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Abstrakt

Cílem této práce je návrh a implementace modelu řidiče, který splňuje požadované vlastnosti,
specifikované ZF Engineering. Model řidiče by se měl pokud možno chovat co nejpodobněji jako
lidský řidič. Navhrovaný model řidiče má sledovat předem definovanou trať s definovanou rychlostí.
Samotná trasa neobsahuje provoz ani překážky. Model bude poté použit pro automatické testování
na různých platformách, kde je třeba simulovat chování lidského řidiče.

Klíčová slova

Hardware in the loop; Software in the loop; Simulink environment; Autopilot; Linear quadratic
regulator

Abstract

The aim of this thesis is designing and implementing a driver model that meets the required
properties, specified by ZF Engineering. This driver model should behave in the same way as a
human driver and follow a predefined track at a specified speed. The track itself does not contain
traffic or obstacles. This model will be used for automatic testing on different platforms to simulate
human-like driver behavior.
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Chapter 1

Introduction

1.1 Motivation

Testing a new product in the automative industry is very expensive for several reasons. For
example, when testing a transmission, for every new development a new prototype has to be made
and tested in a real environment where lots of potential problems can lead to the destruction of
the product or even of the car. Another issue is that a real person is required to drive the car in
a test scenario on a test track, which introduces new problems and increases costs. To mitigate
those issues, as much of the testing as possible is done virtually in a simulation. When using this
approach, there is no need to create a prototype after every small change, and it is possible to
simulate hours of runtime in minutes. If errors occur, the simulation can be restarted and after
the fix ran again. This is the main reason for designing this autopilot, eliminating as many errors
as possible without the need for frequent test track runs risking damaging the car in the testing
process. In general, there are a software in the loop (SIL) simulation and hardware in the loop (HIL)
simulation. In SIL testing both the control unit and the car are simulated, whereas in HIL testing
the control unit is not simulated, instead the real hardware, such as transmission control (TCU)
unit or electronic control unit (ECU), is used and connected with cables to a special computer where
the car is simulated. Using the HIL approach, the control unit should act as if it was in a real car.
Both HIL and SIL simulations are closed loop because every controller has a feedback loop. When
testing the autopilot, closed loop has to be present in the testing environment. The company ZF
Engineering requested the development of a new advanced driver assistant system (ADAS). This
system aims to help drivers drive more safely, and comfortably it also helps preventing crashes in
the case of driver or hardware errors. Examples of established ADAS systems include cruise control
or emergency braking. When using this system, there is still a person who drives the car, and
this person influences the driving behaviour and therefore the feedback of the controller. For this
reason, it is mandatory to have a simulation of a driver in the closed loop. The development of this
simulated driver model is the aim of this thesis. ADAS systems are required to work in a wide range
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of possible human driving scenarios, so all of those scenarios need to be taken into account when
testing and developing the driver simulation. For those reasons, the driver simulation (autopilot)
should react the same way as a normal driver in several defined criteria.

1.2 Requirements

The main goal of this thesis is to make a driver model that behaves as a human driver as
much as possible. Since not every human driver is the same, there should be a way of changing
some parameters to represent different types of drivers. Therefore the car needs to be tested for
multiple types of drivers. A professional rally driver would behave differently than somebody who
has just received their driving license or somebody who has not been driving for a long time. The
requirements have been agreed with ZF Engineering and have been defined as follows.

• Cutting corner coefficient - A way to make the model cut corners of a turn, or not.

• Lateral/Longitudinal tolerance - How much can the model deviate from the required speed
and track.

• Maximal acceleration and speed of a steering wheel - A limitation how fast is the model able
to turn the steering wheel.

• Maximal forces affecting the driver - Acceleration, deceleration, and lateral acceleration in
turns.

• Reaction time - For the purpose of testing, the stability of the system when an error occurs by
injecting some wrong input, for example, the wheel suddenly starts turning, the model should
take some time to start compensating the wrong input.

• Pedal changing speed - How fast can the model go from using the accelerator to using the
brakes.

• Acceleration/deceleration time - How long the model should be accelerating for or how soon
before the turn the model should start decelerating.

• Look ahead - How far the driver looks in front of him. For example, when does the driver
take into account the hill or the turn that is coming up.

The model should also provide several predefined setups, for example, an aggressive driver and
a defensive driver, but at the same time, there should be a possibility to change the parameters
independently. Some of these parameters can be set to unreasonable values or ignored. This way the
simulation of a car trying to go through a turn at 100 km/h while on ice to test the functionality of
the ADAS system is possible. Therefore, this thesis focuses on defining and implementing compact
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driver model. The implementation of the driver will be done in Matlab and Simulink environments
as an independent subsystem. The inputs will be provided from the model of the car. The outputs
of this subsystem will be:

• Steering wheel angle - Representing the driver’s input to turn right or left.

• Acceleration pedal - Regulating how much torque should the motor provide.

• Break pedal - How much force should the brakes apply.

For testing purposes, there will be a track provided with defined points in space that represent
the track. Each of these points also includes several parameters like the target speed, the friction
and the inclination etc.

In general, a thorough study regarding driver models should be carried out to see if there is
already an existing suitable one for our purposes.
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Chapter 2

State of the ART

This chapter presents some of the existing implementations of autopilots that are available and
explains the way in which the currently implemented autopilot works. The main focus of this thesis
is to implement a new better autopilot that will control the speed and steering of the car given
the reference velocity and path. The autopilot should also be as human-like as possible. There are
lots of factors that affect the behaviour of a driver, for example, age or driving experience. For
that reason, there should be some kind of parametrization available. The efficiency of the controller
depends on the accuracy of the vehicle model. Planar vehicle models with lateral and longitudinal
motion are commonly used in literature because of the simplicity of such models. The x-axis usually
corresponds to a longitudinal motion and the y-axis corresponds to a lateral motion of the vehicle.[1]

There are lots of autopilot models and algorithms made for different purposes. Some of the most
relevant autopilots, Cognibit, IPG driver, and VI Driver, that satisfy the criteria defined in section
1.2 are shown in the following sections. Different algorithms will be discussed.

2.1 Cognibit Drivebot

This autopilot is an AI-driven model implementing the typical human-like behaviour and prob-
lems, for example, limited field of view, reaction time or attention span. The drivebot from Cognibit
takes into account all of the mentioned factors. However, this implementation is focused on au-
tonomous driving. For the current specification, it is only necessary to follow some predefined tracks,
this implementation is too complicated. There is no need for traffic simulation or lane changes. [2]
For detailed information about the specifications see chapter. 1.2

2.2 IPG driver

Carmaker from IPG is very Similar to Cognibit Drivebot, it was designed for testing purposes,
and it allows you to automatically control steering, braking, adjusting the gas pedal position, gear
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shifting, and clutch operation. Again, not everything is useful for the defined problem. However,
there is some useful information, for example, the parameters implemented in the carmaker are
useful for this thesis, corner cutting coefficient, the time needed to change the brake pedal and
acceleration pedal, maximum acceleration and deceleration, and minimal acceleration of the car.
There are also some default parameter values depending on the driver’s aggressiveness that can be
considered when designing a new model. For example, an aggressive driver will be cutting corners
more, it will accelerate faster and brake faster than a defensive driver.[3]

2.3 VI driver

Another possibility is a VI driver. It is a very advanced driver model created by a VI-grade
company. This model is more advanced than needed for the purposes of the task defined in this
thesis, since it deals with problems that are not in the requirements.

To summarize all of the state-of-the-art models meet our requirements but are very expensive
and more complex than needed (lane changing, traffic, etc.) for the aim of this thesis. Therefore, a
new model designed for the requirements discussed in chapter 1.2 needs to be developed. [4]

2.4 Pure pursuit controller

This technique is often used due to its simplicity and convenience to implement it in any environ-
ment. Among other benefits, there are low computational requirements and satisfying performance
at lower speeds. The main principle of this type of controller is calculating a point at a given
distance ahead of the vehicle. Similar to the behaviour of a real driver. This distance is called look
ahead distance. An arc is fitted between the look ahead point and the rear wheel of the car. This
is shown in figure 2.1

Figure 2.1: Pure pursuit functionality shown on a simple bicycle model.[1]

15



The main way to tune this controller is by changing the look ahead distance. Setting an exces-
sive look ahead distance may cause the controller to cut corners. On the other hand, diminutive
distance can positively influence the accuracy but may also cause some oscillations. Another factor
influencing the behaviour and reliability of this controller is velocity. Since it is derived from a
kinematic model it lacks the dynamic of the vehicle. Which is more apparent at higher speeds. To
ensure stability, a range of speeds and look ahead distances was developed. Adaptive approaches can
be used for tuning the look ahead distance. The main drawback of this controller is the limitation
of plausible look ahead distances at different speeds, and not taking into account the orientation of
the car at the target point. [1], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19],
[20], [21]

2.5 Stanley Controller

This controller is already implemented in ZF Engineering, therefore we it can be analyzed. It
was developed for a 2005 DARPA Grand Challenge by the Stanford Racing team. They were able
to win the race with the fastest average speed using this controller. This controller is designed to
follow the track in hard terrain and between obstacles. It consists of two controllers, one lateral
and one longitudinal, that control the speed and position of the car. The decoupling of those two
controllers is possible because of the linear model used to design the controller. The longitudinal
velocity is usually assumed constant and the tyre model is only accurate for small slip angles and
low lateral accelerations. One of the major differences in using the Stanley controller is that the
control action is generated using the front wheel orientation concerning the reference trajectory
instead of the orientation of the whole body of the car. There are many iterations and innovations
regarding Stanley controller. This autopilot has already been implemented in ZF Engineering. It
is only analyzed and explained in this thesis to provide a brief overview. [1], [22], [8], [23]

As for the lateral control, the Stanley controller implements a nonlinear feedback law to follow
a given path. The core of the controller is designed by using a kinematic model of a car, and it is
improved by considering the dynamic equations of motion. [24], [25], [26], [27], [28], [29], [30], [31],
[32], [33]

Figure 2.2: Geometry of a the vehicle model.[24]
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The following parameters are used to describe the kinematic motion of an automobile, where
e(t) is the crosstrack error (distance to the nearest point in trajectory), v(t) is the velocity Ψ(t) is
the yaw angle of the vehicle and δ(t) is the steering angle. As shown in the figure 2.2 Using those
we can calculate the angle of the wheels with respect to the trajectory (Ψ(t) − δ(t)) and come up
with two kinematic equations. [24], [25], [26], [27], [28], [29], [30], [31], [32], [33]

ė(t) = v(t) sin (Ψ(t) − δ(t)) (2.1)

Ψ̇(t) = −v(t) sin δ(t)
a+ b

, (2.2)

Where a and b are distances from the centre of gravity to the front and rear wheels.
Using those equations steering law is derived.

δ(t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Ψ(t) + arctan ke(t)

v(t) if |Ψ(t) + arctan ke(t)
v(t) | < δmax

δmax if Ψ(t) + arctan ke(t)
v(t) ≥ δmax

−δmax if Ψ(t) + arctan ke(t)
v(t) ≤ −δmax

(2.3)

After substituting the control law equation 2.3 to the kinematic equation 2.1 we obtain

ė(t) = v(t) sin arctan
(︃
ke(t)
v(t)

)︃
= −ke(t)√︃

1 +
(︂

ke(t)
v(t)

)︂2
(2.4)

Using this control law when the crosstrack error is high (car is far away from the track), the
controller steers the car directly back to the trajectory. As the crosstrack error gets smaller, (2.4)
can be approximated to ė(t) = −ke(t) with solution in time domain e(t) = exp(−kt). That means
when the vehicle is near the trajectory it converges to the track exponentially with time constant
k. This can be seen in the control law when k is multiplied by 1

v(t) .[24], [25], [26], [27], [28], [29],
[30], [31], [32], [33]

Using this controller, the angle of the wheel is controlled but not the yaw. At lower speeds
tyres act as dampers and provide sideways force sufficient enough to stabilize the yaw dynamics.
However, at higher speeds this damping force diminishes, and therefore active damping is needed.
The author of the paper experimentally showed that the negative feedback on the yaw rate provides
the best outcomes. Therefore kdyaw(rmeas(t) − rtraj(t)) is added to the control law. Where kdyaw is
tunable gain, rtraj is the trajectory yaw and rmeas is the measured yaw rate.

The controller uses a steering servo as an actuator, therefore time delay and overshoot in this
actuator can cause instability. This issue can be solved by adding kdsteer(δmeas(i) − δmeas(i + 1)
to the control law, where kdsteer is another tunable parameter that is damping the steering wheel
response and δmeas is the discrete-time measurement of the steering angle and i is the index of the
measurement. [24], [25], [26], [27], [28], [29], [30], [31], [32], [33]
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Another modification needs to be done since automobiles usually point inward on curves, gen-
erating lateral acceleration. Therefore, the controller yaw setpoint should be non-zero and a steady
state yaw is introduced as follows

Ψss = mv(t)rtraj(t)
Cy(1 + a

b ) (2.5)

where Cy is tyre stiffness. One last modification needs to be done to prevent the term k
v(t) from

being large and becoming oversensitive to the noise of e(t). To solve this problem the term kSoft is
added to the denominator. The final control law is.[24], [25], [26], [27], [28], [29], [30], [31], [32], [33]

δ(t) = (Ψ(t)−Ψss)+arctan ke(t)
kSoft + v(t) +kdyaw(rmeas−rtraj)+kdsteer(δmeas(i)−δmeas(i+1)) (2.6)

With saturation at ±δmax. This controller can also be used while reversing using the rear tyres as
the guiding wheels.[24], [25], [26], [27], [28], [29], [30], [31], [32], [33]

Longitudinal control of the Stanley controller gets speed requests from the trajectory planner.
It uses the throttle level and brake as two opposing actuators that provide a longitudinal force on
the car. Experiments carried out in the paper showed that the brake system corresponds almost
completely to reality and for the throttle, it is an acceptable simplification. It consists of PI regulator
computing a single proportional integral error at discrete iteration.[24], [25], [26], [27], [28], [29],
[30], [31], [32], [33]

ev(i+ 1) = kpv(v(i+ 1) − vC(i+ 1)) + kiveint(i+ 1)) (2.7)

The integral term is given as

eint(i+ 1) = eint(i+ 1) + (v(i+ 1) − vc(i+ 1)) (2.8)

vC is the target speed and kpv and kiv are tunable parameters that influence the disturbance and
overshoot of the controller. To prevent windup, the integral term is saturated. For a positive PI
error, the brake is set proportional to the PI error. If it is negative, the throttle is set to the negative
of the PI error.[24], [25], [26], [27], [28], [29], [30], [31], [32], [33]

To analyze the behaviour of the Stanley controller, it has been decided to use a double-lane
change scenario as a baseline 2.3 since there was available comparable data from VI driver that it
can be compared to.
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Figure 2.3: Double lane change scenario

As described above, there are three tunable parameters:

1. kdyaw stabilizes yaw dynamics at higher speed.

2. kdsteer damps the steering wheel response to get rid of instability.

3. k changes how fast the car converges to the track

To verify the influence of each parameter, scenarios of the double lane change at 80 km per hour
were run using different values for each parameter. For each of the scenarios, the data was gathered
and saved, and using Matlab, steer angle and steer rate were plotted to verify plausibility.

Parameter K:

Figure 2.4: Steer angle for different K Figure 2.5: Steer rate for different K

As shown in figure 2.5 as the K gets higher the autopilot acts more aggressively which corresponds
to the theory described in 2.5 The core of the controller is δ(t) = (Ψ(t) − Ψss) + arctan ke(t)

kSoft+v(t)

where arctan ke(t)
kSoft+v(t) corrects the cross track error and δ(t) = (Ψ(t) − Ψss) corrects the heading
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error. Those two parts provide different outputs. The bigger the cross track error is, the more
dominant (to the point of saturation) is the correction for cross track error (the car is going straight
to the track). As the cross track error gets smaller, the second part starts to influence the outcome
and the heading error begins to be corrected. That means that for high values of K even when the
cross track error e(t) is relatively small, the cross track error correction is still dominant, meaning
the controller starts to correct for the heading error closer to the track, so the car converges faster
to the track. When the K is too high, there is a risk of overshooting since there is not enough time
to correct the heading error.

Parameter kdyaw:

Figure 2.6: Steer angle for different kdyaw Figure 2.7: Steer rate for different kdyaw

Changing parameter kdyaw makes the system unstable. Therefore, using this parameter to
change the behaviour of the system is inconvenient.

Parameter kdsteer:

Figure 2.8: Steer angle for differentkdsteer Figure 2.9: Steer rate for different kdsteer

Changing parameter kdsteer has almost no influence so using this parameter is inconvenient.
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Using those tests, it has been shown that the only parameter that can be practically used to
change the behaviour of the system is the gain (K). To investigate this further, the double lane
change scenario with changing K was used. However, this time with changing velocities going from
20 km per hour to 80 km per hour. For reference, the cross track error was plotted and the sum of
this error was calculated.

1. Velocity of 20 km per hour. For lower speeds, it was expected to get a more satisfying outcome.

Figure 2.10: Steer angle for different K at 20
km per hour

Figure 2.11: Steer rate for different K at 20
km per hour

As expected, the steering angle is significantly smaller since the action does not have to be that
substantial at lower speeds. The steering rate gets saturated for a short time, for excessive K
but that can be caused by the used model or a different steering ratio.

Figure 2.12: Cross track error for different K at 20 km per hour
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We can see that the error is overall minor but increasing K leads to an increasing error. The
sum of cross track error in meters was:

(a) K = 0.5 - 33.4 m

(b) K = 1.5 - 35.4 m

(c) K = 5 - 62.2 m

At 20 km per hour, the best results were for K = 0.5 so the smaller the K the better result.

2. Velocity of 40 km per hour.

Figure 2.13: Steer angle for different K at 40
km per hour

Figure 2.14: Steer rate for different K at 40
km per hour

Figure 2.15: Cross track error for different K at 40 km per hour
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(a) K = 0.5 - 29.8 m

(b) K = 1.5 - 49 m

(c) K = 5 - 183 m

At 40 km per hour, similar trend may be observed. The best results were again for K = 0.5
with an even lower cross track error sum than at 20 km per hour, which indicates that optimal
K for 20 km per hour is probably even smaller.

3. Velocity of 60 km an hour.

Figure 2.16: Steer angle for different K at 60
km per hour

Figure 2.17: Steer angle for different K at 60
km per hour

Figure 2.18: Cross track error for different K at 60 km per hour

A comparable tendency can be observed as with the lower speeds. The overall errors are
increasing as expected.
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(a) K = 0.5 - 47.2 m

(b) K = 1.5 - 60.1 m

(c) K = 5 - 198 m

At 60 km per hour, we can see a similar trend happening.
The best results were again for K = 0.5.

4. Velocity of 80 km an hour.

Figure 2.19: Steer angle for different K at 80
km per hour

Figure 2.20: Steer rate for different K at 80
km per hour

Figure 2.21: Cross track error for different K at 80 km per hour

A comparable tendency can be observed as with the lower speeds. In comparison with the
values at lower speeds, the overall errors are increasing.
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(a) K = 0.5 - 138 m

(b) K = 1.5 - 109.2 m

(c) K = 5 - 349.5 m

At 80 km per hour the behaviour changes. At this speed it becomes problematic to go through the
double lane change and the best results are with K = 1.5.

Using those measurements is clear that the higher the velocity of the car, the bigger the error
gets. As was shown to minimize the cross track error at a higher speed, K needs to be increased.
However, if K is excessive an overshoot happens, and increases the error greatly, as shown in two
following figures 2.22 and 2.23.

Figure 2.22: Trajectory of a car in double
lane change scenario

Figure 2.23: Trajectory of a car in double
lane change scenario

To conclude, the aggressiveness of the driver may be influenced. However, several requirements
can not be achieved, for example the reaction time. As shown in all the figures above, the autopilot
reacts immediately regardless of the chosen parameter.
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2.6 Linear quadratic regulator (LQR)

LQR uses a linear model to calculate optimal feedback control gain. This linearized model is
expressed using state space representation in a form

ẋ = Ax+Bu (2.9)

The goal of LQR is to find gain K that using feedback control law

u(k) = −Kx(k), (2.10)

minimizes the following quadratic cost function

J =
∞∑︂

k=0
(xT (k) ·Q · x(k) + uT (k) ·R · u(k)), (2.11)

where Q and R are weighing matrices. Those matrices are diagonal positive and definite and are
used to tune the controller. The optimal gain K is obtained using next formula

K = R−1 ·BT · P, (2.12)

where P is the solution of the discrete Riccati matrix equation

P = AT · P ·A− (AT · P ·B) · (R+BT · P ·B)−1 · (BT · P ·A) +Q (2.13)

The benefit of the LQR approach is that the conroller may be influenced by changing the diagonal
of matrices Q and R, where each component on the diagonal of Q corresponds to a specific state.
By increasing the value the controller focuses more on the error in that state. Similarly, in the R
matrix each component on the diagonal corresponds to an input, and by increasing the value, the
controller tries to use this input less.[1]
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Chapter 3

Design of the driver model

In this chapter, the process of developing the LQR controller will be described. First, the model
used for linearization will be described, and then the process of designing the controller itself.

3.1 Model of the car used for linearization

The model used in the simulation has six degrees of freedom. This model is unnecessarily
complicated for the linearization that is required in the new controller. The simplified model was
provided by ZF Engineering. It is a simple single-track model with some modifications. It is a
dynamic model with seven states and two inputs. The states are

• Xc which is the position of the car in x axis.

• Yc which is the position of the car in y axis.

• Vx which is the velocity of the car in x axis.

• Vy which is the velocity of the car in y axis.

• ψ which is the heading angle of the car.

• ω which is the change of the heading angle.

• δ which is the steering rate.

It can be written as a vector of states

X = [x1, x2, x3, x4, x5, x6, x7] = [Xc, Yc, Vx, Vy, ψ, ω, δ] (3.1)
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and the inputs are

• τ of the motor.

• δ̇ steering rate of the car.

That corresponds to the vector of inputs

U = [u1, u2]. (3.2)

Those two outputs can be directly translated to the position of the acceleration/brake pedal and
the steering wheel. The fundamental parameters of the car model were again provided by ZF
Engineering.

• m = 2736 (vehicle mass [kg]).

• lr = 1.491 (distance between the centre of gravity and the rear axle [m]).

• lf = 1.528 (distance between the centre of gravity and the front axle [m]).

• r = 0.39 (tyre radius [m]).

• g = 9.81 (gravitational accelaration [m/s2]).

• Iz = 4411.9 (moment of inertia [kgm2]).

• Cr = 1.6

• Cf = 1.6

• Br = 13

• Bf = 13

Where C and B are the tyre parameters.
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Figure 3.1: Schematic of the car model
[34]

The differential equations are described in 30 as follows:[34]

x1̇ = x3 · cos(x5) − x4 · sin(x5) (3.3)

x2̇ = x3 · sin(x5) − x4 · cos(x5) (3.4)

x3̇ = ax (3.5)

x4̇ = ay (3.6)

x5̇ = ω (3.7)

x6̇ = ω̇ (3.8)

x7̇ = u2 (3.9)

Those equations were the slip angle and tyre forces were modelled using a simplified tyre model
from Pacejka’s article. Those equations are as follows. [35]
Slip angle:

αr = atan(x4 − lr · x6
x3

) (3.10)
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αf = atan(x4 − lr · x6
x3

) − x7 (3.11)

Tyre forces:
Fx = u1

r
(3.12)

Fz = m · g
2 (3.13)

FYf = −sin(Cf · atan(Bf · αf )) · Fz (3.14)

FYr = −sin(Cr · atan(Br · αr)) · Fz (3.15)

Accelerations:
x3̇ = Fx − FYf · sin(x7) +m · x4 · x6

m
(3.16)

x4̇ = FYr + FYf · cos(x7) −m · x3 · x6
m

(3.17)

x6̇ = FYf · lf · cos(x7) − FYr · lr
Iz

(3.18)

To get the system in state space form:

ẋ = A · x+B · u (3.19)

It is needed to calculate the matrix A and B. To do that derivatives of the slip angle in front and
in the rear, and the derivatives of forces with respect to all the states need to be calculated. Slip
angle in the front:

αf = atan(x4 + lf · x6
x3

) − x7 (3.20)

∂αf

∂x3
= 1

(x4+lf ·x6)2

x2
3

+ 1
·

−x4+lf ·x6
x3

x3
(3.21)

∂αf

∂x4
= 1

( (x4+lf ·x6)2

x2
3

+ 1) · x3
(3.22)

∂αf

∂x6
= lf

( (x4+lf ·x6)2

x2
3

+ 1) · x3
(3.23)

∂αf

∂x7
= −1 (3.24)

Slip angle in the rear:
αr = atan(x4 − lr · x6

x3
) (3.25)
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∂αr

∂x3
= 1

(x4−lr·x6)2

x2
3

+ 1
·

−x4−lr·x6
x3

x3
(3.26)

∂αr

∂x4
= 1

( (x4−lr·x6)2

x2
3

+ 1) · x3
(3.27)

∂αr

∂x6
= −lr

( (x4−lr·x6)2

x2
3

+ 1) · x3
(3.28)

Forces:
Force in z axis:

Fz = m · g
2 (3.29)

Lateral force front
FYf = −sin(Cf · atan(Bf · αf )) · Fz (3.30)

∂FYf

∂αf
= −Fz ·Bf · Cf · cos(Cf · atan(Bf · αf ))

Bf
2 · αf

2 + 1
(3.31)

Lateral force rear
FYr = −sin(Cr · atan(Br · αr)) · Fz (3.32)

Longitudinal force
∂Fx

∂u1 = 1
r

(3.33)

Matrices A and B may now be constructed to obtain the state space representation of the system.
Both matrices are constructed using partial derivatives of each state.
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A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 cos(x5) −sin(x5) ...

0 0 sin(x5) cos(x5) ...

0 0
−sin(x7)·

∂F Yf
∂x3

m

−sin(x7)·
∂F Yf
∂x4

m + x6 ...

0 0
∂F Yr
∂x3

+
∂F Yf
∂x3

·cos(x7)
m − x6

∂F Yr
∂x4

+
∂F Yf
∂x4

·cos(x7)
m ...

0 0 0 0 ...

0 0
∂F Yf
∂x3

·lf ·cos(x7)− ∂F Yr
∂x3

·lR
Iz

∂F Yf
∂x4

·lf ·cos(x7)− ∂F Yr
∂x4

·lR
Iz

...

0 0 0 0 ...

−x3 · sin(x5) − x4 · cos(x5) 0 0
x3 · cos(x5) − x4 · sin(x3) 0 0

0
−sin(x7)·

∂F Yf
∂x6

m + x4
−sin(x7)·

∂F Yf
∂x7−F Yf ·cos(x7)

m

0
∂F Yr
∂x6

+
∂F Yf
∂x6

·cos(x7)
m − x3

∂F Yf
∂x7

·cos(x7)−F Yf ·sin(x7)
m

0 1 0

0
∂F Yf
∂x6

·lf ·cos(x7)− ∂F Yr
∂x6

·lR
Iz

∂F Yf
∂x7

·lf ·cos(x7)−F Yf ·lf ·sin(x7)
Iz

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3.34)

The partial derivatives were defined by using 3.21 to 3.32 as:

∂FYr

∂x3
= ∂FYr

∂αr
· ∂αr

∂x3
(3.35)

∂FYr

∂x4
= ∂FYr

∂αr
· ∂αr

∂x4
(3.36)

∂FYr

∂x6
= ∂FYr

∂αr
· ∂αr

∂x6
(3.37)

∂FYf

∂x3
= ∂FYf

∂αf
· ∂αf

∂x3
(3.38)

∂FYf

∂x4
= ∂FYf

∂αf
· ∂αf

∂x4
(3.39)

∂FYf

∂x6
= ∂FYf

∂αf
· ∂αf

∂x6
(3.40)

∂FYf

∂x7
= ∂FYf

∂αf
· ∂αf

∂x7
(3.41)

32



The same can be done to get matrix B.

JB =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0
0 0
1

m·r 0
x7·lr

r·m·(lr+lf)
−x3·lR
lr+lf

0 0
x7

r·m·(lr+lf)
x3

lr+lf

1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Using the matrices A and B the linearization can be calculated in each step of the simulation. Then
with the linearized model, the LQR controller is used to control the original system, by updating
the feedback gain in every time step. The first implementation of the LQR controller could be done
in Matlab to test plausibility before implementing it in Simulink. In this test, the lqr function was
used to calculate the feedback gain from the linearized matrices A and B. Matrix Q and R were
used to change the behaviour of the LQR controller. For this first test, the matrices Q and R were
chosen as follows:

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R =
⎡⎣0.01 0

0 0.01

⎤⎦
In Matlab, a simple circular track with a defined centre and diameter was used as the reference. All
the references were calculated in each step of the simulation. Reference for the x and y position is
just the closest point on the circle. Heading angle:

ψ = atan2(y − ycircle, x− xcircle) (3.42)

Where ycircle and xcircle are the coordinates of the centre of the circle. To get the ψ in a range from
0 to 2 · π it is required to modulate it:

ψ = mod(ψ + π

2 , 2 · π) (3.43)

The reference speed of the car VX is constant. And in the y axis is set to 0. The yaw rate is
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calculated as follows:
ω = V

r
(3.44)

Where V is the reference speed and r is the radius of the circle. And lastly, the steering rate is
calculated using the next formula:

δ = ω · lf
Vx

(3.45)

Using this test, the functionality of the controller in a simplified environment with a simplified track
can be validated.
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Figure 3.2: Car following a circular trajectory with constant radius
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Figure 3.3: Car following a circular trajectory with change in radius

The functionality of the controller can be seen in graphs 3.2 and 3.3. As shown there the
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car follows the track quite neatly, and when there is a jump in radius it corrects for that. Other
tests were ran to verify the functionality of the controller before implementing it in the Simulink
environment. For example, driving around the circle with changing speeds or changing the initial
position. Furthermore, the behaviour of the eigenvalues when changing parameters of the Q matrix
was analyzed at this point to help with the tuning in the future. The next step was to implement
this controller in the Simulink environment and integrate it into the existing model provided by
ZF Engineering. This model is very complex and this autopilot is just a small part of it. All the
necessary signals such as the position of the car or the reference are provided by this model. After
the controller is incorporated in Simulink it can be further compiled and then run in softcar, which
is a software design for SIL testing developed by ZF Engineering.
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Chapter 4

Implementation of the Driver-Model in a
closed-loop simulation environment

A diagram of the Controller and the model with all corresponding signals is shown in the figure
4.1, as it will be integrated in simulink. This controller can be used later as a subsystem and
inserted into the whole model.

Figure 4.1: Block diagram of the planned controller
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4.1 Integration to Simulink

First, the controller needed to be integrated in Simulink. There were several issues that had to
be considered. For example, LQR function from Matlab can not be used in Simulink and references
have to be calculated from the track that has been generated. To use LQR online in Simulink,
it was necessary to solve the Riccaty equation. For that purpose, Newton method was used that
which returns the local minimum. Since a global minimum is needed, the method was initialized at
the beginning with a precalculated solution to get the global minimum. In each step, the solution
of the Riccati equation from the previous step is used as the initial value. This approach was
soon discovered to be unpractical and not robust enough. Using this iterative method was fast but
any time controlability was lost. There was a risk that the algorithm could not recover. For that
reason a new method was introduced providing an exact solution for the Riccati equation, using
the Hamiltonian matrix and subspace method.[36] This method provides an exact solution but it
is more complex. Therefore, this method is used only at the beginning of the simulation, when
controllability is lost or when the Newton method does not converge to a solution after a certain
number of iterations. Some computational time may be saved this way while still providing a robust
controller. This setup was again tested in a Simulink environment on a circular track. Another issue
came in the form of a jump in reference angle. The reference heading angle ψ was generated in a
range between −180 deg to 180 deg with respect to the x and y axis. This caused an issue when the
car drove perpendicularly to the X axis in a negative direction. At this point the reference heading
angle jumped from 180 deg to −180 deg. This was calculated as a deviation of 360 degrees which
led to controller steering rapidly. This was solved by changing the reference frame of the heading
angle to the car. The error has been calculated by using the next formula

diff = −atan2(sin(heading − headingref ), cos(heading − headingref )) (4.1)

The reference heading is the error and the current heading is always zero. The available references
from the track were only the position and velocity of the car and the heading angle and curvature.
The missing references were needed to calculate, velocity in each axis, yaw rate and steering rate.
Kinematic equations were used for simplicity. The velocity in the y axis was set to 0 and the
reference velocity in the x axis was set to the reference velocity of the car. The ω was calculated as
follows:

ω = Vcar · curvature (4.2)

end δ:
δ = (ω ∗ lf)/vcar (4.3)

Where lf is the distance from the centre of gravity to the front axle. When the issues above were
solved it was possible to compile the Simulink model and run the simulation in a SIL environment.
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Using the built-in visualization, the behaviour of the car could be seen and compared to the outcome
of the Stanley controller.

4.2 Tuning of the LQR parameters

To tune the controller, initial values for Q and R were calculated using the Bryson rule. After
that manual tuning needed to be done. It was advantageouos that each parameter on the diagonal
of the matrices corresponds to one state or input. The tuning matrices Q and R are as follows.
Also, the influence on the eigenvalues of each parameter was plotted to help with the tuning.

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q1 0 0 0 0 0 0
0 Q2 0 0 0 0 0
0 0 Q3 0 0 0 0
0 0 0 Q4 0 0 0
0 0 0 0 Q5 0 0
0 0 0 0 0 Q6 0
0 0 0 0 0 0 Q7

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R =
[︄
R1 0
0 R2

]︄

Where Q1 corresponds to state x1 etc. And R1 corresponds to input u1. For example, by increasing
R2 the steering rate can be penalized, which can help to get rid of oscillations, or by increasing R1

and R2 which corresponds to the position states, the controller can be forced to follow the track
more precisely. The goal is to balance those parameters to satisfy the requirements defined in 1.2
because, for example, increasing the precision in track following leads to more oscillation in steering
rate. We can use this knowledge to fulfill the requirements defined in 1.2

• Lateral/Longitudinal tolerance Cutting corner coefficient - This can be controlled by increasing
the parameters Q1, Q2 and R2. Making the Q parameters higher makes the controller follow
the track more precisely and decreasing the R parameter penalizes the steering rate less. Other
parameters also influence this behaviour. However, these three are the most relevant ones.

• Maximal acceleration and speed of a steering wheel - Parameter saturating the steering rate
was added.

• Maximal forces affecting the driver - Acceleration, deceleration, and lateral acceleration in
turns.

• Reaction time - A delay of the current data for the controller can be introduced.
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• Pedal changing speed - Since the braking pedal and acceleration are both represented as
1 input (torque). Where positive torque means acceleration negative torque means breaking.
A rate limiter with parameter controlling the rate of change of torque can be used.

• Acceleration/deceleration time and Look ahead - Look ahead parameter is used. This param-
eter is in seconds and based on current speed it is calculated the future position. Taking into
account the curvature on the track at that position the reference speed is set so the car can
go safely through the turn.

Using the following parameters

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

7 0 0 0 0 0 0
0 7 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0.2 0 0
0 0 0 0 0 0.1 0
0 0 0 0 0 0 0.01

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R =
[︄
0.01 0

0 6

]︄

The car was going around the track quite neatly as can be seen in the figures 4.2 and 4.3

Figure 4.2: Car following a trajectory (Hock-
enheim race track Figure 4.3: Car on track zoomed
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Chapter 5

Discussion

To verify the new autopilot it was tested on the same scenario as the Stanley controller. It was
a double-lane change scenario with constant velocity. 40 km per hour was used as a baseline with
different parameters of Q and R matrixes. For the first test, a set of parameters representing an
aggressive driver was used meaning that the controller tried to follow the track as nicely as possible
while sacrificing high steering rates. The parameters were.

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 0 0 0 0 0 0
0 20 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0.2 0 0
0 0 0 0 0 0.1 0
0 0 0 0 0 0 0.01

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R =
[︄
0.01 0

0 3

]︄

In this case, the sum of cross track errors was 20.4 meters. When compared to the Stanley controller
2.12 the cross track error is smaller and the car follows the trajectory better. The sum of cross
track error for Stanley controller was 33.4 metres which again shows better performance of LQR.
This outcome was balanced by small oscillations in steering rate, that are still much better then in
the original Stanley controller.

40



0 5 10 15

time [s]

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09
e
rr

o
r 

[m
]

Crosstrack error 

Figure 5.1: Cross track error using LQR
aggressive driver
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ence position aggressive driver
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Figure 5.3: Steering rate of the aggressive driver

The main benefit in using LQR instead of Stanley controller is in the posibility to change the
behaviour. For the next test, a casual driver with following parameters was used for the next test:

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

7 0 0 0 0 0 0
0 7 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0.2 0 0
0 0 0 0 0 0.1 0
0 0 0 0 0 0 0.01

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

R =
[︄
0.01 0

0 6

]︄
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Figure 5.4: Cross track error using LQR with ca-
sual driver
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Figure 5.5: Position of the car vs the reference
position

In this case, the sum of cross track errors was 46.6 meters. Slightly lower steering rate and
oscillations are shown in figure 5.6.
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Figure 5.6: Steering rate of the casual driver
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Lastly, for more passive driver the steering rate has to be as small as possible. However, by
implementing that, the cross track error increased.

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0.2 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Figure 5.7: Crosstrack error using LQR with
passive driver
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Figure 5.8: Position of the car vs the reference
position

In this case, the sum of cross track errors was 202.6 meters. Which is quite a lot, at one point
the error is over 1 meter, but as you can see the steering rate is not that aggressive with lower
oscillations. By changing the parameters the oscillations may be eliminated whatsoever, however
doing so increases the cross track error to 2.5 meters at some points. Which is unrealistic while
doing double lane change at 20 km/h.
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Figure 5.9: Steering rate of the passive driver

As you can see, by changing the parameters we can change the behaviour of the controller quite
drastically. Those parametrizations might change in the future depending on the feedback from ZF
Engineering.
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Chapter 6

Conclusion

The aim of this thesis was to formulate criteria for the design of the driver model. Subsequently,
to design a method to control the car to follow a specific route while considering several types of
driver profiles. Finally, the driver model was implemented in a closed-loop simulation environment.
The influence of the parameters was analyzed and several parameterizations were set.

This thesis was created with the cooperation of ZF Engineering and the autopilot is implemented
in a bigger model that will be used for testing. Since the whole model and specifically the track
generation and the physical model of the car is still in progress, the controller will probably require
some adjustments or upgrades. For this reason, my thesis reflects only the current state. That may
change change in the future.
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