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Simplified Analytical Calculation of PM
Machines Magnetic Flux Leakage Factor

K. Hruska, P. Dvorak

Abstract -- The permanent magnets used for generation of
magnetic field in permanent magnet machines are placed in
more or less magnetically conducting environment — electrical
steel and air. This causes leakage of the magnetic flux from its
desired path through the air gap. This paper describes
simplified analytical calculation of magnetic properties of five
most commonly used placements of permanent magnets and
compares obtained leakage factors. A verification of the results
via finite element method is also included.

Index Terms--Electromagnetic modelling, Finite element
analysis, Magnetic flux leakage, Permanent magnets

I.  NOMENCLATURE

A magnetic vector potential

by magnetic bridge width

b, slot opening width

B last defined magnetic flux density of used steel
B, remanent magnetic flux density

B; air gap magnetic flux density

B, leakage path magnetic flux density

d direct axis

Fpy  permanent magnet magnetomotive force
hy magnetic bridge height

ke Carter’s factor

ks air gap length factor

ks permanent magnet leakage flux factor

hpy  permanent magnet height

H, coercive magnetic field strength

H,. last defined magnetic field strength of steel

H; air gap magnetic field strength
H; leakage path magnetic field strength

/ iron stack length
Is leakage path length
q quadrature axis

o radius of leakage path

Rpy  permanent magnet reluctance
R; air gap reluctance

R, leakage path reluctance

Ss area of one pole pitch in the air gap
t, pole pitch
ts stator slot pitch

apy  mechanical permanent magnet coverage factor
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s electromagnetic pole coverage factor
) mechanical air gap length
& electromagnetic air gap length

Omer  Mmaximal air gap above permanent magnets
AF  magnetomotive force drop

¢ry  angle between permanent magnets

®py;  magnetic flux of permanent magnets

D; air gap magnetic flux

D, leakage magnetic flux

Ho permeability of vacuum

Ww  permeability of saturated steel

Wey  permanent magnet relative permeability
Wse  relative permeability of saturated steel

II. INTRODUCTION

HE precise design of permanent magnets and permanent

magnet electric machines must consider possibly most
effects appearing in the electric machine. This includes —
among consideration of real properties of the whole magnetic
circuit — also properties of the neighbourhood of the perma-
nent magnets. It creates alternative paths to the main mag-
netic flux, which should go from the rotor to the stator and
vice versa. These paths then lead parts of the magnetic flux,
which do not assist in creation of the torque of the machine.
These parts of the magnetic flux are then commonly denoted
as leakage magnetic flux.

The problem of permanent magnet leakage fluxes is in the
literature mentioned relatively rarely, whereas most relevant
information is to be found in papers and articles. The authors
often focus to one single placement of permanent magnets
and study their magnetic flux leakage on order to optimize
the machine design. The presented solutions are supported
most often by finite element method analyses [1], [2], but
analytic solutions are also presented [3], [4]. The presented
papers cover traditional radial permanent magnet synchron-
ous machines with radial or V-shaped permanent magnets
[1], [2], [3], but also axial machines are often in focus of the
research [4], [5] as well as transverse flux permanent magnet
machines [6], [7]. As an addition to previously mentioned
publication [8] adds also a calculation of leakage magnetic
flux in axial area of permanent magnets.

Among traditional concepts of electric machines — or
magnetic devices — the magnetic flux leakage factor is also
being referred in case of non-standard rotor topologies [9] or
magnetic retarders [10]. An interesting usage of leakage
magnetic flux is presented in [11], where the authors use
variations of leakage magnetic flux for controlling character-
istics of an interior permanent magnet machine.

In above mentioned works the authors focus on problems
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of a single rotor topology, which is being analysed and
evaluated without any relation to other permanent magnet
placement possibilities. This article offers a unified approach
for multiple topologies, which are analytically analysed and
compared. For this purpose five most common permanent
magnet layouts are chosen and analysed with focus to obtain
a simple analytical expression of the permanent magnet
leakage flux factor.

III. ANALYTICAL CALCULATION OF PERMANENT MAGNET
LEAKAGE FLUX FACTOR

For comparison of their physical properties five topolo-
gies shown in Fig. 1 were chosen. They include permanent
magnets placed on the surface of the rotor (layout “S”),
bread-shaped permanent magnets (layout “B”), V-shaped
permanent magnets layout (layout “V”), tangentially buried
permanent magnets (layout “T””) and permanent magnets on
the surface of the rotor equipped with pole-shoe (layout “P”).
All presented designs were prepared as alternative rotor
topologies for a single permanent magnet traction machine,
so they were designed to have possibly closest properties, es-
pecially regarding peak air gap magnetic flux density.

g -

~N 7”7

Fig. 1. Schematic visualizations of analysed rotor permanent magnet
layouts — “S”, “B”, “V”, “T” and “P” (from left to right).

A.  Presumptions of the Analytic Calculations

To obtain a generally valid approach for possibly most
permanent magnet rotor layouts, the following presumptions
will be considered:

*  The permeability of non-saturated iron is considered
to be infinite, pr — oo.

*  The permeability of saturated iron is considered to
be given by last point of its B-H curve as

(1

*  The magnetic flux lines leave and enter the perman-
ent magnet on the top and the bottom of the perman-
ent magnet only.

*  The magnetic flux density on a single leakage path
is constant.

B.  Analytical Model of the Magnetic Circuit

A permanent magnet placed in such an environment gen-
erates magnetomotive force, whose reaction is generation of
magnetic flux. The main part of the magnetic flux goes
through the air gap to the stator (main magnetic flux ®s) and
a part of the magnetic flux forms a loop on sides of the per-
manent magnets while another part goes through the air gap
to the opposite rotor pole. Both these parts form the leakage
magnetic flux @,.

)

8
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o

Fig. 2. Schematic visualization of permanent magnet magnetic flux, its
leakage through the air gap and on sides of the permanent magnet.

The paths of the magnetic flux lines shown in Fig. 2 may
be then substituted by a reluctance network shown in Fig. 3.
Considering machine symmetry, the whole network which
repeats in general 2p times may be divided by symmetry
axes, i.e. g-axes of the machine.

- JE— -—
2, 2, 2,
2 @; T Ry 2 @; l Ry 2

Fig. 3. Parts of the general reluctance network.

Among the magnetomotive force of the permanent mag-
net Fpy generating the magnetic field, it includes its own
(inner) magnetic reluctance Rpy, reluctance of the air gap Rs
and the reluctance of the leakage paths R,. According to
equivalent circuit shown in Fig. 3, the magnetomotive force
drops equality on the air gap and leakage paths is given by
magnetic field strengths and flux lines lengths as

AF=$ Hydi=$ H,,dl , @)
' 1,

whereas the magnetic flux through the air gap is known from
air gap magnetic flux density and machine dimensions [12]

®,=§ By[EldS =0, Byt, | - ¢
S(\
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Since the air gap is magnetically linear environment, the air
gap magnetic field strength may be derived from the air gap
magnetic flux density using air permeability as

By=u,H, “4)

C. Permanent Magnet Leakage Flux Factor

To be able to compare previously mentioned rotor topolo-
gies, it is suitable to introduce the leakage of magnetic flux
as a single dimensionless factor. To be consistent with gen-
eral theory of synchronous machines [12] it is possible to
modify the field winding leakage factor to permanent magnet
leakage flux factor defined by a ratio of permanent magnet
and air gap magnetic fluxes as

©)

where the total permanent magnet magnetic flux results from
the node in the equivalent circuit in Fig. 3

Dy +2D + D, =0 (6)

IV. PERMANENT MAGNET LEAKAGE FLUX FACTORS
OF DIFFERENT ROTOR LAYOUTS

A.  Permanent Magnets Placed on the Surface of the Rotor

A schematic drawing of surface mounted permanent mag-
net and its leakage fluxes is shown in Fig. 4. Among the
main magnetic flux path through the air gap one of the
leakage fluxes goes through the air gap to neighbouring
magnet on opposite pole (denoted as ;) and a part of the
magnetic flux encloses around the side of the permanent
magnet (denoted as o:). Presuming mechanical permanent
magnet pole coverage factor apm and machine pole pitch ¢,
the length of the magnetic flux line between neighbouring
magnets is

t
lalztl_aPM)?p . (7

L—»‘ [\170LPM]£2E

Fig. 4. Surface mounted permanent magnet leakage paths.

The length of the magnetic flux line from the top of the
magnet to the rotor surface may be approximated by a
quarter of a circle with radius equal to permanent magnet

height Apy, thus its length is

1
l(iZZEnhPM > (8)

The leakage magnetic flux o; uses the whole air gap
length in both radial and axial directions, hence its total
magnetic flux is

®,,=| B,,ds=][ [ B, dydz=B,,5I ,

ol (9)
Sos [

whereas the magnetic flux density on this leakage path res-

ults from equality of magnetomotive force drops on the air

gap and the leakage path as defined by (2), in this case

Hyd'=Hg o, (10)

which gives

B

ol ol

=u,H,,=u,Hy——

where the electromagnetic air gap length &’ is its mechanical

length multiplied by Carter’s factor kc:
d'=k:0 (12)

In case of surface mounted permanent magnets (both “S”

and “B” topologies) the air gap of the machine is increased

by the thickness of permanent magnets (their material

relative permeability L,»y is close to the air), so the Carter’s

factor is calculated from slot pitch #, and slot opening width
b, as in [13]

tS
(—yb, (13)

ko=

whereas the y factor includes both mechanical air gap length
0 and permanent magnet thickness modified by permanent
magnet permeability [y

#}1 ) (14)
bo+5(6+ PM)

Wippr

y:

In case of the leakage magnetic flux o, it does not leave
the permanent magnet only on its top, but also on its sides.
Presuming homogeneous magnetic flux density on whole
cross-section of the leakage path o, the total magnetic flux
of this leakage path results

h
QJ(,Z:JZB‘,ZdS:fJ'B(,zdydz:B(,z%l , (15)

1 h

278

2
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where the magnetic flux density on this leakage path may be
derived as an alternative to magnetic flux density B, using

5
- (16)

PM
T—

2

BOZZMOHOZZMOHE

For geometric layout shown in Fig. 4 the magnetic flux
leakage factor results according to (5)

Oy+2( D+ D,

ky=———7—— 1
' 5 , a7

and after substitution and modification it gives

2k.&° ked

Toyt,

k,=1+2 (18)

aé(l_aPM)th

B.  Bread-shaped Permanent Magnets on the Rotor Surface

By introduction of the permanent magnet curvature, its
sides shorten and a wider gap is opened for the leakage mag-
netic flux to go between machine poles (see Fig. 5). The rela-
tion between mechanical air gap & and air gap on the edges
of the permanent magnet ... can be introduced as air gap
factor

6]’l’ll])(
k== (19)

t
(1—0tpy| £
L—J“ PM| 2

Fig. 5. Bread-shaped surface mounted permanent magnet leakage paths.

Using similar approach as in section IV-A, it is necessary
to modify the magnetic flux through the leakage path o, to

@, =B, k5] . (20)

The radius of the leakage path o, further reduces from
central permanent magnet height %y to

roZZhPM_(ké_l)é 21

and equivalently to (15) the magnetic flux through leakage
path o, results

hPM_<k6_l)6
2

r
©,;=By, " 1=B.; (N ¢)

The magnetic flux density in the volume of the leakage
path o5 is then

(23)

The permanent magnet leakage flux factor for bread
shaped permanent magnets mounted on the surface of the ro-
tor then results

2ky k.0’ L _ked

k. =1+2 5
oc;,(l—ocPM)tp oL,

(&

) 24

whereas from comparison with result (18) it is obvious, that
(24) is a generalization of the relation for rectangular
permanent magnets placed on the rotor surface. From the
physical principle it is also evident, that identical relation
will be valid for rectangular permanent magnets equipped
with ferromagnetic pole-shoes, but in this case the y factor
for calculation of Carter’s factor must be derived from
mechanical air gap length only in the same way as in case of
interior permanent magnets as noted below in (29).

C. Tangential Interior Permanent Magnets

In case of tangentially placed interior permanent magnets
they are located in a ferromagnetic material, which signific-
antly increases the leakage magnetic flux of the permanent
magnets (see Fig. 6). To avoid excessive increase of the leak-
age magnetic flux, the permanent magnets are placed pos-
sibly closest to the air gap and the bridges between neigh-
bouring poles are designed to be possibly thinnest which is
further limited by mechanical constraints.

Wt
_ | Zp.
L—»‘ 1 aPMJZ

Fig. 6. Leakage paths of tangentially placed permanent magnets.

In comparison to previously analysed permanent magnet
placements the main part of the leakage magnetic flux is led
through (saturated) bridges between neighbouring poles (de-
noted as o) and only a part of the leakage magnetic flux is
led through parallel path in the air gap (denoted as ). An
additional part of the leakage magnetic flux is also present in
the gap on sides of the permanent magnet, but due to hard
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description of its shape it will be neglected in further calcula-
tion.

Presuming that the magnetic flux lines of both leakage
paths origin in one half of the length of the bridge between
the permanent magnet and the ¢ axis of the rotor, the length
of the leakage path o, and the radius of the leakage path o,
are identical and they are

b 25)

1 \
lczzrolzztl_O"PMJE

Presuming the leakage path o, is a quarter of a circle, its
length is

~

L > (26)

I,,=m :J'c[l—ocpM)§

Similarly to previous sections, the magnetic field strength on

leakage path o, results

' _ . 89’
Ic(l—(xpM)t

27

p

and, presuming that the magnetic flux utilizes the whole air
gap length, the magnetic flux through leakage path o, is

8kyk. 0’1

n[il—aPM)tp

, (28)

D, =u,H;

whereas in case of interior permanent magnets (topologies
“V”, “T” and “P”) the curvature of magnetic flux lines in the
air gap corresponds to standard electric machines, thus the y
factor for calculation of the Carter’s factor is obtained as

°o_ (29)

The magnetic field strength on leakage path o, results
from equality of magnetomotive force drops on all magnetic
flux paths as

Hy=Hp- (30)
o2

but since this path leads through saturated steel bridge

between the poles, the magnetic flux density in the bridge

with height 4, results

B(IZ:l’lSﬂlHOZ (3])
The magnetic flux through leakage path o, is then
k:oh,l
q)(xZ:Msa[HﬁCib (32)

[

o2

The permanent magnet leakage flux factor for tangentially

placed interior permanent magnets results

8kyk &

aén[l—ocpM)t

4k h,

aé(l_OLPM)t

k. =1+2

o

(33)

2 Wrsar
p

2 s
p

where .. is the relative permeability of saturated steel
derived from .

D.  V-shaped Interior Permanent Magnets

The V-shaped interior permanent magnets have very sim-
ilar magnetic properties as the tangentially placed permanent
magnets, but as an addition a central bridge in the d-axis is
present (see Fig. 7). Since this bridge is located directly
between permanent magnets, is is saturated in its whole
length.

Fig. 7. Leakage paths of V-shaped interior permanent magnets.

Hence, to obtain the permanent magnet leakage flux
factor of V-shaped interior permanent magnets it is possible
to to use relations derived for tangential interior permanent
magnets with third leakage magnetic flux added. Since the
permanent magnets are beveled from each other under angle
¢ru, the length of leakage path o, and the radius of leakage
path o, reduces to

h ®
— — 'PM PM
l,,=r,;=——cos——+b,

2 2 ’ G4

and in presumed geometry the length of leakage path o; is

I,;=hpy sin CPSM (35)
The leakage magnetic flux along path o3 then results
kodb,l
(DGSZMsatHéCiﬁp (36)
hy,, sin EM

and the leakage magnetic flux factor for V-shaped interior
permanent magnets is then
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2ky kO’

aétpn(%cos%+bb

k,=1+2

.(37)
koS h,

hﬂcos P
2 2

k.db,

+u

Vrsat

+Mrsat

9P
Otghpy, sin —22

t
2

+b, P

Otal’p

V. VERIFICATION OF RESULTS USING FINITE ELEMENT
METHOD

The verification of analytically obtained results was per-
formed using open-source software FEMM [14] as a mag-
netostatic task. The machine used for the purpose of the
study was a prototype of a 10 pole traction permanent mag-
net synchronous machine with 45 stator slots and rated
power of 150 kW, whereas the main aim of the comparative
design was keeping possibly closest total permanent magnet
volume. Due to limited symmetry of the machine its whole
geometry was modelled.

The material properties of used materials are shown in
Tables I and II, whereas the material properties of the per-
manent magnets are based on minimal data sheet parameters
provided by the manufacturer [15] while the parameters of
the electrical steel are manufacturer’s own measured para-
meters from delivered samples.

TABLE 1
MATERIAL PROPERTIES OF USED PERMANENT MAGNETS

material N35UH
B.[T] 1.17
H.[A/m] 860000
Wen [H/m] 1.08
TABLE II

MATERIAL PROPERTIES OF USED LAMINATION
(SELECTION OF MOST SIGNIFICANT POINTS)

material M330-50A
B[T] 1.5 1.6 1.7 2.65
H [A/m] 5590 8600 12500 311874

The permanent magnet leakage flux factor was derived
from magnetic flux going from the rotor to the stator over
one pole pitch as

®,=§ B,(g/dS | (38)

where the values of air gap magnetic flux density B; were
read on a line drawn on inner surface of the stator. The total
magnetic flux generated by permanent magnets was then
derived from maxima and minima of the magnetic vector
potential in the whole task [16] as

Dpy=(A

Amin) l H (39)

max

where [ is the task depth (/ = 0.286 m).

The permanent magnet leakage flux factor is then calcu-
lated using (5). The summary of obtained results is listed in
Table III, the magnetic flux lines obtained from the simula-
tions are shown in Fig. 8.

TABLE III
RESULTS OBTAINED USING FINITE ELEMENT METHOD

magnet layout
S B \Y% T P
O [mWb] 18.18 16.63 15.46 17.06 19.62
A [Wb/m]| 0.032486 0.029846 | 0.034475 0.037766 | 0.035185
Apin [Wb/m][ -0.032505 | -0.029825 | -0.034467 | -0.037745 | -0.035187
Dpy [mWb] 18.59 17.07 19.72 15.46 20.13
ks [-] 1.022 1.026 1.275 1.266 1.026

The analytically calculated results according to relations
(18), (24), (33) and (37) and their comparison with results
from the finite element method analysis are shown in
Table IV. The percentual difference between the results was
calculated as

k.,—k

dk,=——M.100 . (40)
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Fig. 8. Details of magnetic flux lines of leakage magnetic fluxes in layouts
“§”, “B”, “P*, “T” and “V* (left-to-right).
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TABLE IV
COMPARISON OF RESULTS OF ANALYTICAL CALCULATION WITH FEM
layout k [-] kg -] 8k, [%]
S 1.028 1.022 0.59
B 1.037 1.026 1.04
\% 1.264 1.275 -0.92
T 1.210 1.266 -4.39
P 1.031 1.026 0.57

VI. CONCLUSION

Although the presented analytical approach to calculation
of permanent magnet leakage fluxes uses many simplifying
conditions, the results of analytical calculations correspond
with finite element method analyses in order of per cent.
When comparing the obtained results with results derived in
other literature they correspond also with results obtained
using different approaches. This means that derived relations
may be successfully used for design of permanent magnets in
most common rotor topologies, while the simplicity of ob-
tained solution allows fast calculation of the permanent mag-
net leakage factor and implementation of such a calculation
into a higher algorithm.

The comparison of results between different rotor layouts
show, that lowest leakage magnetic flux appears when per-
manent magnets are not placed in ferromagnetic environ-
ment, which corresponds to surface mounted permanent
magnets. The placement of permanent magnets into ferro-
magnetic environment (interior permanent magnets) in-
creases the permanent magnet leakage flux, so it may reach
up to 25 per cent of the air gap magnetic flux.

As a result the interior permanent magnet layouts are least
advantageous from material consumption point of view since
they require approximately 25 per cent higher mass of per-
manent magnets to achieve identical air gap magnetic flux as
the surface mounted permanent magnets. As a counter point
another advantages of interior permanent magnets have to be
considered — lower effect of air gap harmonic components
regarding permanent magnet losses and higher saliency res-
ulting in additional reluctance torque of interior permanent
magnet machine.
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