
a geometry with zero cross-section, and form an infinitely
large reluctance and thus non-physical results. The situa-
tion can be resolved analyzing the geometry combination
Pg + P1 + P3 described in Fig. 5, where a quarter of the
total volume is assumed.

FIGURE 5. Illustrative geometry to derive reluctance of the element
Pg+P1+P3.

If the element of the reluctance is given by (12),

dRm−h =
dx

µ04y2
(12)

then (13) helps finding (14) as relationship between dx and dy.

tanα =
y
x
=
y2 − y1
δ0
/
2
H⇒ x =

δ0y
2 (y2 − y1)

(13)
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In (14), y1 and y2 are integration limits.

dx =
δ0

2 (y2 − y1)
dy (14)

Substituting (14) back into (12), formula (15) is obtained.

Rm−h =
2
µ04

y2∫
y1

δ0

2 (y2 − y1) y2
dy

=
δ0

µ04 (y2 − y1)

y2∫
y1

dy
y2

=
δ0

µ04y1y2
(15)

Considering the integration limits, i.e., y1 = a/
2, y2 =

(a+ δ0)
/
2, we find the reluctance as (16).

Rm−h =
δ0

µ0a (a+ δ0)
(16)

Fig. 6 illustrates the descriptive element P2. The element
of the permeance is derived from (17).

dλm−1 = µ0
d ES
πr

(17)

Then, (18) is formed from the combination of (17) with
Fig. 6.

λm−1 = µ0

r2∫
r1

d ES
πr
= µ0

r2∫
r1

a
πr

dr = µ0
a
π

r2∫
r1

dr
r

= µ0
a
π
ln
(
r2
r1

)
(18)

FIGURE 6. Illustrative geometry to derive reluctance of the element P2.

Fig. 3 indicates that the P2 elements located in the corners,
unlike the other P2 elements, are symmetrical only in the
range of 90◦. Based on this and (18) we define (19).

λm−2 = µ0

r2∫
r1

d ES
π
/
2r
= µ0

r2∫
r1

2a
πr

dr

= µ0
2a
π

r2∫
r1

dr
r

= µ0
2a
π
ln
(
r2
r1

)
(19)

The corresponding reluctances (20) are then defined as the
inverse values of (18) and (19).

Rm−1 =
1

λm−1

Rm−2 =
1

λm−2
(20)

Assuming the geometrical situation shown in Fig. 7 we can
determine the reluctance of the last element P4.

FIGURE 7. Illustrative geometry to derive reluctance of the element P4.

The analysis is based on the idea of drilled hollow ball and
referring (12), we start with writing (21).

dRm−3 =
dl
µ0Sk

(21)

The correct proceed would be to integrate over the radius r
and the angle α, however in this case the length of the flux
line equals to its mean value, so we use this fact to simplify
the task.

The cross-sectional area through which the flux lines pass
has the shape of a truncated cone shell and is given by
equation (22).

Sk = π (A+ B)
√
h2 + (A− B)2 (22)

Basic trigonometric manipulation with (22) results in (23).

Sk = π (r1+r2) sinα
√
[(r2−r1) cosα]2+[(r2−r1) sinα]2

= π
(
r22 − r

2
1

)
sinα (23)
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The actual investigated region has only a quarter area, thus
we will integrate the first 90 ◦ to get (24).

Rm−3 =
2 r1+r22

µ04π
(
r22 − r

2
1

)
π/2∫
0

dα
sinα

=
r1 + r2

µ04π
(
r22 − r

2
1

)
π/2∫
0

csc αdα (24)

The solution of (24) may be find using smart
multiplication (25).∫

csc α
csc α + cot α
csc α + cot α

dα (25)

When the substitution (26) comes in,

u = csc α + cot α

du = −
(
csc αcot α + csc2α

)
dα (26)

relation (27) is obtained.∫
csc α

csc α + cot α
csc α + cot α

dα =
∫

csc2α + csc α cot α
csc α + cot α

dα

= −

∫
du
u
= −ln |u| + c (27)

Combination of (26) and (27) gives (28),∫
csc αdα = −ln |csc α + cot α| + c (28)

transforming to (29) after the integration limits are
considered.

Rm−3 =
r1 + r2

µ04π
(
r22 − r

2
1

)
π/2∫
0

csc αdα

=
r1 + r2

µ04π
(
r22 − r

2
1

)
×
(
ln |csc 0+ cot 0| − ln

∣∣csc π/2+ cot π/2∣∣)
(29)

As ln
∣∣csc π/2+ cot π/2∣∣ = 0, (29) can be rewritten

into (30).

Rm−3 =
r1 + r2

µ04π
(
r22 − r

2
1

) ln |csc 0+ cot 0| (30)

If (30) is investigated more in detail, it is found that this
situation represents divergent integral. This situation was
expected at the beginning of the analysis, while for this case
it is assumed that the flux lines are coming out from the
geometry with zero cross-section. The only solution how to
solve this issue is to start integration from the values slightly
higher than 0. Proposed integration limits are defined as
proposed by (31).

Rm−3 =
r1 + r2

µ04π
(
r22 − r

2
1

) ln |csc 0.01+ cot 0.01| (31)

B. EQUIVALENT CIRCUIT OF THE MAGNETIC CIRCUIT
For the purposes of magnetic circuit analysis, the standard
equivalent schematics (Figure 8) was used together with iter-
ation calculation method [31], [32], [33], [34], [35].

FIGURE 8. Choke reluctances (left) and the resulting equivalent
scheme (right).

Identities (32) may be defined from situation shown
in Fig. 8.

RmAδ = 2RmA1 + RmA2
RmBδ = 2RmB1 + RmB2
RmCδ = 2RmC1 + RmC2
RmAFe = 2RmA
RmBFe = 2RmB
RmCFe = 2RmC (32)

Based on conditions (7), one can derive (33).

ok_x = 2rv +
N − mod(N , k)

k
δ

ok_y = 2rv + (k − 1)δ (33)

The parameter m_m_ok is independent and can therefore
be selected. The airgap susceptance’s are expressed by (34),
where limits in (18) are r2 = ok_y/

4+
δ0
/
6 and r1 = δ0

/
6.

λmA1 = λm−h + 3λm−1 + λm−2 + 4λm−3
λmA2 = λm−h + 4λm−1 + 4λm−3
λmB1 = λm−h + 2λm−1 + 2λm−2 + 4λm−3
λmB2 = λmA2

λmC1 = λmA1

λmC2 = λmA2 (34)

The equivalent circuit includes the leakage fluxes esti-
mated using (18) for which the integration limits are
r2 = ok_y/

2 and r1 = δ0
/
6. Assuming this (35) is obtained.

RmAσ =
1

3λmAσ

RmBσ =
1

2λmAσ
RmCσ = RmAσ (35)

The magnetic core reluctances are then given by (36).

RmAFe =
ok_y− δ0 + a
µA(I )µ0a2
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RmBFe =
ok_y− δ0 + a
µB(I )µ0a2

RmCFe =
ok_y− δ0 + a
µC (I )µ0a2

RmAB =
2ok_x + m_m_ok + a

µAB(I )µ0a2

RmBC =
2ok_x + m_m_ok + a

µBC (I )µ0a2
(36)

All the necessary quantities have been identified, there-
fore (37) can be assembled. Here, i denotes the i-th step of
the iteration. [

8si+1
]
= [Rmi] \ [Um] (37)

Equation (37) represents a recurrent relationship, the solu-
tion of which can be found by iterative calculation. It is now
beneficial to relabel some parameters
• RmAFe = RA,
• RmAB = RAB,
• RmAδ = RAδ ,
• RmAσ = RAσ .

to get more simple equations. Equation (37) is then rewritten
as (38), shown at the bottom of the page.

Equation (38) is solved as follows. Initially, the loop mag-
netic fluxes are obtained from (37), while the core reluctances
are set to zero. This gives us the initial approximation for
the core flux densities (39) within the i-th computational
iteration.

B1 =
8s1

a2

B2 =
8s2 −8s3

a2

B3 =
8s4 −8s5

a2

BAB =
8s2

a2

BBC =
8s4

a2
(39)

The actual permeability values are found from BH curve
of used magnetic material. The next step is to repeat the
calculation (38) until condition (40) is met.[

8si+1
]
≈ [8si] (40)

Core losses can then be determined from the calculated
flux densities by any method.

IV. THE PROPOSED METHOD APPLICATION
The previous part of the paper (chapter III.) provides the
detailed analysis of the magnetic circuit of the inductor
and implementation of the calculation related to the power
loss estimation. It is more than useful to provide guideline,
which simplifies the procedure of the developedmethodology
application.

Figure 9 shows algorithm which provides clearer overview
about the method, while mathematical formulations from
section III are used. Start of the analyses and consequent
procedure begin with the selection of the core geometry and
core material properties based on standard choke design.
From these inputs the proposed method follows by identifi-
cation of the value of core reluctance considering presence
of the airgap within magnetic circuit. After that, the process
identifies the magnetic flux densities in the core, starting with
zero values of the core reluctances. For each iteration, the per-
meability value is determined from the magnetic properties
(BH curve) of used magnetic material. The computation ends
when the condition described by (40) is met.

V. APPLICATION EXAMPLE
Presented methodology is demonstrated on example with
parameters as follows.

• δ = 1.8 mm
• rv = 0.88 mm
• a = 55 mm
• δ0 = 0.83 mm
• N = 248 mm
• I = 10.7Amag
The aim is to find the value of k (number of turns in one

layer) at which the coil has the minimal power losses for
certain value of current. The magnetic circuit is intentionally
analyzed operating over saturated.

A. MODEL DATASETS
Considering selected material properties (M530-50 A) the set
of data values of the permeability should be represented using

[
8si+1

]
=


8s1i+1
8s2i+1
8s3i+1
8s4i+1
8s5i+1

, [Um] =


I1N
−I2N
I2N
−I3N
I3N



[Rmi]=


RAi+RAδ+RAσ − RAσ 0 0 0
−RAσ RAσ+RABi+RBδ+RBi − RBδ−RBi 0 0
0 − RBδ−RBi RBi+1+RBδ+RBσ − RBσ 0
0 0 − RBσ RBσ+RBCi+RCδ+RCi − RCδ−RCi
0 0 0 − RCδ−RCi RCi+RCδ+RCσ


(38)
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FIGURE 9. Method flowchart description.

Look-Up-Table function. For this purpose, the BH character-
istic will be used (see Figure 10).

FIGURE 10. BH characteristic of the material M530-50A.

Fig. 11 shows the difference between the actual (deter-
mined by calculation) and used value of the permeability,
while this region is located at H ≥ 104.

In oversaturated states, the mathematical model would
oscillate during iteration caused by very low permeabilities,
thus convergence may not be achieved. To implement prim-
itive mathematical damping the system permeability con-
strains must be set.

FIGURE 11. Static and dynamic (used by the method) permeability of the
material M530-50A.

The specific core losses dependent on the flux density is
reported by Fig. 12 and used for iron core losses calculation.

FIGURE 12. Characteristic of the specific losses.

B. RESULTS FOR k = 70
Model convergence is demonstrated on geometry with
k = 70. For this case, these values are identified:
• ok_x = 7.2 mm
• ok_y = 126 mm
Substitution into (9) and (11) results in 1Pj = 76.6 W .
Fig. 13 shows the results from the simulation using finite

element method. The flux density values are given below,
while the arrows (in Fig. 13) identifie the plane under
investigation:
• B1 = 1.83 T ,
• B2 = 0.92 T ,
• B3 = 0.9 T
These results are used for comparison with developed

mathematical model. Fig. 14 shows the results of the cal-
culations provided by mathematical model for the situation
defined by k = 70. We can observe in Fig. 14, that the indi-
vidual magnetic flux densities reach their values satisfying
condition (40) almost after 12 iterations of the computation
procedure. This result represents couple of seconds of the
calculation performed by a standard office PC.
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FIGURE 13. Magnetic saturation of the compensation choke (k = 70,
m_m_ok = 8 mm).

FIGURE 14. Convergence of the proposed mathematical model after
15 iterations.

C. VERIFICATION OF PROPOSED METHODOLOGY BASED
ON PARAMETRIC COMPARISON
For the better interpretation, the parametrical verification
of the mathematical model is initially given (Table 1). The
situation considers the change of the k parameter, while other
dimensions and core properties remains the same. The proce-
dure performs parametric calculation changing one indepen-
dent variable (k in this case) that affects the rest of the choke
geometry, while its electromagnetic utilization is preserved.
The calculation will determine the volume of the core and the
length of the coil for each specified k , and thus the total losses.
From this we can very quickly find the minimum losses for
the basic electromagnetic design.

Evaluation of the individual power losses was provided,
i.e. amount of winding losses (1Pw), core losses (1PFE),
while consequently total losses were estimated using pro-
posed method (1Ptot). Using FEM analyses and for purposes
of comparison, core losses of considered choke have been
evaluated (1PFe−FEM).

Results from Table 1 indicate that there is a certain value
of k (apparently k = 50), for which the total power losses will
be minimal. Comparing FEM simulation and mathematical
model, a high accuracy is seen for each case.

TABLE 1. The results used for parametrical verification between
presented analytical method and fem simulation.

Simultaneously, another evaluating criterion could be total
mass of choke parts (mtot), while both winding mass (mcu)
and core mass (mFe) are evaluated within Table 2.

TABLE 2. Calculation of results reflected to the evaluation of the mass of
winding copper material and core material of the compensation choke.

From the results above, it is possible to understood that
even if the core saturation and the current density are fixed,
the weight does not necessarily correlate with the total losses.
Proof of this is the geometry in the second row (k = 50) of
Table 2, where it is possible to identify that even the total mass
is higher compared to k= 30, the total power losses are lower
(Table 1). Graphical interpretation of data listed in Tab. 1 and
Tab. 2. Are presented in Fig. 15.

FIGURE 15. Graphical interpretation of data listed in Tab. 1 and Tab. 2.

VI. CONCLUSION
This paper has presented methodology for optimization of
the compensation choke design, while the approach is based
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on the identification of the fringing flux within the mag-
netic circuit of the choke. From the achieved results it is
seen that magnetic circuit with the airgap was analytically
described and approximated following identification of the
relationships of the magnetic flux dependencies. Presented
approach can be used for any choke design targeting opti-
mization regarding individual power losses of magnetic com-
ponent (core losses and winding losses). The methodology
provides the possibilities to find the solution, which is spe-
cific by the lowest total power losses, or the lowest mass
of the compensation choke parts. The proposed method was
demonstrated using a case study and verified by the finite
element analyses (FEA). From the results is seen, that the
accuracy of used analytical method for power loss evaluation
varied for individual case studies, while relative error was
within range from−2.2% (k= 30)−1,4% (k= 50)−0,33%
(k = 70) up to −0,05% (k = 110). Based on these achieve-
ments, it is worth to deduce that presented methodology rep-
resents fast calculating and highly accurate apparatus for the
purposes of optimization of compensation choke design. The
time required to solve the problem by the analytical method
is approximately 156 times shorter as compared to FEA.
The comparison was made using a standard office laptop
where ANSYS was used for FEA with a calculation time
of 1250 seconds and Matlab for the analytical model which
reduced the calculation time to 8 seconds.
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