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Abstract Rotating machinery supported on journal
bearings is affected by forces due to rotating unbalance
and pressure gradients in the oil film. The interaction
of these forces can evoke nonlinear behaviour, includ-
ing asynchronous motion and even chaos. This work
attempts to characterise the sub-synchronous motion
of the rigid rotor supported on cylindrical journal bear-
ings due to the abovementioned interaction. The anal-
ysis focuses on the rotor behaviour at the rotor speeds
lower than the threshold speed for oil whirl, associated
with sub-synchronous vibration of magnitude equal-
ing the bearing clearance. It is shown that the sub-
synchronous vibration can occur well before reaching
the threshold speed and that the underlying period-
doubling bifurcation depends on the amount of the
rotating unbalance. The rotor response and stability
are analysed using a numerical continuation method
employing the infinitely short journal bearing model.
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Continuation results are further validated by time sim-
ulations which utilise the finite difference method to
compute the hydrodynamic forces. The validation pro-
cess employs bifurcation diagrams, Poincaré sections
and numerical estimates of the largest Lyapunov expo-
nents.
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1 Introduction

A journal bearing (JB) is composed of a rotating journal
(or shaft) held by a bearing housing. These two com-
ponents are separated with a thin film of viscous lubri-
cant, which is pressurised due to their relative motion.
The JBs are widely used to support large and high-
speed rotors due to their longevity, load capacity, and
favourable damping capability [21]. A basic JB design
called a circular or cylindrical journal bearing utilises
the journal and housing with a circular cross section.
More intricate designswith non-circular housings, self-
equalising components [14], and active elements such
as magnetorheological fluids [25] or variable geometry
[10] are also used.

The distribution of the hydrodynamic (HD) pres-
sure in lubricant is governed by the Navier–Stokes
equations. However, the Reynolds equation (RE) [20,
34] is often used in engineering applications instead
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because it reduces a 3D problem into a 2D problem.
A closed-form solution of the RE is somewhat com-
plicated because it contains infinite summations [29];
thus, many approximate and numerical solutions cov-
ering the most frequent applications exist. Assuming
infinitely short or infinitely long bearing [19] and con-
sidering specific cavitation conditions [20,34], the RE
can be simplified from a partial differential equation to
an ordinary differential equation. The resulting analyti-
cal solutions have a reduced ability to respect boundary
conditions such as oil grooves and holes. Therefore,
numerical methods, including finite difference (FDM)
[20,34], finite element [18] and finite volume methods
[24], are fairly popular among the engineering commu-
nity. Unlike the analytical methods, which can directly
express forces acting in the film [6,19], the numeri-
cal methods evaluate the HD pressure, which needs to
be integrated to obtain the HD forces. This approach
is rather time-consuming; therefore, some remedies
have been developed over the years. Traditionally, the
HD forces can be estimated utilising a precomputed
database or a fit function [6]. Some novelmethods com-
bine analytical and numerical approaches [23] or use
deep learning techniques [27].

Because theHD forces are inherently nonlinear, they
can induce several types of nonlinear phenomena [21].
The best-documented nonlinear phenomenon occur-
ring in the JBs is oil whirl/whip [22]. Oil whirl can be
predicted using so-called dynamic coefficients, which
describe the linear relation between the HD forces with
journal displacements and velocities around its equilib-
rium [15]. Oil whirl occurs after the journal surpasses
the threshold speed and loses linear stability [22]. The
unstable journal would oscillate with an exponentially
growing magnitude. However, its motion is restricted
by the bearing clearance in real-world bearings, and
hence, dynamics beyond the threshold speed cannot
be predicted by the linear model [33]. Muszynska [22]
proved that flexible journals could be stabilised and fur-
ther destabilised at speeds above the threshold speed.
Wang and Khonsari [36,37] later found that the thresh-
old speed differs during run-ups and coast-downs due
to subcritical bifurcation. Subcritical and supercritical
bifurcations are strongly related to bearing parameters
[4,12], journal flexibility [36] and, in large machinery,
also to the flexibility of bearing pedestals and founda-
tions [9]. The studies above utilise the short bearing
theory [19], which limits their generalisation [15,33].
Since the numerical methods for the computation of

the HD forces are cumbersome w.r.t. numerical con-
tinuation, several authors adopted higher terms of the
Taylor series to approximate the nonlinear properties
of finite JBs. Yang et al. [39] employed second-order
terms, whereas El-Sayed and Sayed used second- [28]
and third-order [16] terms to study bifurcations related
to oil whirl.

Another type of nonlinear phenomenon stems from
an interaction between the HD forces and forces due
to rotating unbalance [21]. Barrett et al. [5] was one of
the first to study this interaction in 1976. He discov-
ered that the rotating unbalance could suppress vibra-
tion due to oil whirl. Some twenty years later, Brown et
al. [8] found that the rotating unbalance could induce
chaotic vibration. Adiletta et al. [1,2] confirmed the
possibility of the chaotic motion and predicted pos-
sible period-doubling, i.e. sub-synchronous vibration
excited by the rotating unbalance. He also provided
experimental data that confirmed themain observations
but contained notable discrepancies. Sun et al. [35]
expanded Adiletta’s work by assuming a flexible jour-
nal and temperature-dependent viscosity.He concluded
that the flexible journal supported in the JBs can exhibit
many families of asynchronous vibration. The works
mentioned above have employed the short bearing the-
ory [19] and analysed the system through simulations
in the time domain. Akay et al. [3] applied the numeri-
cal continuation theory to examine nonlinear dynamics
of the unbalanced overhung rotor. He found that inter-
action between cubic nonlinearities in the bearings and
the rotating unbalance may cause bouncing moves of
the journal, which were initially reported in systems
with highunbalance [1] or rotor-stator contacts [11,31].

Other nonlinear phenomena have connections with
thermal effects [32] and friction or contact forces
[11,21]. Since these effects are out of the scope of this
article, let us describe them only briefly. Non-uniform
shear stress in the oil film can heat the journal surface
due to HD friction. If only a small part of the surface
is heated repeatedly, a shaft bends, changing the unbal-
ance distribution. This thermal instability is called the
Morton effect [17,32]. Some bearings, especially those
with tilting pads, are prone to sub-synchronous vibra-
tion associatedwith friction [11,21]. Friction, however,
is often not the root cause of the vibration but affects
the bearing susceptibility to it. A typical example is pad
fluttering, which occurs due to the excessive inertia of
unloaded tilting bearing [26] and is greatly influenced
by friction between movable components [21].

123



Subcritical behaviour of short cylindrical journal bearings 9959

This research seeks the analysis of the subcrit-
ical behaviour of an unbalanced 2-DoF rotor sup-
ported in cylindrical JBs. The main goal is to study
sub-synchronous periodic motion due to the interac-
tion between the force due to rotating unbalance and
the nonlinear HD forces. Although some researchers
[1,8,35] have already studied the interaction, this
work offers a novel insight into motion classifica-
tion using the numerical continuation method. Simi-
larly to Ref. [3], the continuation method is applied
directly to the equations of motion. Unlike Ref. [3],
which utilises an isotropic cubic stiffness to estab-
lish nonlinear characteristics of the supports, this work
incorporates the nonlinear HD forces based on the
infinitely short JB model. This model has already been
employed in many works, e.g. [7,15,30,37]. How-
ever, these works apply the numerical continuation
on the perfectly balanced rotor. The primary focus is
placed on the subcritical behaviour of the system.More
concretely, stability borderlines (the Neimark–Sacker
bifurcation) and the period-doubling bifurcations are
traced concerning rotor speed, static unbalance, and
lightly- and heavily-loaded JBs. It is demonstrated that
the period-doubling bifurcation occurs before reach-
ing the Neimark–Sacker bifurcation. The results of the
numerical continuation are also compared with tran-
sient simulations to verify their applicability.

2 Mathematical modelling

This section introduces a computational model of a
rigid rotor supported on journal bearings. Equations
of motions of the investigated system are described
in Sect. 2.1. Nonlinear hydrodynamic force calcula-
tion is presented in Sect. 2.2. Section2.3 is dedicated
to the non-dimensional transformation of equations of
motion for further analyses by continuation method.

2.1 Equations of motion

Let us assume rigid rotor with mass 2m which is sym-
metrically supported on two identical journal bearings.
A scheme of the presented rotor system and applied
forces is shown in Fig. 1.

The journal rotates with constant angular velocity
ω, and the rotor is subjected to the gravity load, out-
of-balance force and nonlinear hydrodynamic forces

Fig. 1 A scheme of the considered rotor-bearing system with
denoted forces

representing journal bearing support. Based on the ori-
entation of applied forces depicted in Fig. 1, equations
of motion can be written in the following form[
m 0
0 m

] [
ÿJ
z̈ J

]
=

[−mg
0

]
+

[
Fhd,y

Fhd,z

]

+
[
�mE ω2 sin(ωt)
�mE ω2 cos(ωt)

]
(1)

where g is the gravitational acceleration, Fhd,y, Fhd,z

are the components of resultant hydrodynamic force
and �mE is the rotor static unbalance.

2.2 Hydrodynamic forces

Hydrodynamic pressure p = p (X, Z , t) is governed
by the Reynolds equation considering several simpli-
fying assumptions: a thin oil film, laminar flow of iso-
viscous and incompressible Newtonian fluid. General
Reynolds equation has following form

∂

∂X

(
h3

μ

∂p

∂X

)
+ ∂

∂Z

(
h3

μ

∂p

∂Z

)

= 6 R ω
∂h

∂X
+ 12

∂h

∂t
, (2)

where X, Z are the circumferential and axial coordi-
nates, respectively, R is the bearing radius, μ is the
dynamic viscosity and h is the oil film height.
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The Reynolds equation’s analytical solution in a
closed form is well known for the case of plain cylin-
drical journal bearing with recommended aspect ratio
L/D ≤ 0.5 (infinitely short journal bearing (IS)). After
using Gümbel cavitation boundary condition [20,34]
during the integration of hydrodynamic pressure, com-
ponents of hydrodynamic force acting on the journal
are determined by following expressions

F IS
hd,r = −μRL

(
L

c

)2
[

|ω − 2γ̇ |ε2(
1 − ε2

)2 + π
(
1 + 2ε2

)
ε̇

2
(
1 − ε2

)5/2
]

,

(3)

F IS
hd,t = μRL

(
L

c

)2
[

(ω − 2γ̇ ) πε

4
(
1 − ε2

)3/2 + 2εε̇(
1 − ε2

)2
]

,

(4)

where R = D/2 is the bearing radius, L is the bearing
width, c is the radial (machined) clearance and μ is
the oil dynamic viscosity. Position of the journal in
the bearing gap is defined by eccentricity e or relative
eccentricity ε = e/c and attitude angle γ

e =
√
y2J (t) + z2J (t), (5)

γ (t) =
{
arccos z J (t)

e(t) , yJ (t) > 0,

2π − arccos z J (t)
e(t) , yJ (t) < 0.

(6)

In Eqs. (3) and (4), symbols ε̇(t) and γ̇ (t) denote time
derivation of relative eccentricity and attitude angle.

For numerical solution of the Reynolds equation,
the finite difference method was employed. A uniform
mesh of nodes (i, j) ∈ 〈1, M〉 × 〈1, N 〉 with M nodes
in circumferential and N nodes in the axial direction is
considered to cover the bearing shell with spatial steps
�X,�Z between the nodes. Partial derivatives in (2)
are approximated by the central difference formulae
which are based on the five-point computational stencil
[20,33]. Hydrodynamic pressure is calculated only in
the nodes of innermesh (i, j) ∈ 〈1, M−1〉×〈2, N−1〉
and considering following boundary conditions

p (0, Z , t) = p (2πR, Z , t) , (7)

p

(
X,− L

2
, t

)
= p

(
X,

L

2
, t

)
= pamb, (8)

where pamb is the ambient pressure.
Formulation of the Reynolds equation for each node

yields to the system of algebraic equations generally
written in the matrix form

Ap = f, (9)

where A is the sparse and diagonal coefficient matrix,
p is the vector of unknown nodal hydrodynamic pres-
sures pi, j and f is the vector, which contains right-hand
side of (2) and boundary conditions (7) and (8). Calcu-
lated nodal pressures need to fulfil Gümbel cavitation
boundary condition

pi, j =
{
pi, j , ∀pi, j ≥ pamb,

pamb, else.
(10)

Finally, the Cartesian components of the hydrody-
namic forces acting on the journal are evaluated from
direct integration of pressure over the bearing surface
based on simple trapezoidal rule which yields

FFDM
hd,y ≈ −

M−1∑
i=1

N∑
j=1

q(i, j) pi, j �X�Z sin

(
Xi

R

)
,

(11)

FFDM
hd,z ≈ −

M−1∑
i=1

N∑
j=1

q(i, j) pi, j �X�Z cos

(
Xi

R

)
,

(12)

where coefficient q(i, j) adjusts the size of the integra-
tion area and is given by a piecewise function

q(i, j) =
{
0.5, ∀ (i = {1, . . . , M − 1} ∧ j = {1, N })
1, else.

(13)

The following transformation from polar coordi-
nates (t, r) to the fixed Cartesian system (y, z) is used[
FX
hd,y

F X
hd,z

]
=

[
cos γ sin γ

− sin γ cos γ

] [
FX
hd,t

F X
hd,r

]
, (14)

where superscript X = IS,FDM designates the partic-
ular hydrodynamic bearing forces model.

2.3 Equations of motion in non-dimensional form

To compare the dynamic behaviour of proposed hydro-
dynamic bearing models, the mathematical model (1)
will be transformed to non-dimensional form with
respect to time and spatial coordinates using follow-
ing expressions

τ = ωt, ȳJ = yJ
c

, and z̄ J = z J
c

, (15)

where τ stands for non-dimensional time related
to rotor angular speed ω and z̄ J and ȳJ are non-
dimensional coordinates of the journal centre related to
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bearing clearance c. The non-dimensional time τ = ωt
has an impact to transformation of temporal derivatives,
i.e. �̇ = �′ω, where �̇ = d

dt � and �′ = d
dτ �.

Then, the mathematical model (1) can be rewritten
using the relations introduced above in following gen-
eral non-dimensional form

ȳ′′
J = 1

mcω2

(
FX
hd,y − mg + �mE ω2 sin τ

)
,

z̄′′J = 1

mcω2

(
FX
hd,z + �mE ω2 cos τ

)
,

(16)

where superscript X = IS,FDM will designate the
bearing force model. Regarding model (16), following
non-dimensional parameters can be obviously defined

ω = ω

√
c

g
, Au = �mE

mc
. (17)

The first one results from the term of gravity load and
the second one results from the amplitude of the out-
of-balance force.

In the case when analytical forms of hydrodynamic
bearing forces for IS (3) and (4) are employed and con-
sidering the transformation of forces (14), the equation
of motion can be further rewritten as

ȳ′′
J = λ

ω̄

(
f Xhd,r sin γ + f Xhd,t cos γ

)
+ Au sin τ − 1

ω̄2 ,

z̄′′J = λ

ω̄

(
f Xhd,r cos γ − f Xhd,t sin γ

)
+ Au cos τ,

(18)

wherewehavedefinednon-dimensional bearingparam-
eter

λ = μRL3

mc2.5g0.5
. (19)

The non-dimensional parts of hydrodynamic forces
for the IS bearing have following form

f IShd,r = −|1 − 2γ ′|ε2
(1 − ε2)2

+ π(1 + 2ε2)ε′

2(1 − ε2)5/2
, (20)

f IShd,t = (1 − 2γ ′)πε

4(1 − ε2)3/2
+ 2εε′

(1 − ε2)2
. (21)

Next, the non-dimensional parameters ω̄ and λ will
be advantageously used when comparing the dynamic
behaviour of bearing models with analytical expres-
sions of hydrodynamic forces and models with bearing
forces gained integrally by solving the Reynolds equa-
tion using the finite difference method.

3 Solution strategy and stability analysis

This section will introduce and employ the dynamic
analysis of the above-described system considering

different approaches to modelling cylindrical journal
bearing hydrodynamic forces. First, a detailed analysis
of the IS cylindrical bearing, taking into account the
analytical expressions of hydrodynamic forces (3) and
(4) will be performed using the numerical continuation
method [13]. In Sect. 4, the obtained results will be
reconciled with results gained using the model, which
adopts the direct solution of the Reynolds equation (2)
by the FDM. These two approaches to the dynami-
cal analysis of the system have the following conse-
quences:

– The model that uses the Reynolds equation’s direct
solution gives more accurate results because it is
not affected by simplifying assumptions compared
to the IS model.

– Numerical solution of the IS bearing model is sig-
nificantly faster than the solutionof themodel based
on the FDM in the time domain.

– The numerical continuation can trace both stable
and unstable branches of a given kind of solution
(equilibria and limit cycle oscillation). Moreover,
it can detect bifurcation points along the branches
of the solution. This approach is primarily suitable
for fully analytical models, i.e. the IS model.

Since the equations of motion of journal-bearing
system reflect the out-of-balance force, which intro-
duces a periodic excitation, the dynamic response of
the system is primarily considered to form a limit cycle
oscillation (LCO). The nonlinear bearing forces can
exhibit different nonlinear phenomena in dependence
on particular parameters of the system. As mentioned
above, the parameters λ, ω and Au are suitable to be
chosen as bifurcation parameters. For further analysis,
it is convenient to transform the mathematical model
(16) or (18) to corresponding state-space formulation,
i.e. to a set of differential equations of the first order. In
general, the mathematical model can be written in the
state-space formulation as

x′ = f X (t, x,µ), (22)

where the state-space vector is defined as

x = [x1, x2, x3, x4]T = [ȳJ , z̄ J , ȳ′
J , z̄

′
J ]T (23)

and vector of bifurcation parameters is

µ = [ω, λ, Au]T, (24)

where X = IS,FDM. These models can help better
understand the journal bearings’ dynamic behaviour.
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They can also help to decide on the applicability of both
models in specific applications based on their sufficient
predictability of dynamical behaviour, especially in the
subcritical operational area.

3.1 Stability of limit cycles

The dynamic behaviour of the systems is usually inves-
tigated for a given value of parameter λ in dependence
on the angular speed ω which serves as a bifurcation
parameter. One of the basic characteristics of journal-
bearing systems lies in the fact that there exists a
threshold (critical) angular speedωc, when the dynamic
response of the system becomes fully unstable. The
system overcomes so-called total instability (TI). This
property was analysed in detail for perfectly balanced
rotors, e.g. in [7,12,15]. It has been shown that in the
case of a perfectly balanced rotor, the dynamic response
is formed in dependence on rotor angular velocity by a
stable equilibrium curve. The stability of equilibrium is
lost by means of Hopf bifurcation, and a LCO response
is born. The Hopf bifurcation can be both sub- and
supercritical in dependence on the parameter λ.

The results obtained for the IS model presented in
Figs. 2, 3, 4 and 5 show that this property is preserved
in principle, but there is a different mechanism for how
the stability of a particular LCO is lost. In the case of
an unbalanced rotor, the response is primarily charac-
terised by the LCO (black lines in the mentioned fig-
ures), which can lose its stability primarily in depen-
dence on parameter ω by means of

– the period-doubling (PD) bifurcation at ω = ωPD,
when the stability of 1-periodic LCOsolution is lost
and coexisting stable 2-periodic solution is born,

– the Neimark–Sacker (NS) torus bifurcation appear-
ing at ω = ωc = ωNS, when the stability of 1-
periodic solution is lost and new long-period cycles
of different stability types appears, so-called invari-
ant torus cycle (ITC).

The Neimark–Sacker bifurcation points form a curve
in 2-parameter bifurcation space, e.g. (ω, λ), which can
be traced using continuation of codimension-2 bifurca-
tion. This curve represents a borderline between stable
LCOs and invariant torus cycles (ITCs). The stability of
the ITCs can be captured from results gained by means
of time-domain integration methods.

Moreover, the PD bifurcation points can be, simi-
larly to NS bifurcation points, traced in a 2-parameter

bifurcation space. The points then form curves which
split the parameter space and introduce a borderline
between areas with qualitatively different solutions.
More details are presented in the next section using
chosen examples.

3.2 Dynamic phenomena in subcritical area

In this section, the dynamics of the system in the non-
dimensional form described by (22) will be studied.
The behaviour is presented based on results gained
using the numerical continuation of limit cycles and
codim-2 continuation1 of some chosen bifurcation
points [13]. The dynamic properties of the system are
studied in the space of parameters defined by (24) and
for the IS model.

First, the system response to out-of-balance force
with a given magnitude Au in dependence on angular
speed ω is analysed. The response is formed by stable
synchronous LCO,whose branch is plotted in the bifur-
cation diagram by means of local extremes of the limit
cycle of relative rotor eccentricity over one period of
the response. The stable parts of the branches are plot-
ted by solid black lines and the unstable ones by dashed
black lines. For illustration, there are two chosen syn-
chronous LCObranches displayed in Figs. 2, 3, 4 and 5.
The upper one for λ = 1 corresponds to lightly loaded
rotor (journal static loadW1 = 2.24 kN), while the bot-
tom one with λ = 0.2 displays the response of highly
loaded rotor (journal static load W2 = 11.2 kN), see
Table 1. The stability of synchronous LCOs is glob-
ally lost at ω = ωNS by means of the Neimark–Sacker
torus bifurcation points,which aremarked by “♦” in the
above-mentioned figures. Moreover, locally, the stabil-
ity of synchronous LCOs is lost by means of period-
doubling bifurcations at ω = ωPD (marked by “�”),
when a stable 2-periodic synchronous LCO is born.
For clarity, these 2-periodic branches are not plotted in
the diagrams.

Both NS and PD bifurcation points form branches in
a two-parameter space composed of two chosen bifur-
cation parameters. Such a branch can be traced using
numerical continuation. In Fig. 2, the blue lines corre-
spond to a codim-2 branch of the NS points in para-
metric space (ω, λ), while parameter Au remains con-
stant. Since the branch is plotted in (ω, extremes of ε)

1 Codim-2 continuation refers to the codimension-2 which
means possible continuation w.r.t. two continuation parameters.
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Fig. 2 Bifurcation diagram of the system response obtained for
the IS model: synchronous LCO branches (stable ‘—’, unstable
‘· · · ’) for λ = 0.2 and λ = 1 and excited by static unbalance

Au = 0.0481; codim-2 branch of the NS bifurcation points in
(ω, λ) space (stable ‘—’, unstable ‘· · · ’); NS bifurcation point
‘♦’, PD bifurcation point ‘�’

Fig. 3 Bifurcation diagram of the system response obtained for
the IS model: synchronous LCO branches (stable ‘—’, unstable
‘· · · ’) for λ = 0.2 and λ = 1 and excited by static unbalance

Au = 0.0481; codim-2 branch of the PD bifurcation points in
(ω, λ) space (stable ‘—’, unstable ‘· · · ’); NS bifurcation point
‘♦’, PD bifurcation point ‘�’

space, the direction of increase in parameter λ is des-
ignated by the blue arrows in the figure. Similarly, in
Fig. 3, branch of the PD bifurcation points is traced
in parametric space (ω, λ) and coloured by blue. The
two couples of PD branches introduce borders of an
area with 2-periodic synchronous LCO. The direction
of parameter λ increase is designated by the blue arrow
as well.

Figure 4 shows codim-2 branches of PD bifurcation
points in parametric space (ω, Au). These branches dif-
fer for different values of parameter λ. It can be seen
that there is a critical value of parameter Ac

u = 0.0294
when for Au < Ac

u , the PD bifurcation points on the
synchronous LCO branches disappear. Similarly, the
branches of NS bifurcation points can be traced in para-
metric space (ω, Au). So, it can be seen how the critical
rotor speed ωNS increases with respect to the increas-
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Fig. 4 Bifurcation diagram of the system response obtained for
the IS model: synchronous LCO branches (stable ‘—’, unstable
‘· · · ’) for λ = 0.2 and λ = 1 and excited by static unbalance

Au = 0.0481; codim-2 branch of the PD bifurcation points in
(ω, Au) space (stable ‘—’, unstable ‘· · · ’); NS bifurcation point
‘♦’, PD bifurcation point ‘�’

Fig. 5 Bifurcation diagram of the system response obtained for
the IS model: synchronous LCO branches (stable ‘—’, unstable
‘· · · ’) for λ = 0.2 and λ = 1 and excited by static unbalance

Au = 0.0481; codim-2 branch of the NS bifurcation points in
(ω, Au) space (stable ‘—’, unstable ‘· · · ’); NS bifurcation point
‘♦’, PD bifurcation point ‘�’

Table 1 Parameters of investigated rotor-bearing system

Parameter Symbol Nominal value Unit Corresp. non-dimensional

Bearing shell radius R 50 mm

Bearing length L 50 mm

Radial clearance c 0.125 mm

Rotor speed n 0–9363 rpm ω 0–3.5

Lubricant dynamic viscosity μ 0.02 Pas

Ambient pressure pamb 0 Pa

Journal static load Wi 2.24, 11.2 kN λ 1, 0.2

Journal static unbalance Ui 0, 3435, 6870, 8588 gmm Au 0, 0.0241, 0.0481, 0.0602
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ing amplitude of out-of-balance excitation. It is evident
that as the unbalance grows, the system is then stable
for smaller ranges of operational speeds.

4 Time domain simulation of cylindrical journal
bearings

This section presents the transient simulation results
and compares them with the numerical continuation
results discussed in Sect. 3. Themodel of a 2-DoF rotor-
bearing system discussed in Sect. 2.1 is utilised to sim-
ulate motion. The HD forces are evaluated using both
the IS model and the FDM. The results are presented
in the non-dimensional form for parameters λ = 0.2
and Au = {0, 0.0241, 0.0481, 0.0602}, which corre-
sponds, e.g. to dimensional parameters listed inTable 1.

The transient response was simulated for 10 s for
each speed from the investigated speed range with
speed-step �ω = 0.01869, which corresponds to 50
rpm considering the parameters from Table 1. The ini-
tial position was set to the static equilibrium point
resulting from the static analysis, and the initial veloc-
ity was zero. The static analysis was performed using
the Levenberg–Marquardt algorithm implemented in
the fsolve Matlab function. The set of the ordinary
differential equations (1) was solved by a variable-step,
variable-order solver based on the numerical differen-
tiation formulae implemented in the ode15s Matlab
function. Solver tolerances were set to relative errors
10−6 and absolute errors 10−8. These values are based
on some preliminary testing of the convergence.

4.1 Post-processing methods

The results of each investigated case are presented
using abifurcationdiagramwhichdepicts local extremes
of the relative eccentricity ε against rotor speed ω. The
local extremes of ε are pictured in red (local maxima)
and black (local minima). Each bifurcation diagram
further shows the static equilibrium points (golden
colour).

Selected sections of the bifurcation diagrams are
displayed in the form of a journal trajectory. The tra-
jectories contain Poincaré sections constructed from
the journal positions at the start of each revolution.
The trajectories are further examined using a numerical
method proposed by Wolf et al. [38], which estimates

the largest Lyapunov exponent Lmax from the temporal
evolution of the phase trajectory. The largest Lyapunov
exponent Lmax indicates how quickly the phase trajec-
tory converges or diverges. This (exponential) rate of
change is closely related to the predictability of the
underlying time series [38]:

1. Lmax < 0 bit/s implies the phase trajectory con-
verges to an asymptotically stable solution such as
a fixed point trajectory.

2. Lmax = 0 bit/s implies that the phase trajectory does
not converge to a single point, which is typical for
closed trajectories, including a limit cycle or a limit
torus.

3. Lmax > 0 bit/s indicates nontrivial time evolution of
the phase trajectory. The exact classification of the
corresponding attractor can be decided if the whole
spectrum of Lyapunov exponents is known. A high
value of Lmax suggests a high level of entropy in the
dynamic system, which is often associated with the
chaotic nature of the system. However, Lmax > 0
does not guarantee global instability of the system
because some strange attractors, which are locally
unstable but globally stable, have positive Lmax.

Lmax estimates obtained by Wolf’s method [38] are
mildly sensitive to estimator parameters. Therefore,
this work utilises 290 combinations of the parameters
to compute running estimates of Lmax for each anal-
ysed phase trajectory. The last 100 samples from each
running estimate are further analysed, yielding 29,000
estimates of Lmax for each analysed phase trajectory.
Statistical characteristics such as median and quartiles
hint at the expected value of Lmax and its uncertainty
bounds.

4.2 Results and discussion

The left column in Fig. 6 shows the bifurcation dia-
grams obtained utilising the ISmodel of the HD forces.
All unbalanced rotors experience the period-doubling
between ω ≈ 2.3 and ω ≈ 2.7. The period-doubling
bifurcation is barely visible in the case of the low-
est static unbalance Au = 0.0241, but it still occurs.
The width of the period-doubling region increases
with the increasing magnitude of the static unbal-
ance, which corresponds with the numerical contin-
uation results presented in Fig. 4. If the HD forces
are evaluated by the FDM instead of the IS model,
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Fig. 6 Bifurcation diagrams of the relative eccentricity of the journal response to static load, harmonic excitation by various static
unbalances and hydrodynamic force obtained by the IS model and the finite difference method for bearing with parameter λ = 0.2

the period-doubling bifurcation does not appear for
Au = {0.0241, 0.0481}, see the right column in Fig. 6.
In these cases, the oil film damping presumably attenu-
ates the sub-synchronous vibration accompanying the
period-doubling bifurcation.

The authors’ previous work [15] supports this
hypothesis, demonstrating that the employed HD force
models differ in cross-coupling damping coefficients.
The HD force calculated using the FDM has a more
significant damping effect than the HD force evaluated
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Fig. 7 Journal orbits and Poincaré sections (black points) for bearing with parameter λ = 0.2 and static unbalance Au = 0.0602.
Hydrodynamic force is calculated by the finite difference method

by the IS model. Adiletta et al. [1] found the range of
the angular speed at which the sub-synchronous vibra-
tion can be observed experimentally is smaller than
expected based on the theoretical analysis. Since he
used the ISmodel, it is reasonable to propose a hypothe-
sis claiming that the IS model underestimates the dissi-
pative force in the oil film. Figure7 suggests that the tra-
jectories emerging from the period-doubling bifurca-
tion are at least marginally stable. The analysis of Lmax

supports this assumption. Figure8 shows that Lmax for
λ = 0.2, Au = 0.0602 and ω = {2.2989, 2.3363} is
likely a non-positive number close to zero.

Oil whirl starts developing after surpassing the
threshold speed, which is ca. ω = 2.9 in the case of the
IS model and ω = 2.9 − 3.1 in the case of the FDM.
According to the bifurcation analysis presented in the
previous section, the threshold speed is associated with
the Hopf bifurcation (a fixed point trajectory changes

to a limit cycle) if the rotor is perfectly balanced or
with the Neimark–Sacker bifurcation (a limit cycle
changes to a torus trajectory) if the rotor is unbalanced.
Here, several sub-synchronous vibrations dominate the
response, with the most prominent component located
at ca. 0.4ω. Themajority of the components are incom-
mensurable with the rotor speed, resulting in quasiperi-
odic motion. The corresponding trajectories are rather
complicated and somewhat difficult to analyse. The
trajectories at ω = {3.0652, 3.0839, 3.1026, 3.1587}
fill a limited area after several hundred cycles as
can be seen in Fig. 7. At ω = {3.1213, 3.147}, the
main sub-synchronous component becomes locked to
0.4ω. Hence, the quasiperiodic motion transforms into
N -periodic motion.

Interestingly, Wolf’s method suggests that Lmax of
these trajectories is a non-negative number. These esti-
mates are caused by subtle changes in vibration mag-
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Fig. 8 Box chart of Lyapunov exponents λmax estimated from
trajectories depicted in Fig. 7. Each blue box spans from the first
quartile Q0.25 to the third quartile Q0.75 containing 50 % of esti-
mates. Golden outliers are more than 1.5 (Q0.75 − Q0.25) away
from the edges of the box. Black whiskers connect the edges

of the box with the nonoutlier minimum or maximum. In gen-
eral, the span delimited by the whiskers contains at least 99 % of
estimates. Numbers indicate the median from the estimates and
tolerances from the median to Q0.25 and Q0.75

nitudes through cycles, which are apparent in Fig. 7.
There, the trajectory at ω = 3.1213 appears to be pul-
sating, and the Poincaré points are scattered slightly.
However, the Poincaré sections do not evidence strange
attractors or chaos. Therefore, Lmax estimates are prob-
ably non-negative because the analysed trajectories
have very long transient parts and are not fully sta-
bilised.

Finally, the trajectories become circular once the oil
whirl develops fully, and the motion is 2-periodic.

5 Conclusions

This work provided a comprehensive analysis of the
nonlinear dynamics of an unbalanced 2-DoF rotor sup-
ported on a cylindrical journal bearing (JB). The equa-
tions of motion utilised the infinitely short bearing
theory to calculate hydrodynamic forces in the JB.
The non-dimensional form of the equations of motion
was subjected to numerical continuation concerning
varying bearing parameter, static unbalance and rotor
speeds. In addition, the results were validated with the
time simulations. The time simulations employed the
infinitely short (IS) bearing theory and the finite differ-
ence method (FDM). Based on the presented results,
several keynotes can be summarised:

– The period-doubling region (2-periodic stable solu-
tion) is born due to the static unbalance. The size
of the region where the period-doubling occurs
increases with the increasing magnitude of static
unbalance.

– Conditions at which the period-doubling occurs
significantly depend on the employed hydrody-
namic force model. The IS bearing theory predicts
the period-doubling at lower rotor speeds than the
estimate based on the FDM. Moreover, the size
of the region where the period-doubling occurs is
larger in the case of the IS bearing theory. Adiletta
et al. [1] observed similar discrepancies between
experimental data and the IS bearing model, sug-
gesting that the FDM bearing model can be more
suitable for predicting the behaviour of the actual
rotor-bearing system.

– The Neimark–Sacker bifurcation (torus bifurca-
tion) appears at lower rotor speeds with the increas-
ing static unbalance.

– Non-dimensional rotor speed atwhich theNeimark–
Sacker bifurcation occurs changes with the static
unbalance if the FDM is employed. On the other
hand, the rotor speed remains almost constant in
the case of the IS bearing model.

– The rotor trajectory changes from quasiperiodic
to N -periodic en route from the Neimark–Sacker
bifurcation to a fully developed oil whirl. The
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N -periodic motion occurs due to partial synchroni-
sation of the sub-synchronousmotionwith the rotor
speed.

In future work, the authors will focus on the non-
linear dynamics of the unbalanced rotor supported in
other fixed-geometry JBs, particularly lemon-bore, off-
set and multi-lobe JBs. The existing literature suggests
that such systems exhibit richer nonlinear behaviour
than those analysed in this work. However, a compre-
hensive study of their subcritical behaviour under the
unbalance excitation is still lacking.
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