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Abstract

A test rig was built to perform fatigue tests on thick-walled cylinders made of fibre reinforced plastic (FRP).
During the fatigue test, the rotational speed of an FRP cylinder is periodically varied until it fails. The FRP
cylinder is connected to a drive spindle that accelerates and decelerates it using a permanent magnet synchronous
machine (PMSM). To avoid excessive wear, the rotor is supported by active magnetic bearings (AMB). After
the fatigue test was finished with the first cylinder, a new cylinder was attached to the test stand. With this new
specimen, previously uncritical radial vibrations became more severe. For high accelerations, these vibrations
led to instability of the rotor. However, high accelerations are desirable to perform the fatigue tests in the shortest
possible time. Hence, the AMB control should be made insensitive to these vibrations. Since the vibrations depend
on the acceleration of the rotor, it is reasonable to assume that they are induced by the PMSM. To reduce the
vibrations, these excitations from the PMSM are included in the model-based controller parametrization process
for the radial AMB, in which the parameters are adjusted via optimization. With the adjusted control, the amplitude
of the vibration was significantly reduced and higher accelerations were possible. The described parameter tuning
process can easily be adapted to different AMB systems with disturbances and changes in the system.
© 2023 University of West Bohemia.
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1. Introduction

Active magnetic bearings (AMB) use the force of an electric magnet to levitate the rotor [7,
22]. Since the rotor does not touch the stator and no friction occurs, the bearing shows low
rotational losses and no wear. This makes AMB ideal for high rotational speeds and vacuum
applications. AMB are open-loop unstable and need an active position control, which also
provides the possibility to actively influence vibrations of the system.

For many AMB systems, a conventional decentralized proportional-integral-derivative (PID)
controller is sufficient to stabilize it [17, 22, 30]. However, elastic or strongly gyroscopic rotors
often require coupling of the controllers of multiple AMB and more sophisticated controller
structures. The gyroscopic change of the rotor behavior with its rotational speed can be tackled
by partially compensating the gyroscopic coupling [1, 14, 15, 33] or by adjusting the controller
parameters with the rotational speed [5, 25]. However, these controllers require a reliable mea-
surement of the rotational speed and are often difficult to implement for highly elastic rotors.
For systems with multiple eigenmodes in the operation range, H∞-control [13, 17, 20, 27, 31]
and µ-synthesis [21,24,26,29] are frequently used, which often result in high-order controllers.

The system discussed in this paper has four rotor eigenfrequencies in the operation range
which strongly depend on its rotational speed (see Section 2). Furthermore, the measurement
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of its rotational speed might not always be reliable. The model-based controller design used
for this system utilizes a predefined controller structure, whose parameters are tuned by means
of optimization (cf. [8, 19]). The objective function of this optimization is the H∞-norm of
the generalized transfer function of the system (cf. [3]). This approach allows to consider un-
certainties, limitations and the speed dependency of the system without gain scheduling and
with a low controller order, i.e., low online computing time. A more detailed description of
this approach will be shown in Section 3.2. It was developed and successfully applied to the
system to reduce rotor heating [9]. However, during operation, rotor vibrations occurred which
limited the performance of the system. The controller parametrization was adapted to counter
these vibrations, which will be shown in Section 3.3. Experimental results will be shown in
Section 4.

2. System

The test rig shown in Fig. 1 was designed and built to perform fatigue tests on thick-walled
cylinders made of unidirectional fiber reinforced plastic (FRP), in which the fibers are oriented
in tangential direction. These cylinders represent the rotors of outer-rotor flywheels (e.g., [6,10,
23, 28, 32, 34]). During the fatigue test, the rotational speed of an FRP cylinder is periodically
varied from 15 000 rpm to 30 000 rpm, until it fails or a maximum cycle count of 200 000 is
reached. At 30 000 rpm, the radial compressive stress in the FRP reaches 120 MPa and the
tangential tension 700 MPa. The FRP cylinder, which is the specimen, is connected to a drive
spindle via an aluminium hub. An inverter-driven permanent magnet synchronous machine
(PMSM) inside the spindle accelerates and decelerates the rotor. Parameters of the PMSM
can be found in Table 1 in the Appendix. To avoid excessive wear, the rotor is supported by
AMB. The radial AMB are designed as heteropolar bearings with a differential winding scheme.
Therefore, there is one coil for the bias current and one coil for the control current in every pole
pair. The control for the AMB is implemented on a field-programmable gate array. All analogue
signals have an analogue first order low pass filter with a cut-off frequency of 5.6 kHz to reduce
aliasing and are acquired with a sampling frequency of 40 kHz. The radial AMB are controlled

Fig. 1. Cross-section of the test rig (left), rotor with the specimen (right)

142



D. Franz et al. / Applied and Computational Mechanics 17 (2023) 141–152

using the signals of eddy current positions sensors at the upper and lower end of the rotor (see
Fig. 1) and currents sensors in the amplifier. More details on the test rig can be found in [9,11].

The rotor with the FRP cylinder has four radial eigenfrequencies (EFs) below 1 kHz, which
strongly depend on its rotational speed due to the gyroscopic behavior of the FRP cylinder. The
corresponding first four eigenmodes (EMs) at 0 rpm are shown in Fig. 2a which were calculated
using a volume finite element model of the rotor. A calculated Campbell-diagram is shown
in Fig. 2b. Three of the forward EFs have to be passed to get to the operation range above
15 000 rpm. The fourth forward EF rises in such a way that it is not reached by the synchronous
excitations in the operation range.

(a) (b)

Fig. 2. (a) Radial eigenmodes (EMs) of the rotor at 0 rpm calculated using a 3D finite element model
(FEM) (cf. [9]), (b) corresponding speed-dependent eigenfrequencies (EFs) calculated utilizing the FEM.
The line colours correspond to those shown in (a) above the EMs

This speed-dependent behavior of the rotor as well as sensor noise and the limitations of
the system have to be considered while designing the controller for the radial AMB. For the
test rig, the parameters of a predefined controller structure were tuned using an optimization
process, which is described in detail in [9]. The control of the axial AMB, which is decoupled
from the radial direction, is less challenging and was tuned manually. A fatigue test with a
first specimen was performed. The test was stopped after 134 270 cycles since the unbalance
of the specimen was rapidly changing, which can be attributed to cracks in the FRP. Another
fatigue test was started with a new specimen. However, with this new specimen previously un-
critical acceleration-dependent radial vibrations became more severe. These can be seen in the
Campbell-diagrams in Fig. 3 which were measured during run-ups with different acceleration
rates. A labelled version of Fig. 3a can be found in Fig. 9 in the Appendix. The EFs of the rotor,
as well as synchronous and higher harmonic vibrations, can be seen in all diagrams. However,
further vibrations are visible as sidebands of the first harmonic, which are always 140 Hz above
and, starting at 8 100 rpm, 135 Hz below the synchronous vibrations. The latter was particularly
critical at around 23 000 rpm where it excited the third forward EF of the rotor. The amplitudes
of these sidebands strongly depended on the acceleration rate. With 150 rpm/s, they were barely
visible (see Fig. 3a), whereas they nearly destabilized the rotor with 1 000 rpm/s.
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(a) 150 rpm/s (b) 300 rpm/s

(c) 750 rpm/s (d) 1 000 rpm/s

Fig. 3. Measured Campbell-diagram of the radial rotor displacement during a run-up (a) from 0 rpm to
30 000 rpm in 200 s, (b) from 15 000 rpm to 30 000 rpm in 50 s, (c) from 15 000 rpm to 30 000 rpm in
20 s, (d) from 15 000 rpm to 30 000 rpm in 15 s. The red circle marks the subharmonic excitation of the
third eigenmode

The amplitude of the lower sideband and the 1st harmonic at the subharmonic resonance are
summarized in Table 2 in the Appendix. As a result of the strong vibrations, only acceleration
rates below 330 rpm/s could be used for the long-term test. Since the vibrations depended on
the acceleration rate of the rotor and could be changed by the control of the PMSM, which
however is not in the scope of this paper, it is reasonable to assume that they were induced by
the PMSM. The fact that they caused problems with this specimen and not with the first may be
due to deviations in the specimen geometry and associated shifts in the EMs or changes of the
PMSM or its inverter.

To perform the fatigue tests in the shortest possible time, high acceleration rates are desir-
able. Hence, the AMB control had to be made insensitive to the sidebands. Since they only
occur in radial direction and no influence of the axial AMB could be observed, this paper will
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focus on the control of the radial AMB. In order to reduce the vibrations, the changed specimen
geometry as well as the excitation by the PMSM were considered in the parametrization pro-
cess of the radial AMB controller. An adaption of the parametrization process is shown in the
next section and an experimental investigation of the results in Section 3. Since the sideband
135 Hz below the synchronous vibrations was more severe than the one above the synchronous
vibrations, this paper will focus on the first.

3. Controller parametrization

A linear model of the plant is used for the controller parametrization, which is described in
Section 3.1. The controller parametrization process is described in Section 3.2. The model and
the parametrization process are described in more detail in [9]. The adaption of this process to
the previously described vibrations is shown in Section 3.3.

3.1. Plant model

The plant model consists of various subsystems for the different components. These are elastic
models for rotor and stator, a linearized model of the radial AMB and their amplifier (AMP),
the negative radial stiffness of the PMSM as well as the position and current sensors, each
with a low pass filter (LP) to reduce aliasing. All subsystems are represented by linear, rational
transfer functions (TFs). The dynamic behavior of the gyroscopic rotor depends on its rotational
speed Ω. Fig. 4 shows the interconnection between these subsystems in the overall plant model
P(s,Ω) with its inputs Fun and Uset. The latter is the set voltage calculated by the controller.
Fun contains rotational frequency harmonic disturbance forces on the rotor which are used to
simulate the unbalance of the rotor. ∆q, Ic, ∆q̃sen and Ĩc are the outputs of P(s,Ω). ∆q
contains the relative rotor deflections, i.e., the difference between the radial deflections of the
rotor qr and the radial deflections of the stator qs. Ic is comprised of the control currents of
the radial AMB. ∆q̃sen contains the measured and filtered relative rotor deflections and Ĩc the
filtered control currents of the radial AMB. FAMB is the radial force generated by the AMB
and FPMSM the radial force resulting from the negative stiffness of the PMSM. U is the output
voltage of the AMP.

3.2. Controller parametrization framework

A time-invariant output feedback C(s) is used to stabilize the rotor in the AMB using the mea-
sured outputs ∆q̃sen and Ĩc, which are combined in the vector y. Hence, for an idealized system

Fig. 4. Structure of the plant model [9]
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without noise, the controller output u is calculated by

u(s) = −C(s)y(s) (1)

and u is equal to Uset. However, noise and disturbances should be considered in the controller
parametrization process. To accomplish this, sensor noise n is added to y and a disturbance
voltage Ud is added to u (see Fig. 5). Ud is used, among other things, to limit the influence of
multiplicative model uncertainties [31, 35]. Hence, Uset is given by

Uset(s) = u(s) +Ud(s)

with u(s) = −C(s) ỹ(s) and ỹ(s) = y(s) +n(s).
(2)

Furthermore, to incorporate frequency-dependent design goals and the limitations of the system
in the parametrization process, stable weighting functions W are introduced for the disturbance
inputs Fun, Ud and n as well as the evaluation outputs ∆q, Ic and u (e.g., [18,21,22,31]). The
weighting functions are chosen in such a way that the maximum amplitudes of the inputs are
one and the outputs have to be smaller or equal to one (see [9]). Finally, the disturbance inputs
are combined in the vector w and the weighted evaluation outputs in the vector z. This results
in the weighted plant model PW(s,Ω) as shown in Fig. 5.

Fig. 5. Weighted model of the plant with the controller [9]

Parameters of a predefined controller structure are adjusted during the parametrization pro-
cess with the goal of minimizing the H∞ norm of the TF-matrix Gzw from z to w of the
controlled plant (cf. [3]), i.e.,

min
C(s)

∥Gzw(s)∥∞ . (3)

The optimization is performed using the function hinfstruct in MATLAB [4, 12]. To ensure that
the closed loop is stable for all Ω in the speed range of the system, the controller parameters are
tuned for multiple rotational speeds Ωj at once [9, 12]. To accomplish this, several TFs of the
plant at different Ωj are connected in parallel. For example, for two rotational speeds Ω1 and
Ω2, the goal of the optimization becomes

min
C(s)

∥∥diag
(
Gzw(s,Ω1),Gzw(s,Ω2)

)∥∥
∞ , (4)

which will minimize the maximum of the H∞ norms of both systems [12]. The sensitivity
function S, which is given by

S(s) =
∆q̃sen(s) +n(s)

n(s)
, (5)
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is also included in the optimization for different Ωj with a corresponding weighting function
WS to take into account the limits on its gain specified in [16]. Hence, the final optimization
goal is

min
C(s)

∥∥diag
(
Gzw(s,Ω1), . . . ,Gzw(s,Ωn),WS(s)S(s,Ωn+1), . . . ,WS(s)S(s,Ωm)

)∥∥
∞ . (6)

An iterative process is used to determine which Gzw(s,Ωj) and S(s,Ωj) have to be included in
the optimization to ensure stability for all Ω in the speed range of the test rig (see [9]).

3.3. Adapted parametrization process

To incorporate the excitation from the PMSM in the optimization, an additional external force
Fd,PMSM is introduced as an input to the plant model P (see Fig. 6). Fd,PMSM is added to FPMSM.
Furthermore, a weighting function WFd,PMSM is introduced for Fd,PMSM in the weighted plant
model PW (see Fig. 7). A fourth-order bandpass filter in WFd,PMSM ensures that the main exci-
tation frequency of Fd,PMSM is ∆ωPMSM = 135Hz below the rotational speed Ωj . Furthermore,
Fd,PMSM is zero for Ωj ≤ ∆ωPMSM. Hence, WFd,PMSM is chosen as

WFd,PMSM(s,Ωj) =


(0.02ωd,js)

4(
s2 + 0.02ωd,js+ ω2

d,j

)4 F̂d,PMSM I for ωd,j > 0,

0 for ωd,j ≤ 0

with ωd,j = Ωj −∆ωPMSM.

(7)

I is a 4 × 4 identity matrix since the force acts on two nodes in the stator and rotor model in
both radial directions. F̂d,PMSM is the maximum amplitude of Fd,PMSM.

Fig. 6. Structure of the expanded plant model

Fig. 7. Expanded, weighted model of the plant with the controller
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4. Experimental investigation

The controller parameters were tuned with the adapted model, including the changed specimen
geometry, and various F̂d,PMSM. The goal was to tune the controller for the greatest possible
F̂d,PMSM without the maximum output of the model becoming greater than one. The first tuned
parameter set which was experimentally investigated, was tuned for an assumed force amplitude
of F̂d,PMSM = 22N, where the maximum output of the model started to approach one. Measured
Campbell-diagrams of the rotor displacement with this new controller parameter set during run-
ups with different acceleration rates are shown in Fig. 8.

The sidebands are not visible during a slow run-up with an acceleration rate of 150 rpm/s
(see Fig. 8a, cf. Fig. 3a). With higher acceleration rates, the sidebands do occur, but with a lower

(a) 150 rpm/s (b) 517.2 rpm/s

(c) 1 111.1 rpm/s (d) 1 304.3 rpm/s

Fig. 8. Measured Campbell-diagram of the radial rotor displacement with the new controller parameter
set during a run-up (a) from 0 rpm to 30 000 rpm in 200 s, (b) from 15 000 rpm to 30 000 rpm in 29 s,
(c) from 15 000 rpm to 30 000 rpm in 13.5 s and (d) from 15 000 rpm to 30 000 rpm in 11.5 s. The red
circle marks the subharmonic excitation of the third eigenmode
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amplitude than with the old controller parameter set (cf. Table 2 in the Appendix). No accelera-
tions faster than 330 rpm/s were possible during long-term operation with the old parameter set.
However, more than 1 300 rpm/s were possible with the new parameter set with acceptable vi-
bration levels. This increase in acceleration decreased the time per cycle by 68 s, which reduces
the time it takes to perform 200 000 cycles by 155 days. The parameter optimization could be
repeated with a higher F̂d,PMSM, however, the achieved cycle time was acceptable.

5. Conclusion

Acceleration-dependent radial vibrations limited the performance of a test rig for fatigue tests of
FRP cylinders after the specimen was replaced. These vibrations were significantly reduced by
adjusting the utilized model and including an additional excitation in the parameter optimization
of the radial AMB control. This allowed for faster cycles and reduced the total test duration.
The second specimen was cycled for a total of 123 237 cycles until the test had to be stopped
because of a fatigue crack in the aluminium hub.

In general, the described parameter tuning process for the AMB control can easily be
adapted to different disturbances and changes in the system. It can also be applied to other
systems with varying parameters, which can be described locally by linear transfer functions
(cf. [2]). However, finding a constant controller which stabilizes a system for a wide range of
situations might not always be possible because of limitations in the system, especially of the
amplifier. Furthermore, the computation time for the optimization increases significantly with
the order of the overall system. It also has to be noted that the result of the optimization might
be a local minimum and it is advisable to repeat the optimization several times with different
initial values.
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Appendix

Table 1. Parameters of the PMSM with its inverter

Max. electric power 30 kW
Max. rotational speed 40 000 rpm
Max. phase current 70 A
Max. torque 9.6 Nm
Number of pole pairs 2
Number of slots in the stator 36
Switching frequency inverter 16 kHz

Table 2. Amplitude of the lower sideband and the 1st harmonic at the subharmonic resonance at
23 200 rpm

controller acceleration
amplitude at 23 200 rpm

lower sideband 1st harmonic
old 150 rpm/s 0.04µm 10.44µm
old 300 rpm/s 0.28µm 9.40µm
old 750 rpm/s 1.48µm 10.83µm
old 1000 rpm/s 1.96µm 10.21µm
new 150 rpm/s 0.04µm 10.51µm
new 517 rpm/s 0.13µm 8.46µm
new 1 111 rpm/s 0.51µm 8.05µm
new 1 304 rpm/s 0.60µm 6.28µm

Fig. 9. Labelled Campbell-diagram of the radial rotor displacement during a run-up from 0 rpm to
30 000 rpm in 200 s (cf. Fig. 3a)
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