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Transonic flow field in critical flow Venturi nozzle
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Abstract

In this paper, theoretical and numerical analysis of a transonic flow field of critical flow Venturi nozzles according
to the ISO 9300 standard is performed. Deviations of the flow field from an estimate based on one dimensionality
are clarified. While the theoretical analysis allows prediction of these deviations, the numerical analysis allows
quantification of their influence. The main studied phenomena include the local supersonic compression in tran-
sonic expansion and the Prandtl-Meyer expansion. The tendency of the flow field to spatial oscillations is shown,
alongside the ability of the system to damp these oscillations.
© 2024 University of West Bohemia.
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1. Introduction

The ISO 9300 standard [6] is widely used for measuring the mass flow rates of air, natural
gas, nitrogen, etc. With recent growth of hydrogen technologies, the usage of this standard
to hydrogen flows is desirable and will require its extension. Considering the rather specific
properties of the hydrogen (see, e.g., [3]), it is in the interest of high quality measurement
to recognize, which phenomena originate in the flow itself (geometry of the nozzle, transonic
phenomena, transition to turbulence, etc.) and are, therefore, not only linked to the properties
of the real gas.

The ISO 9300 standard allows evaluation of mass flow rate of a gas in a system by using the
critical flow Venturi nozzle (CFVN). This is possible due to aerodynamic choking and extensive
experimental work that allowed specification of the discharge coefficient (Cd) for a wide range
of Reynolds numbers related to throat parameters: Re ∈ (2.1× 104, 3.2× 107) for the toroidal
nozzle and Re ∈ (3.5× 105, 1.1× 107) for the cylindrical nozzle.

The geometry of the nozzles defined by the standard is illustrated in Fig. 1, where the dimen-
sionless radius (shape of the nozzle) R+ = 2R/d∗ and the distance along the x-axis x+ = 2x/d∗

are introduced to simplify comparison. The shape of the cylindrical nozzle is given as

R+
cyl =


3−

√
4− (x+ + 2)2 for x+ ∈ (−4,−2],

1 for x+ ∈ (−2, 0],

1 + x+ sin(α
2
) for x+ > 0,

(1)

whereas the shape of the toroidal one as

R+
tor =

{
5−

√
16− (x+)2 for x+ ≤ 4 sin(α

2
),

1 + x+ sin(α
2
) for x+ > 4 sin(α

2
).

(2)
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Fig. 1. Types of critical flow Venturi nozzles

The nozzles of cylindrical type consist of quater of an anuloid, cylinder and a cone. In the
toroidal ones, the conical part is directly tangentially connected to a part of an anuloid. The
standard allows the angle α/2 ∈ [2.5, 6]◦. It should be noted that the recommended values of α
for the Laval nozzles are α ∈ [8, 12]◦.

Under the transonic conditions, the flow is aerodynamically choked and therefore – follow-
ing the 1D theory – the ideal mass flow rate qmi equals to the product of the critical speed
of sound a∗, critical density ρ∗ (dependent on stagnation properties denoted by the lower index
’0’: the stagnation pressure p0 and the stagnation temperature T0 in (3), and the properties of the
ideal gas, namely: the specific gas constant r and the ratio of specific heats κ) and the minimal
cross-section of the nozzle A∗,

qmi = A∗

√
κ

(
2

κ+ 1

)κ+1
κ−1 p0√

rT0︸ ︷︷ ︸
a∗ρ∗

. (3)

This ideal mass flow rate is corrected by Cd = Cd(Re) < 1 to obtain the real mass flow rate

qm = Cd qmi. (4)

The coefficient Cd should incorporate influence of higher geometrical dimensionality of the
flow and boundary layer properties (especially its displacement thickness). Properties of real
gas are not reflected in this work, therefore, its implementation in the standard is not further
commented here.

An immense amount of theoretical (e.g., [5]) and experimental (e.g., [13,14,23]) works have
been conducted in order to evaluate Cd more accurately. Yet, some small and rather interesting
problems of this – simple at first glance – flow remain open.

In this work, the flow field of the nozzles is analyzed. Single phenomena related to tran-
sonic behavior occurring in the nozzles are studied. Following the investigation of the shape
and position of the sonic line, local supersonic compression in transonic expansion and in the
Prandtl-Meyer expansion are investigated.

For calculations, where the dimensions of the nozzle need to be set exactly, the following
values were used: d∗ = 10mm, L = 2d∗, α/2 = 6◦. The highest allowed value of α/2 is
selected to show, whether local supersonic compression in transonic expansion can be present
in all devices across the possible range of the angle α. An ideal gas with constant properties of
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air is considered, i.e., the specific gas constant r = 287.05 J kg−1 K−1, the ratio of specific heats
κ = 1.4, the dynamic viscosity µ = 1.5×10−5 Pa s, and the Prandtl number Pr = 0.72. The total
conditions at the inlet of the nozzle are also given. The total pressure p0 = 1 × 105 Pa and the
total temperature T0 = 303.15K are assumed. Therefore, the Reynolds number Re = 1.5× 105

is reached at the throat of both nozzles (characteristic length is the critical diameter d∗ = 10mm,
ρ∗ = 0.708 kg m−3, a∗ = 318.626m s−1).

2. Numerical analysis

The numerical analysis of the flow is performed to support and enrich theoretical findings. Its
results are presented in Section 3. All of them were acquired with the setup described in the
following paragraphs. The meshing and the simulation were carried out in the open source CFD
software OpenFOAM (v2112). The post-processing was done using the ParaView visualization
engine [1].

The numerical simulation of flow in the CFVN with axisymmetric model was performed.
Turbulent flow of compressible fluid modeled as an ideal gas (the system is closed by p = rTρ)
is considered [4]

∂ρ

∂t
+∇ · (ρU) = 0,

∂ (ρU)

∂t
+∇ · (ρU ⊗U) = ∇ · τeff , (5)

∂ (ρE)

∂t
+∇ · [(ρE + p)U ] = ∇ · [τeff ·U ] +∇ · (λeff∇T ),

where U is the velocity vector, τeff is the effective stress tensor, λeff is the effective thermal
conductivity and E is the specific total energy (E = e+∥U∥2/2, where e is the specific internal
energy).

The given set of equations (5) is discretized by the finite volume method (FVM). The time
discretization is performed by the Euler implicit time scheme. For the solution of the resulting
system of algebraic equations, the lower-upper symmetric Gauss-Seidel scheme is used (solver
is described in [4]). The steady state of the choked flow is sought.

The Langtry-Menter 4-equation transitional SST turbulence model (γ–Reθt) [11] was ap-
plied as a strong favorable pressure gradient can suppress turbulent fluctuations in the boundary
layer and, therefore, decrease its thickness, which is crucial for the evaluation of Cd. To quantify
the possible influence of the mentioned gradient, the coefficient

K(x) =
ν

Ux(x)2
dUx(x)

dx
(6)

is used, where Ux(x) is the velocity of the main flow, ν is the kinematic viscosity and x stands
for the coordinate along the axis.

If K > Klim, relaminarization of the boundary layer can be expected. The critical value
Klim of the coefficient K is a subject of discussion, but there is a general consensus [8,12,15,20]
on Klim ∈ [3 × 10−6, 4 × 10−6]. In this work, we consider Klim = 3.6 × 10−6. Development
of K along the nozzles is shown in Fig. 3. More details on this figure are given in Section 3.
Damping of turbulent fluctuations can be expected in the whole toroidal part of both nozzle
types. Therefore, to allow – as precise as possible – boundary layer thickness computation, a
model, which takes intermittency γ into account, needs to be utilized. The equations for γ and
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T. Kreuzová / Applied and Computational Mechanics 18 (2024) 65–76

(a) Computational domain with visualized relative
skewness and the region of higher non-orthogonality

(b) Illustration of non-orthogonality and
skewness (according to [7])

Fig. 2. Illustration of mesh quality properties – orthogonality and skewness

Reθt, added to the SST k–ω model by [11] to create the γ–Reθt model, describe the laminar–
turbulent (and reverse) transition process.

When the choked state is reached, the inlet is subsonic, whereas the outlet is supersonic1,
therefore, for the open boundaries, the total pressure and the total temperature at the inlet are
prescribed (1 × 105 Pa and 303.15K, respectively, as stated in Introduction). Homogeneous
Neumann boundary conditions ( ∂ ·

∂n
= 0) are prescribed for U , p, T at the outlet and for U

at the inlet. At the wall, standard boundary conditions were applied (homogeneous Dirichlet
boundary condition for U and homogeneous Neumann conditions for p, T ). In terms of turbu-
lence modeling, turbulent intensity (Tu = 3.3%), turbulence length scale (TuL = 4× 10−3 m)
and intermittency γ = 1 are assumed at the inlet. Reθt is computed according to the require-
ments of the model. On the pair of patches coincident with the axis in the swirl direction, a
cyclic condition assuring axisymmetry of the flow is applied.

The computations were performed on hexahedral meshes with refinement at the wall gener-
ated within the blockMesh utility, supplied with OpenFOAM. The refinement ensures that the
dimensionless size of the cell at the wall is close to one (i.e., y+ ≈ 1) and the growth in the
normal direction to the wall is gradual. The value of y+ was verified after computation, in all
cases computed with a fine grid, y+ < 1.6, with a medium grid, y+ < 2.5, and with a coarse
grid, y+ < 3.9. Higher values were obtained only in the region near the inlet.

For the case of the toroidal nozzle, a mesh of the lowest quality (higher skewness and non-
orthogonality) is located near the wall at x+ ≈ −1. This is illustrated in Fig. 2a, in which the
relative skewness stands for the ratio of local and maximum skewness in the domain. Similarly,
the mesh of the lowest quality in the cylindrical nozzle is located at x+ ≈ −3. Properties of the
meshes are given in Table 1, where ∥o∥

∥s∥ stands for the skewness and ξ for the non-orthogonality.
An illustration of the geometric properties is given in Fig. 2b. As the non-orthogonality of
a few cells in toroidal nozzle is quite high, non-orthogonal corrections are employed in the
computation.

1The supersonic outlet is assumed to ensure that the flow is supersonic in the whole diverging part of the nozzle
and is not disturbed by any instability connected to a strong shock wave (studied, for example, in [23]) or outlet
to a large tank. With such strong phenomena present, small oscillations studied in Section 3 are easily neglected.
This leads to the back pressure being a result of a computation and not a boundary condition.
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Table 1. Mesh quality metrics

max
(

∥o∥
∥s∥

)
avg(ξ)[◦] max(ξ)[◦]

cylindrical 0.86 10 47
toroidal 0.32 24 70

A mesh independence study was performed for the toroidal nozzle. Three – fine (index
f ), medium (m), and coarse (c) – meshes with the refinement factor r = 2.0 in one direction
(leading to a quadrupling of the number of cells in the domain) were considered. An asymptotic
value of the outlet mass flow rate ṁ∗ [kg s−1] was obtained by the Richardson extrapolation

ṁ∗ = ṁf +
ṁf − ṁm

rq − 1
, (7)

where q is the estimated order of accuracy (q = 1.542). For the studied case, the value of
ṁ∗ = 0.01811 was obtained.

Let us introduce the grid convergence index (GCI) as a measure of how far the value ob-
tained with the given grid is from an asymptotic value, see [17],

GCIm =
FS

rq − 1

|ṁ∗ − ṁm|
ṁ∗ . (8)

With the outlet mass flow rate as the target quantity, GCI with the safety factor FS = 3.0 of the
medium grid with 312 500 cells (250 cells in the radial direction) is 9.633×10−4. The mass flow
rate computed with the medium mesh differs from the one predicted by the ISO 9300 standard
by 0.42 % and with the fine mesh by 3.81 %.2 These results can be taken as satisfactory.

In selected cases, the simulation of inviscid fluid flow can be beneficial. In those cases, the
mesh is not refined in the vicinity of the wall, a turbulence model is not applied and the velocity
in the normal direction to the wall is assumed zero (i.e., Un = 0) at the wall.

3. Transonic phenomena

To emphasize the difference between a one dimensional inviscid and a more detailed descrip-
tion, the development of the Mach number (Ma) along the CFVN axis, given by

0 =
1

Ma(x)

[
Ma(x)2(κ− 1) + 2

κ+ 1

] κ+1
2(κ−1)

− A∗

A(x)
, (9)

is compared with the flow field obtained by FVM in Fig. 3.3 As all constants in (9) are known,
Ma(x) can be found for every A(x). A non-linear solver, in this work a modification of the Pow-
ell’s hybrid method implemented in SciPy [22] is used, needs to be employed and, as solutions
in transonics are usually ambiguous, reasonable initial guess for each x has to be given.

In the subsonic region of the cylindrical nozzle (left column of Fig. 3, label 1), the influence
of higher dimensionality and viscosity can be clearly seen. In the simplified solution, a sharp

2The coefficient Cd given by the standard has relative uncertainty 0.2 % at the level of confidence of 95 %.
3The numbers (labels) 1 – 9 are used to highlight interesting parts of the plots and are referred to throughout

the text.
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Fig. 3. Development of variables along the CFVN axis

change in the velocity (discontinuity in its first derivation) occurs, but is unnatural and does
not correspond to the elliptical character of the equations describing the subsonic flow. This is
given by the singularity of the system at Ma = 1.

The deviations from the 1D solution in the supersonic region are caused by different phe-
nomena. While for the nozzle with the cylindrical throat, the Prandtl-Meyer expansion (Sec-
tion 3.3) is present – label 2, in the toroidal nozzle, the local supersonic compression in transonic
expansion (Section 3.2) – label 3 – is the source of the difference.

3.1. Sonic line

The shape of the sonic line is one of the crucial factors for the evaluation of Cd. The sonic line
also splits the solution domain into subsonic and supersonic parts. Thus, it does not only impact
Cd, but also defines where the system describing the (idealized inviscid) flow can be considered
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Fig. 4. Sonic line in the toroidal nozzle

hyperbolic and, therefore, suitable for the description by means of the method of characteristics.
For inviscid flow, the approximate shape of the sonic line can be predicted by means of

a theoretical analysis. The position of the sonic line lies at the minimum effective cross-section
(throat) of the nozzle. The effective cross-section is a cross-section reduced by the displacement
thickness of the boundary layer. It should be noted that for viscous flow in the nozzle with
a cylindrical throat, the sonic line is shifted near the end of the cylindrical part (visible in the
graph of Ma(x) in Fig. 3). This is caused by the growing boundary layer, which gradually
reduces the effective cross-section of the throat. Therefore, a minimum effective cross-section
is present near the end of the throat. As a result, the sonic line is not deformed by the wall
curvature and is almost straight.

For the toroidal nozzle, the results of the prediction of the sonic line shape, based on the
derivation in [9, 16], are to be compared to the shape given by the numerical simulation with
inviscid fluid in Fig. 4. The sonic line obtained by Oswatitsch and Rothstein in [16] with
geometrical constraints of the toroidal nozzle from the ISO 9300 standard is given by

r+ =
4

√
25

κ+ 1

(
5−

√
24 − κ+ 1

27

)√√
κ+ 1

27
− x+, (10)

where r+ is the radial coordinate normalized by d∗/2. In the work [16], a discrepancy between
the exact and approximate solutions is shown. Analytically obtained results are compared to
experimental data. Apparently, the more the wall is curved the greater error is induced.

The sonic line by Kliegel and Levine [9] is defined by the three points [x+
wK , R

+
tor(x

+
wK)],

[0, r+K ], and [x+
0K , 0], where

x+
wK =

√
κ+ 1

10

1.14κ2 + 8.75κ+ 44.525

2280
,

r+K =

√
2

2

−1332κ2 + 11613κ+ 1046097

1036800
, (11)

x+
0K =

√
κ+ 1

10

4440κ2 − 30204κ+ 520722

2073600
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(a) Numerical artificial interferogram with a high-
lighted sonic line

(b) Numerical artificial schlieren image
(
∂ρ
∂x

)
with

a highlighted sonic line

Fig. 5. Flow field in the toroidal nozzle – meridian slice

and R+
tor(·) was defined by (2) in Introduction. In Fig. 4, the three points are marked by black

dots and a parabolic interpolation between them is shown. As for the previous approximation,
the constraints of ISO 9300 are employed.

3.2. Local supersonic compression in transonic expansion

A phenomenon originating in an interaction of expansion waves with the sonic line, which
– after their reflection – become compression waves, is described and documented in [21].
This interaction is allowed by the geometry of the toroidal nozzle. The connection between
the toroidal and conical parts is smooth, but induces a discontinuity in curvature (k [m−1]).
While for x+ < 2d∗ sin(α/2), the curvature is k = (2d∗)−1 [m−1], for x+ > 2d∗ sin(α/2), it is
k = 0 [m−1].

A numerical artificial interferogram (with constant ∆ρ = 0.011 858 kg m−3) and a schlieren
image of meridian slice of a flow field in the toroidal nozzle with weak shock waves caused by
Local Supersonic Compression in Transonic Expansion (LSCiTE) are shown in Fig. 5.

In an inviscid flow, LSCiTE could be observed even in the cylindrical type. For the planar
case with a constant section of the throat, an analysis to predict the frequency of the LSCiTE is
performed in [18]. Its results are adapted for ISO 9300 in [10] and the dimensionless wavelength
of the oscillations λ+ = 2λ/d∗, i.e.,

λ+ =

√
κ+ 1

2

12

13
, (12)

is derived with the assumption that the velocity c = a∗. For the illustration, see Fig. 6.
The value λ+ in (12) differs from the wavelength predicted by the numerical simulation by

about 20 %. The discrepancy can be mostly attributed to the difference in the sonic line shape
assumed by each method. The derivation in [18] assumes the shape of the sonic line according

Fig. 6. LSCiTE inviscid planar case with constant throat (section of numerical interferogram) [10]
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(a) Numerical artificial interferogram with a high-
lighted sonic line

(b) Numerical artificial schlieren image
(
∂ρ
∂x

)
with

a highlighted sonic line

Fig. 7. Flow field in the cylindrical nozzle – meridian slice

to [16]. It is the same method as was used and commented on in Section 3.1. As it has been
shown, the shapes do not match perfectly. Also the curvature of the inlet of the cylindrical
type is two times higher than in the case of the toroidal nozzle and, therefore, one can expect
higher error of the theoretical estimation and also greater difference between the theoretically
and numerically obtained values than in the case illustrated in Fig. 4.

In the case of the axisymmetrical nozzle with a toroidal throat, the situation changes. In
the region, where LSCiTE is studied, the velocity of the flow increases along the axis and
also the reflective boundaries are not parallel. The distance between the interactions of local
compression with the wall increases. The positions of the interactions can be predicted by
simple trigonometry.

As can be seen in Fig. 3 (toroidal nozzle, pw, label 6)4, in terms of pressure, the phenomenon
is not of great significance in the interaction with the wall. Emphasis should be also placed on
the interaction of LSCiTE with the boundary layer. Based on the results of numerical simula-
tions, the turbulence kinetic energy k is increased in the region of this interaction and a leap in
the friction factor Cf ,

Cf (x) =
2τw(x)

ρ(x)Ux(x)2
, (13)

at the very same region also occurs (Fig. 3, label 9).
In contrast to a 2D planar asymmetrical case, for which (12) was derived, the interaction of

compression waves – or more precisely the interaction of the wave with itself – at the axis of
the nozzle is present. The amplitude of the local compression is magnified by the interaction
and causes quite significant deviation of the Mach number from the idealized assumption (see
Fig. 3, label 3).

The diffusive behavior of the flow eliminates the compression and other than first and sec-
ond interactions with the wall do not seem to have any significance. This holds true even for
simulations with long supersonic parts (L ≥ 5d∗).

3.3. Prandtl-Meyer expansion

The Prandtl-Meyer expansion can be observed in the cylindrical type of the nozzle. The Mach
number increases from a value only slightly higher than unity (sonic line is positioned near the
end of the throat) to a value predicted by the Prandtl-Meyer function. It was recently shown
in [2] that this function is valid even for an axisymmetrical case. This value is reached only
in the vicinity of the sharp corner, where the expansion can be considered as a local simple
wave. As an interaction of characteristics occurs at the axis, this phenomenon becomes more
complex and the characteristics of both types are present. This is illustrated by the deformation
of interferometric stripes in Fig. 7a behind the expansion fan.

4The predicted pressure in Fig. 3 is an isentropic pressure based on the Mach number at the nozzle axis.
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In contrast to LSCiTE, the effect of this phenomenon on pressure at the wall is more signif-
icant (Fig. 3, label 2). In the simulated case, the decrease of the pressure, shortly after the sonic
line, is quite steep. The sharp corner, to which the Prandtl-Meyer expansion is connected, also
causes a sudden change in the friction factor Cf (label 8 in Fig. 3). Again, similarly to LSCiTE,
the phenomenon propagates through the nozzle, but is also significantly damped.

A short note on the local high subsonic expansion effect in the cylindrical nozzle

A small distortion of the flow field, which cannot be included in transonic phenomena, occurs
at the beginning of the throat of the cylindrical nozzle and is noticeable in Fig. 3 (label 4) and
Fig. 7. This expansion leads to an increase in the local Mach number nearly up to unity, Fig. 8.

In [16], it was shown that a local increase of the Mach number can be present in converging-
diverging nozzles in the subsonic mode. Due to the position of the sonic line near the end of
the throat, a situation very similar to the one described in [16] occurs in the cylindrical nozzle.
This effect, therefore, does not have to be only related to the discontinuity of curvature of the
wall and could be present even, e.g., in a nozzle with hyperbolic (continuously curved) walls.

Fig. 8. Iso lines of Mach number – detail of the region near the wall of the cylindrical nozzle at x+ = −2

4. Conclusions

Flow fields in converging-diverging nozzles according to the ISO 9300 standard were studied
both theoretically and numerically. The theoretical relations developed over the second half of
the 20th century up the the most recent findings are used to identify phenomena occurring in the
flow fields. The numerical analysis based on the finite volume method helps to quantify their
influence and cover the presence of turbulence.

In the cylindrical nozzle, the first interesting phenomenon is present in the subsonic region,
where a local pressure disturbance occurs close to the wall. This can be predicted by the solution
of a power series as shown, e.g., in [19]. Theoretically, under suitable conditions, even a small
supersonic region can occur in the flow. This local high subsonic effect is definitely worth of
a further theoretical study. The subsonic region of the nozzle is closed by a straight sonic line,
which is formed near the end of the cylindrical part of the nozzle. The sonic line is followed
by the Prandtl-Meyer expansion, which is, close to the sharp corner, formed as a local simple
wave, but is instantly deformed by characteristics whose type is changed at the axis. Reflections
of emerged waves cause spatial oscillations of the flow, which gradually lose their intensity as
they are damped by diffusive behavior of the flow.
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In the toroidal nozzle, the subsonic region is closed by a parabolically curved sonic line. The
shape of the sonic line can be – with limited precision – estimated analytically. The sonic line is
positioned close to a discontinuity of the curvature of the nozzle wall. This discontinuity causes
a formation of local supersonic compression in the transonic expansion. Compression waves,
which are reflected at the axis similarly to the case of the cylindrical nozzle, cause damped
spatial oscillations of the flow field. Wavelength of the oscillations in a simplified case can
be also assessed analytically and the difference between this assessment and the numerically
obtained values can be justified by differences in the assumptions of these approaches.

While it is evident that nozzles operated under appropriate conditions are not too sensitive
to the studied phenomena, these should not be condemned for operation of the nozzles with
limit pressure ratio, where they can magnify the instabilities of the flow. Also as the pressure
disturbance caused by a local supersonic compression in the transonic expansion can lead to the
transition of the originally laminar boundary layer, its presence should not be condemned for
detailed numerical studies of the flow fields in nozzles according to ISO 9300 as it can influence
the effective cross section of the throat and, therefore, the discharge coefficient, as well.

From the practical point of view, the results presented in this work could be extended to
imperfect geometries of real nozzles affected by manufacturing inaccuracies. The influence of
a given inaccuracy is driven by its shape and position. As far as pure transonics is concerned,
the most interesting imperfections lie in between the sonic point and the point of interaction of
the second neutral characteristics with the wall. Changes in geometry before the interaction of
the first neutral characteristics with the wall deform the sonic line and are, therefore, able to
not negligibly affect the mass flow through the nozzle. Research in the field of these influences
would certainly be a beneficial continuation of this work.
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